
THEORY OF THE TEMPERATURE SUPERLATTICE IN A 
SEMICONDUCTOR WITH HOT ELECTRONS 
A . A. L u k ' y a n o v 

V e s t n i k M o s k o v s k o g o U n i v e r s i t e t a . F i z i k a , 
V o l . 3 5 , No. 1 , p p . 9 - 1 4 , 1 9 8 0 . 

UDC 537.31 1.33 

The p r o d u c t i o n of an e l e c t r o n - t e m p e r a t u r e s u p e r l a t t i c e in a h o t - e l e c -
t r o n s e m i c o n d u c t o r is c o n s i d e r e d in t h e l i n e a r a p p r o x i m a t i o n for the 
case w h e r e the a b s o r p t i o n c o e f f i c i e n t for the h e a t i n g light is d e p e n -
d e n t on the e l e c t r o n t e m p e r a t u r e . The d i s t r i b u t i o n of the e l e c t r o n 
t e m p e r a t u r e u n d e r static c o n d i t i o n s h a s b e e n d e r i v e d , and a l s o for f r e e 
c o n v e c t i o n in the e l e c t r o n g a s . The e l e c t r o m a g n e t i c - f i e l d d i s t r i b u t i o n 
has a l s o b e e n d e r i v e d for the l a t t e r c a s e . T h e c r i t i c a l light i n t e n -
sity at w h i c h the s u p e r l a t t i c e a r i s e s h a s b e e n c a l c u l a t e d . 

I N T R O D U C T I O N 

The o r i g i n of a t e m p e r a t u r e s u p e r l a t t i c e in a s e m i c o n d u c t o r w i t h u n i p o l a r 
c o n d u c t i v i t y h a s b e e n c o n s i d e r e d [1] in the l i n e a r a p p r o x i m a t i o n for c o n d i t i o n s 
of a f a i r l y h i g h g r a d i e n t in the e l e c t r o n (or h o l e ) t e m p e r a t u r e . It is a s s u m e d 
t h a t the f r e e - c a r r i e r g a s is h e a t e d by the field of the light w a v e d u r i n g intra 
b a n d l i g h t a b s o r p t i o n . The e l e c t r o n gas is c o n s i d e r e d i n c o m p r e s s i b l e , w h i l e the ab-
s o r p t i o n c o e f f i c i e n t у is i n d e p e n d e n t of the e l e c t r o n t e m p e r a t u r e T . H e r e the 
p r o b l e m of [1] is c o n s i d e r e d , b u t for c o n d i t i o n s w h e r e one c a n n o t n e g l e c t t h e 
d e p e n d e n c e of the a b s o r p t i o n c o e f f i c i e n t on the e l e c t r o n t e m p e r a t u r e . The as-
s u m p t i o n s are o t h e r w i s e t h o s e of [1] . In p a r t i c u l a r , we a s s u m e that the t h i c k -
n e s s of the s p e c i m e n in the d i r e c t i o n of the light b e a m g r e a t l y e x c e e d s the r e -
c i p r o c a l of the a b s o r p t i o n c o e f f i c i e n t for a w e a k e l e c t r o m a g n e t i c w a v e YiT1, 
w h i l e 

УГ!> V = V o -

lt is r e a d i l y seen w h a t e f f e c t is to be e x p e c t e d . This r e l a t i o n s h i p w i t h 

> 0 r a i s e s the a b s o r p t i o n c o e f f i c i e n t at the i l l u m i n a t e d s u r f a c e s o m e w h a t b y 
dT 

c o m p a r i s o n w i t h the case w h e n y ( T ) is n e g l e c t e d . T h e n t h e r e is an i n c r e a s e 
( d e c r e a s e ) in the a m o u n t of light e n e r g y a b s o r b e d at the s u r f a c e ( r e a c h i n g the 
d e p t h of the s p e c i m e n ) . One t h e r e f o r e e x p e c t s s o m e w h a t g r e a t e r v a r i a t i o n s in 

the e l e c t r o n t e m p e r a t u r e . C o r r e s p o n d i n g l y , i n s t a b i l i t y sets in for > 0 at 
dT 

light i n t e n s i t i e s lower t h a n w o u l d b e e x p e c t e d w h e n y ( T ) is n e g l e c t e d . The sit 

u a t i o n is the c o n v e r s e for - ^ - < 0 . dT 

1 . BASIC E Q U A T I O N S 

The i n i t i a l e q u a t i o n s are as in [1], the only d i f f e r e n c e l y i n g in the e x -
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p r e s s i o n for the l i g h t - w a v e e n e r g y a b s o r b e d b y u n i t v o l u m e in u n i t t i m e . 

W e i n t r o d u c e t h e f o l l o w i n g s y m b o l s : n is t h e f r e e - c a r r i e r c o n c e n t r a t i o n 

(the c a r r i e r s a r e s u b s e q u e n t l y t a k e n to b e e l e c t r o n s , a l t h o u g h a l l f o r m u l a s a r e 

w r i t t e n for p a r t i c l e s w i t h p o s i t i v e c h a r g e ) , u is t h e s p e e d of t h e c o n v e c t i v e 

m o t i o n , x, is t h e t h e r m a l d i f f u s i v i t y , т is t h e e n e r g y r e l a x a t i o n t i m e , q is t h e 

e l e c t r o n e n e r g y f l u x d e n s i t y , I is t h e l i g h t - e n e r g y f l u x , T and T ^ a r e t h e e l e c -

t r o n t e m p e r a t u r e a n d t h e l a t t i c e t e m p e r a t u r e , Уф is t h e s t r e n g t h of t h e s t e a d y 

e l e c t r i c f i e l d , E^, is the s t r e n g t h of t h e light—wave f i e l d , j is the d e n s i t y of 

t h e c u r r e n t d u e t o the e l e c t r o m a g n e t i c w a v e , a n d a is t h e c o n d u c t i v i t y . 

If the e l e c t r o n g a s is i n c o m p r e s s i b l e and n o n d e g e n e r a t e , w h i l e a p o w e r - l a w 
r e l a t i o n s h i p a p p l i e s for t h e d e p e n d e n c e on e n e r g y W for t h e m o m e n t u m r e l a x a t i o n 
t i m e { r p { W ) ~ W

r ) } t h e n t h e t r a n s p o r t e q u a t i o n for t h e e n e r g y t a k e s t h e f o r m 

_L n JL + ^ JL + r j n div (uT) — n div (x V T) + 

+ en(u, Vcp) + ~ « Г ~ Г ° =n{W). ( 1 ) 

2 т 

The t e r m n < № > d e s c r i b e s t h e m e a n e n e r g y a c q u i r e d by u n i t v o l u m e of t h e e l e c t r o n 
g a s in u n i t t i m e f r o m t h e l i g h t - w a v e f i e l d . 

If t h e l i g h t w a v e is m o n o c h r o m a t i c , i . e . , 

E _ — Re [Ь0е-Ш], и = Re [jV~'w]. 

t h e n 

T h e r e f o r e , t o o b t a i n an e x p r e s s i o n for n<cW>, w e h a v e to s o l v e M a x w e l l ' s 
e q u a t i o n s o n t h e b a s i s t h a t t h e c o n d u c t i v i t y о (o=or+ioi) is d e p e n d e n t o n t h e elec-; 
t r o n t e m p e r a t u r e . W e a s s u m e t h a t t h i s r e l a t i o n s h i p is k n o w n f r o m k i n e t i c t h e o r y i 
[2] . 

T h e b o u n d a r y c o n d i t i o n s o f (1) a r e as in [1]; if the Oz a x i s c o i n c i d e s w i t h ! 
t h e d i r e c t i o n of t h e l i g h t b e a m , t h e n 

2 = 0: — — nv(T—To), ! 
dz i 

oo: T 7V 

w h e r e v > 0 is a p h e n o m e n o l o g i c a l c o e f f i c i e n t . W e a s s u m e at o n c e (in c o n t r a s t t o j 
[1], w h e r e t h e c o n d i t i o n w a s i m p o s e d a t t h e e n d ) t h a t t h e h e a t t r a n s f e r at t h e ! 
i l l u m i n a t e d b o u n d a r y is s m a l l , so v'0 = v ^ r

1 ^ 1 <C 1 ; w e p u t 

t-=T0(I • i) ; 

and a s s u m e t h a t t h e h e a t i n g is s m a l l , i . e . , £ < l ; t h e r e f o r e , l i n e a r i z a t i o n w i t h
 ! 

r e s p e c t t o С is p e r f o r m e d s u b s e q u e n t l y . O n t h i s b a s i s w e r e s t r i c t o u r s e l v e s in 
T a y l o r s e r i e s o f e x p a n s i o n of a ( £ ) t o t e r m s u p to t h e f i r s t o r d e r in i . e . , 
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в (6) = <*о + cr0cr0g, 

w h e r e ст0 d e n o t e s t h e l o g a r i t h m i c d e r i v a t i v e a0 — 
\ d In T J т—та 

2. S T A T I C CASE 

T h e s o l u t i o n is s o u g h t in t h e f o l l o w i n g f o r m w h e n t h e i n s t a b i l i t y h a s n o t 
y e t set in: 

u = 0, i = l(z), ф = <ps(*)f E 0 = Ел(гЦОх. 

T h e n (1) b e c o m e s 

J o i n t s o l u t i o n of M a x w e l l ' s e q u a t i o n s and (2) g i v e s 

I <fe(0) de (0) 

Es0 (2) = E m e ^ e x P |t ~ J tdz' - -L (2) _ gs (0)] 

о 

and (in t h e a p p r o x i m a t i o n l i n e a r in 5 ) 
s 

is (г) = [e-voz _ (V; + 

ЗпТат~1 

H e r e 

n0 ••!- iy0/2q = Vя (o>, 0), q = (о/с, e (<o, g) == f,t (оз) -f i4m?(co, £)/©. 

B y si{en) w e d e n o t e the p a r t of t h e d i e l e c t r i c c o n s t a n t d u e to p o l a r i z a t i o n of 

t h e a t o m s and v i b r a t i o n s of l a t t i c e i o n s , w h i c h is i n d e p e n d e n t of t h e e l e c t r o n 

t e m p e r a t u r e ; Em=EsQ(0). T h e v a l u e of E m is d e t e r m i n e d f r o m t h e c o n d i t i o n f o r c o n -

t i n u i t y of t h e t a n g e n t i a l c o m p o n e n t of t h e e l e c t r i c f i e l d at z = 0 . 

3 . T E M P E R A T U R E S U P E R L A T T I C E 

To d e t e r m i n e t h e s t a b i l i t y of t h e s t a t i c s t a t e f o r o c c u r e n c e of a su-
p e r l a t t i c e w e i m p o s e a s m a l l p e r t u r b a t i o n on the s t a t i c s o l u t i o n a s s u m i n g t h a t 

5 = Ss +
 s
l. Ф = Ф5 +

 б
Ф> " = Щ + Su(us = 0), 

a n d A0 = Ай0 + 8 A 0 = Re[А0е-<ш'] is o n e of t h e v e c t o r s Ê ,, H ,̂ D̂ ,, ĵ ), w h e r e 

бф, Ъи со est cos kr, 

and t h e c o e f f i c i e n t s o f p r o p o r t i o n a l i t y a r e r e s p e c t i v e l y fi{z), /2(2), f(г); b y к and r 
we d e n o t e t w o - d i m e n s i o n a l v e c t o r s in t h e p l a n e of x a n d y , w h i l e s is a q u a n t i t y 
w i t h t h e d i m e n s i o n s of r e c i p r o c a l t i m e . T h e f o r m t o b e u s e d f o r 6E0, 6H0, 6D0 a n d 
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6jo, w i l l be clear from what f o l l o w s . The instant of onset of i n s t a b i l i t y is de-
fined by the c o n d i t i o n Re s = 0 . We are interested in s t a t i o n a r y c o n v e c t i o n , so 
we put Im s = 0 a l s o . 

The v e c t o r s 6j0, 6E0 and E.s0 are related by 

6j0 = 0S8EO + <tscts6|Es0, ( з ) 

w h i c h is o b t a i n e d by v a r y i n g j0=oE0 about the static s o l u t i o n . 

We h a v e to solve M a x w e l l ' s e q u a t i o n s in order to find 6E0 ; we vary the lat-
ter about the static s o l u t i o n to get 

rot 6H + W 
с с dt 

rot 6E ^ - j - - ^ ; (5) 
с dt 

div SH^ = div - 0. С 6 ) 

Here we h a v e used the fact that the e l e c t r o n t e m p e r a t u r e the free carrier con 
fjPQQ 

c e n t r a t i o n n , and the space charge d e n s i t y p are independent of t i m e when 

ОЗТее̂ 1 • 

From (3) and (6) we have that 6E0 should b e sought in the form 

6£ 0 ycocoskr, 6£0z go sin kr; 

where the c o e f f i c i e n t s of p r o p o r t i o n a l i t y are c o r r e s p o n d i n g l y So x(z), ё0 v(z) and 
Soz(z). The e q u a t i o n s (4), (5), and (6) give 

where 

' tf = ^ [ e< + i - }, Ф. = f <FS = _ t GsoAEsa, 0, 0 L 
c* L со со2 J { с i j 

The b o u n d a r y c o n d i t i o n for (7) w i t h z °° is 

S0 \z-f-oo -*• 0. 

The v a l u e s of the constants <эт(х = d>oaU=o (a = x, y, z) are d e t e r m i n e d from the b o u n d a r y 
c o n d i t i o n s for M a x w e l l ' s e q u a t i o n s at z = 0; these c o n d i t i o n s are obtained if we 
vary the u s u a l b o u n d a r y c o n d i t i o n s of e l e c t r o d y n a m i c s about the static s o l u t i o n 
(for c o n s t a n t s E ^ c and H ^ n c ) . We h a v e 

S£ma = SEma (a = X, y); ( 8 ) 

ed6£^
f = в,6Етг; (9) 

= ф=Х, y, Z). ( 1Q ) 
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H e r e e d is the d i e l e c t r i c c o n s t a n t of the i n s u l a t o r b o u n d i n g the s e m i c o n d u c t o r . 

The r e l a t i o n b e t w e e n the v e c t o r s S E m and 6 H m r e q u i r e d to solve ( 8 ) - ( 1 0 ) is 
d e f i n e d as u s u a l from (5) and (7); (7) is solved from p e r t u r b a t i o n t h e o r y . We 
r e p r e s e n t as 

?0 - Й> -Г £o\ Whereof I / I gj}> I ~ I « 1. 

T h e n for we h a v e the f o l l o w i n g b o u n d a r y - v a l u e p r o b l e m : 

<э0а |z=0 — йа (а = х> У> 

<9 0а |z-»oc—0, 

w h e r e = (ls — 0). 

The q u a n t i t i e s Ш w i l l n o t be d e t e r m i n e d , so s u p e r s c r i p t 1 w i l l b e o m i t t e d i n 
f u t u r e . The s o l u t i o n to t h i s b o u n d a r y - v a l u e p r o b l e m is 

ifL^Lf [dz'e^^'^Jz') — 
12;Yo IJ 

о 
oo 

• j Y0 (2') — J dz'elX^ W0 (г') 

о 

Th e n from (5) w e find for z = 0 that 

- 'Co§mv) cos kr = qdHmx; (! ! ) 

( • ^mx - J dz'e^' W0 (z') - kxgmz) cos kr = qbHmy, ( 1 2 ) 
о 

- {kximy - kyg,nx) sin kr = qbH m z. (13) 

E s t i m a t i o n of the i n t e g r a l in the form of (12) shows that it is s m a l l in r e l a -
tion to the p a r a m e t e r Y<AO<1, SO it should b e o m i t t e d . By v i r t u e of ( 6 ) , the 
q u a n t i t i e s £ m x , i m y and $ m z a r e not. i n d e p e n d e n t , b u t i n s t e a d are r e l a t e d by 

- kjmx - k/9my + KSmz = 0. ( 1 4 ) 

To w r i t e ( I l ) - ( l 4 ) for the r e f l e c t e d w a v e , we h a v e to put о = 0 in a l l the for-
m u l a s and r e p l a c e e^ by e^ and 'if0 by —Qo=—(dc-l(ed—k2c2(i>-2)1/2. 

It is r e a d i l y seen t h a t a l l the n e c e s s a r y c o n d i t i o n s are m e t o n l y if 

(эта = §m<x = & H m a — SH'ma, = 0 (а = X, y, z). 

This r e s u l t should not c a u s e s u r p r i s e , since the b o u n d a r y c o n d i t i o n s c a n n o t b e 
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s a t i s f i e d by c o n s i d e r i n g only t w o w a v e s , as in o r d i n a r y l i n e a r o p t i c s . 

It is c o n v e n i e n t to solve the e n e r g y - b a l a n c e e q u a t i o n in d i m e n s i o n l e s s v a r i -
a b l e s ; w e a s s u m e t h a t l e n g t h is m e a s u r e d in u n i t s of V 1 , t i m e in u n i t s of x ^ , 

and v e l o c i t y in u n i t s of U0=3/(5+2r)K0r0, w i t h e l e c t r i c field m e a s u r e d in 3To/2exoUo, 

and the l i g h t i n t e n s i t y in T h e n we v a r y (1) a b o u t the static s o l u t i o n , 
l i n e a r i z e w i t h r e s p e c t to and n e g l e c t t e r m s s m a l l on the p a r a m e t e r s Y0 and Yo-
to get 

f[ _ [#» + i _ (2т0 + x0) У fx = - 6r0y0[me~w ft -

+ (15) 

If o r 0 = o (15) b e c o m e s the c o r r e s p o n d i n g e q u a t i o n of [1]; we solve (15) for two 

r e g i o n s : z < Yjf1 (where h—VoIm) and ( ^ YoA»6""'̂ )- E s t i m a t i o n of the r i g h t side 

of the e q u a t i o n (where f-^ is t a k e n as the z e r o t h a p p r o x i m a t i o n , n a m e l y the f u n c -

t i o n found in [1]) shows that it is s m a l l , so w e d i s c a r d i t . In the r e g i o n 

we get 

Д (z) = A cos lz + В sin Xz, (16 ) 

w h e r e 

W = (2t0 + x0 + ar0) y0I,n - k* - 1 = ql - k* - 1. 

For the r e g i o n (°n the b a s i s of the c o n d i t i o n T-+-Tg for z->-oo) we get 

= (17) 

w h e r e p = 2y~x (1 + ky<2. 

We find t h e w a v e v e c t o r for the s u p e r l a t t i c e к and the c r i t i c a l i n t e n s i t y 

from the b o u n d a r y c o n d i t i o n to (15) for z = 0 and the c o n d i t i o n for the s o l u -

t i o n s of (16) and (17) to link up at some p o i n t It is found t h a t the r e -

sults for к and are i n d e p e n d e n t of the l i n k u p p o i n t z Q (V. L . B o n c h - B r u e v i c h 

d i r e c t e d m y a t t e n t i o n to t h i s ) . 

The first of t h e s e c o n d i t i o n s t a k e s the form ! 

Z — 0". /i = V:'eff/i, 

w h e r e 

v'eff = vo [1 - (2v0 + X0) y0I,;J (1 - x0y0Im)-1. (18 ) 

P r o m (1б)-(18) and c o n d i t i o n s for l i n k u p at z Q we get y0fm (2т0 + x0 + ar0) = 1 + № 

to terms of o r d e r —Yo a n < 3 t h e r e f o r e 
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w h e r e 

уСГ 1 

m
 ~ Yo(2T0 + «o + Oro) (19) 

is t h e m i n i m u m v a l u e of t h e i n t e n s i t y at w h i c h t h e i n s t a b i l i t y sets i n . 

P h e n o m e n o l o g i c a l l y s p e a k i n g , the i n c o r p o r a t i o n of t h e e l e c t r o n - t e m p e r a t u r e 
d e p e n d e n c e of the a b s o r p t i o n c o e f f i c i e n t m a k e s i t s e l f f e l t in t h a t t h e f o r m u l a 
l — lme~^

z
, u s e d in [1] n o l o n g e r a p p l i e s . M a x w e l l ' s e q u a t i o n s h a v e to b e s o l v e d to 

z 
d e t e r m i n e t h e t r u e d e p e n d e n c e . If i n s t e a d of t h i s w e s i m p l y p u t I = lm exp j— J y (z')dz' 

о 
(whic h f o l l o w s d i r e c t l y from d e f i n i t i o n of the a b s o r p t i o n c o e f f i c i e n t ) , w e o b t a i n 

t h e s a m e r e s u l t , o n l y w i t h t h e d i f f e r e n c e t h a t ar0 r e p l a c e s Yo in ( 1 9 ) . H o w e v e r , 

t h i s a p p r o a c h is less c o n v i n c i n g t h a n s o l u t i o n of t h e e q u a t i o n s o f e l e c t r o d y n a m -

i c s , s i n c e t h e n t h e r e is n o t p r o c e d u r e for c a l c u l a t i n g Y(^).and the q u a n t i t i e s Yo 
and Yo a l o n g w i t h i t . . 

We see f r o m (19) t h a t for or r 0=0, i . e . , t h e a b s o r p t i o n c o e f f i c i e n t is i n d e -
p e n d e n t of t h e e l e c t r o n t e m p e r a t u r e , w e g e t the c o r r e s p o n d i n g f o r m u l a of [1]; 

* ОТ* 
for 0 r o>O, as w o u l d b e e x p e c t e d , we g e t a v a l u e of I s o m e w h a t l e s s t h a n t h a t of 

[1] , w h i l e f o r crr0<0 we g e t a s o m e w h a t l a r g e r v a l u e . If t h e e l e c t r o n m o m e n t u m in 
t h e s e m i c o n d u c t o r is d i s s i p a t e d m a i n l y at c h a r g e d i m p u r i t i e s , w h i l e the e n e r g y 

is d i s s i p a t e d in p i e z o e l e c t r i c a c o u s t i c p h o n o n s , t h e n y0/m w i l l b e 1 / 5 , n o t 1 / 3 . 5 

(as w o u l d be the c a s e for o ro=0). 

T h e a u t h o r is i n d e b t e d to V . L . B o n c h - B r u e v i c h f o r s u g g e s t i n g t h i s i n t e r e s t -
i n g t o p i c a n d for c o n s i d e r a b l e a s s i s t a n c e . 
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