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The c a p a c i t i v e a n d o t h e r l i n e a r t r a n s d u c e r s that are k n o w n p r o v i d e us w i t h in-
f o r m a t i o n on the i n s t a n t a n e o u s c o o r d i n a t e of the m e c h a n i c a l o s c i l l a t o r . 
The q u a n t u m t h e o r y of m e a s u r e m e n t s p r e d i c t s a p r e c i s i o n l i m i t of con-
t i n u o u s m e a s u r e m e n t of the c o o r d i n a t e . W h e n the t r a n s d u c e r Is w o r k i n g 
in the p u l s e m o d e , the i n s t a n t a n e o u s c o o r d i n a t e of the o s c i l l a t o r can 
be m e a s u r e d for the time t « l/u> M w i t h an e r r o r ^ J t ^ t i m e s b e t t e r 

t h a n for the c o n t i n u o u s m o d e . C o n s e q u e n t l y , the g r a v i t a t i o n a l d e t e c t o r 
s e n s i t i v i t y i n c r e a s e s . The o u t e r e f f e c t on the a n t e n n a in t h i s case 
can b e f o u n d by m e a s u r i n g the i n s t a n t a n e o u s c o o r d i n a t e a f t e r a t i m e 
m u l t i p l e to the p e r i o d o f the a n t e n n a o s c i l l a t i o n s (2тг/cô ) . 

In the c a l c u l a t i o n of the s e n s i t i v i t y of a g r a v i t y w a v e d e t e c t o r , the a n a l y -
sis of the s y s t e m ' s c o m p o n e n t s is u s u a l l y l i m i t e d only to the a n t e n n a and the 
t r a n s d u c e r [1, 2]. The s e n s i t i v i t y is d e t e r m i n e d by the s i g n a l to n o i s e r a t i o 
in the t r a n s d u c e r . We p r o p o s e d i f f e r e n t m a t h e m a t i c a l o p e r a t i o n s , r e a l i z a b l e in 
p r a c t i c e , for e x t r a c t i n g the s i g n a l f r o m the n o i s e . T h i s s t a t e m e n t of the prob-
lem Is p o s s i b l e in the i d e a l i z e d c l a s s i c a l a p p r o x i m a t i o n , w h e n one can a s s u m e 
the e x i s t e n c e of an a b s o l u t e l y n o i s e l e s s d e v i c e , into w h i c h the s i g n a l from the 
t r a n s d u c e r is t r a n s f e r r e d . The r e c o m m e n d a t i o n s o b t a i n e d by t h e s e m e a n s t o w a r d 
i n c r e a s i n g the s e n s i t i v i t y l o s e , in m a n y r e s p e c t s , t h e i r p r a c t i c a l v a l u e b e c a u s e 
they p r e s u p p o s e the use of d e v i c e s , p a s t the t r a n s d u c e r , w i t h i m p r a c t i c a b l y low 
n o i s e t e m p e r a t u r e s . It is in p r a c t i c e m o r e t h a n v a l u a b l e , and c l e a r l y n e c e s s a r y 
in the q u a n t u m m e c h a n i c a l a p p r o a c h , to trace the s i g n a l down to t h o s e p a r t s of 
the c i r c u i t w h e r e Its e n e r g y b e c o m e s m u c h l a r g e r t h a n the f l u c t u a t i o n e n e r g y in 
the f o l l o w i n g s t a g e s . F r o m the c a l c u l a t i o n s p r e s e n t e d in p a p e r s [ 1 , 3] it fol-
lows that if one a s s u m e s that the n o i s e t e m p e r a t u r e of the s t a g e s f o l l o w i n g the 
t r a n s d u c e r is e q u a l to the t e m p e r a t u r e of the t r a n s d u c e r , t h e n the m i n i m u m de-
t e c t a b l e c h a n g e in the o s c i l l a t i o n a m p l i t u d e of the a n t e n n a w i l l be e q u a l to 

д* -- . / , ( 1 ) 

V ®e 0DMrn 

w h e r e 

* - + ft coe'(exp (h оУ XT) - 1), 

(oe is the s i g n a l f r e q u e n c y in the t r a n s d u c e r , h is P l a n c k c o n s t a n t , w M , m are th$ 
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n a t u r a l f r e q u e n c y and the e f f e c t i v e m a s s of the a n t e n n a , T Is the t e m p e r a t u r e of 
the t r a n s d u c e r , к Is B o l t z m a n n c o n s t a n t . O n l y m e a s u r e m e n t e r r o r s are t a k e n Into 
a c c o u n t In E q . (1), since the e f f e c t of B r o w n i a n m o t i o n of the a n t e n n a is a s s u m e d 
to be s m a l l . In the p u r e l y q u a n t u m case (T—>-0) 

A * m , „ = l / — — • (2) 
V 2m (oM 

w h i c h r e p r e s e n t s the u n c e r t a i n t y of the o s c i l l a t i o n a m p l i t u d e of the a n t e n n a in 

the c o h e r e n t state and the u n c e r t a i n t y in the o s c i l l a t i o n e n e r g y A £ = Y n % w M 

for л > 1 (n is the a v e r a g e q u a n t u m n u m b e r ) . 

An a n a l y s i s of the s t a n d a r d m e a s u r i n g p r o c e d u r e [1] f r o m the s t a n d p o i n t of 
the q u a n t u m t h e o r y of m e a s u r e m e n t s h o w e d that the l i m i t i n g v a l u e s of the sen-
s i t i v i t y in (1) and (2) are a c o n s e q u e n c e of a n o n - o p t i m a l r e g i m e of m e a s u r e m e n t s 
[4]. S i n c e the I n t e r a c t i o n H a m i l t o n i a n for the t r a n s d u c e r s u s e d a n d the a n t e n n a 
Is p r o p o r t i o n a l to its p o s i t i o n , t h e n one can in p r i n c i p l e m e a s u r e at a g i v e n 
m o m e n t of time (up to the r e l a t i v i s t i c l i m i t ) , the v a l u e of the p o s i t i o n w i t h 
a r b i t r a r y p r e c i s i o n . H o w e v e r , in a r e g i m e of c o n t i n u o u s m e a s u r e m e n t the p r e -
c i s i o n in the d e t e r m i n a t i o n of the I n s t a n t a n e o u s v a l u e of the p o s i t i o n w i l l be 
l i m i t e d by e q u a t i o n (1). The p o i n t is that the m e a s u r e m e n t of the p o s i t i o n is 
a c c o m p l i s h e d by a p e r t u r b a t i o n of the m o m e n t u m , w h i c h leads to an i n c r e a s e in the 
p o s i t i o n ' s u n c e r t a i n t y in the f o l l o w i n g I n s t a n t o f t i m e . 

In o r d e r to i n c r e a s e the s e n s i t i v i t y one can use the f o l l o w i n g i m p o r t a n t 
p r o p e r t y of an o s c i l l a t o r : the e n s e m b l e a v e r a g e of the p o s i t i o n and its u n c e r -
t a i n t y a r e , In the a b s e n c e of p e r t u r b a t i o n s , p e r i o d i c w i t h p e r i o d 2д/юм . The 

e x t e r n a l f o r c e FcosCoW+cp) c h a n g e s the e x p e c t a t i o n v a l u e of the p o s i t i o n at a time 
F t 

tk = 2гт/г/(ом by an a m o u n t bxP=— siticp ( T is the time of a c t i o n of the f o r c e ) . 
2m (ou 

The e f f e c t of the force can be f o u n d if 6xF e x c e e d s the e r r o r in the I n s t a n t a n -

eous m e a s u r e m e n t of p o s i t i o n . 

We d e t e r m i n e the e r r o r in the m e a -
s u r e m e n t of p o s i t i o n in a s c h e m e w i t h a 
c a p a c i t i v e t r a n s d u c e r for a s u d d e n a p p l i -
c a t i o n of the p u m p i n g s i g n a l . We w i l l 
a n a l y z e a c a p a c i t i v e t r a n s d u c e r w h i c h is 
s o m e w h a t d i f f e r e n t f r o m the k n o w n o n e s , 
in w h i c h the e f f e c t of the n o r m a l com-
p o n e n t of the p o n d e r o m o t i v e force on the 
a n t e n n a is e l i m i n a t e d (Fig. 1 ) . T h e use 
of a b a l a n c e d s c h e m e is n o t , In p r i n c i p l e 
w h a t s i m p l e r and m o r e c l e a r . 

The p u m p i n g g e n e r a t o r c r e a t e s a v o l t a g e s y m m e t r i c w i t h r e s p e c t to the p o i n t 

0 , w h i c h is r e p r e s e n t e d in the scheme by the g e n e r a t o r [/0sinioef w h e n the. c a p a c i -

t a n c e s C ^ and С f o r m e d by the r i g i d p l a t e s and the m o v a b l e m a s s m , are e q u a l , 

the v o l t a g e In the m i d d l e b r a n c h of the b r i d g e is z e r o . W h e n the m a s s m o v e s by 

a d i s t a n c e x t h e r e w i l l be a p o t e n t i a l d i f f e r e n c e set up in the m i d d l e b r a n c h o f 

the b r i d g e e q u a l to U0(xjd)sin coe/ (d is the c a p a c i t a n c e gap in the b a l a n c e d con-

f i g u r a t i o n ) . The p l a t e s ' s u r f a c e areas are a s s u m e d i d e n t i c a l . (The g r a v i t a t i o n a l 

a n t e n n a is h e r e r e p r e s e n t e d as an o s c i l l a t o r w i t h a l u m p e d m a s s m and a s p r i n g 
c o n s t a n t К ). 

m 

F i g . 1 . 

, n e c e s s a r y , but its a n a l y s i s is some-
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In the a b s e n c e of c u r r e n t in the b r i d g e ' s m i d d l e b r a n c h the r e s u l t i n g p o n - | 
d e r o m o t i v e force is e q u a l to zero for any x e v e n in the p r e s e n c e of v o l t a g e fluc-f 
t u a t i o n s in the p o w e r s u p p l y , since the c h a r g e s on C ^ and C^ are e q u a l In this j 

c a s e . O n l y for c h a r g e l o s s e s t h r o u g h o u t the m i d d l e b r a n c h due to e . m . f . flue- ; 
t u a t i o n s U ( t ) in that b r a n c h , or for an i m b a l a n c e of the b r i d g e , a force w i l l j 
d e v e l o p w h i c h p e r t u r b s the m o t i o n of the m a s s . j 

S i n c e the r e s u l t i n g s i g n a l is a n a r r o w b a n d one t h e n to a m p l i f y the s i g n a l j 
n use r e s o n a n c e , by i n c l u d i n g an i n d u c t a n c e L in ! 
he a p p r o p r i a t e c i r c u i t , w h i c h d e t e r m i n e s the signal[ 
s h o w n in F i g . 2. I 

The r e s i s t a n c e R Is d e t e r m i n e d by the 
c h o i c e of the g a i n in the a m p l i f i e r (we j 
n e g l e c t e n e r g y l o s s e s w i t h i n the c r i c u i t H 
T h e c i r c u i t c a p a c i t a n c e C = + r e m a i n s ! 

c o n s t a n t w i t h i n a r e l a t i v e p r e c i s i o n j 
2 I 

F i g . 2. (x/d) . T h e s p e c t r a l d e n s i t y of the e . m . f . 
f l u c t u a t i o n s is d e t e r m i n e d by the n o i s e 
t e m p e r a t u r e of the a m p l i f i e r . V o l t a g e 

f l u c t u a t i o n s in the b r a n c h e s of the b r i d g e can be n e g l e c t e d b e c a u s e of the fol- i 
lowing: b o t h the s i g n a l in the a m p l i f i e r a n d the p o n d e r o m o t i v e force p e r t u r b i n g 
the m o t i o n of the m a s s are p r o p o r t i o n a l to the t o t a l p u m p i n g v o l t a g e , but the 
f l u c t u a t i o n s of this v o l t a g e are r e l a t i v e l y s m a l l . We n e g l e c t f r i c t i o n in the 
m e c h a n i c a l s y s t e m , by a s s u m i n g that the r e l a x a t i o n time of the a n t e n n a is so 
large that the s e n s i t i v i t y of the d e t e c t o r is l i m i t e d only by the m e a s u r e m e n t j 
e r r o r . T h e e q u a t i o n s of m o t i o n of the s y s t e m for a s u d d e n a p p l i c a t i o n of the 
p u m p i n g s i g n a l w i l l be the f o l l o w i n g : j 

at the a m p l i f i e r i n p u t one ca 
series w i t h the a m p l i f i e r . T 
of the a m p l i f i e r ' s i n p u t , is 

L 

I l/0jslnvet 
jjj>>- s° 

q + 2bq + <o2eq = Ce?exE<l>(t)sta(aet+C®lU(t); ( 3 ) 

л: + (ом x = -BE— ф (t) sin coe t. 
m 

H e r e is the c u r r e n t In the m i d d l e b r a n c h : 
dt 

Uo . 
2 L LC 

(4) | 

i 

! 
tm is the l e n g t h of e a c h m e a s u r e m e n t . 

E q u a t i o n s (3) are l i n e a r . T h e r e f o r e the q u a n t u m e q u a t i o n s for the 'operators 
q and x w i l l have the same f o r m . B e l o w we w i l l c o n s i d e r q ( t ) and x ( t ) as the 
o p e r a t o r for the c o r r e s p o n d i n g q u a n t i t i e s . The e x a m i n a t i o n of the p r o b l e m w i t h t n 
the l i m i t s of q u a n t u m m e c h a n i c s a u t o m a t i c a l l y e n a b l e s one to s o l v e the p r o b l e m j 
of the l i m i t s of a p p l i c a b i l i t y of the s o l u t i o n s . We w i l l look for a s o l u t i o n I 
q ( t ) of the f o r m . j 

q(t) = a {t) cos® et-\-b(t) sin <£>et. ( 5 ) i 

(< 2ji k . , - 2я k , , . 

1 for < f < • t , k — is an integer, Юм ®м 0 for other values of ti 
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If b>etm> 1 > t h e n to solve (3) one can use the m e t h o d of s l o w l y v a r y i n g am-

p l i t u d e s . If им1т«1, 6 4 ^ 1 , t h e n in the i n t e r v a l 0 < / t h e s o l u t i o n of (3) 

w i l l have the form: 

t 

a (t) - ае~ы — Ca>e f U(t') sin coe t' dt' — 

о 

-i- CE oye-« f e*' x0(t')O(t')dt' - (CE2^£~6f) git, 0) 

t 
t')e6t'U(f) cos ae t' df; 

С*Ег со; e 2 „-6 t. t 

b {t) = Ьг~ы + С a>ee~6t j еы' U (t') cos <oc t' dt', 

(6) 

( 7 ) 

w h e r e 

t 
f (t, t') = — f <?-6'"sin coM (t - t") Ф (Г) dt"; 

.J 
f 

g(t, t')== |е«"Ф(Г)/(Л t')dt', 

x0 (/) = X COS C0M t \ —— sin © H t. (8) 

By а, b , x , x w i t h o u t s y m b o l s of e x p l i c i t time d e p e n d e n c e we m e a n the f i x e d 
( S c h r o e d i n g e r p i c t u r e ) o p e r a t o r s (in the c l a s s i c a l case they are the i n i t i a l 
v a l u e s ) . 

If a f t e r the l i n e a r a m p l i f i e r one uses s y n c h r o n o u s d e t e c t i o n (S.D. In F i g . 

2 ) , in o r d e r to f i l t e r out the c o m p o n e n t of b(t)s'mwet w h i c h does not c o n t a i n In-

f o r m a t i o n on x , t h e n the I n t e g r a l of the f u l l s i g n a l , r e d u c e d to the input of the 

a m p l i f i e r , w i l l be e q u a l to 

\ f t \ 

S = j1 [Rq{t') + U(t')]coa<oet' dt' = — —Etfy ( - ^ 4 + 

о 
'm 

j' и (О (cos 10, V — sin (De t') dt' + 8m S 

EC av 

8m 6 
о 

m 
j ' (t')2U(t — t')cosu>e(t — t')dt'. ( 9 ) 

H e r e , s t r i c t l y s p e a k i n g , w e a s s u m e d t h a t all the a m p l i f i e r n o i s e is due to the 
n o i s e in the input c i r c u i t . In the g e n e r a l case u ( t ) w i l l only in p a r t be re-
d u c e d to the input of the e . m . f . n o i s e . S i n c e In w h a t f o l l o w we d o n ' t m a k e u s e 
of the c o r r e l a t i o n of u ( t ) w i t h the e . m . f . n o i s e at the o u t p u t of the a m p l i f i e r , 
t h e n this a s s u m p t i o n c a n n o t l e a d to a too low m e a s u r e m e n t e r r o r . 

A f t e r d i s c o n n e c t i n g the p u m p i n g the m o t i o n of the m e c h a n i c a l o s c i l l a t o r can 
be r e p r e s e n t e d as the s u p e r p o s i t i o n of free o s c i l l a t i o n s a n d the o s c i l l a t i o n s 
c a u s e d by an e x t e r n a l g r a v i t a t i o n a l f o r c e . 

At the time U = tm'2-ь2л6/<ом 
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X {ty) — x0 

bEt m 

4m б 
CE (oet 
4m 6 

m 
^ U (О COS (De t' dt' -p bXp. (10) 

The v a l u e x ( t ^ ) In (10) Is t a k e n at the time c o r r e s p o n d i n g to the m i d d l e of the 

p u m p i n g p u l s e , as the m a g n i t u d e of the s i g n a l is d e t e r m i n e d by t h i s v a l u e (see 
(9)). As a r e s u l t of the s e c o n d s w i t c h i n g on of the p u m p i n g , we o b t a i n the sig-
n a l S ^ , d e t e r m i n e d by E q . (9), if in it we s u b s t i t u t e x ( t ^ ) for x0(fm/2) , a ^ and 

b 1 for a and b . The d i f f e r e n c e of the s i g n a l s S 1 and S w i l l be e q u a l to 

Si — 5 
CE2 ay-; 

8m8 

U 411 

^ U(i')cosaet' dt' -f f {Ux{t') — U(t')] X 

X (coso-)et' — sin (o£ t') dt' 
at — a 
О ) .C 

b, — b 

8m б 
E'~ t m 

CE2 (j>„ 
8m 6 

f {t'f [U1 (t — t') — U {t — f)] COS coe (t - t') dt' — — EtJ>xF. ( 1 1 ) 

H e r e t/j (0 = U (t -f- 2 л; £/coM). 

The e f f e c t of a g r a v i t a t i o n a l w a v e can be c o n s i d e r e d l o c a l i z e d if the change 

in the s i g n a l , c o n n e c t e d w i t h 6xF , e x c e e d s the s t a n d a r d d e v i a t i o n J / ( [ A — S)]2) : 

1/2 

б Xp ^ яТ eft 
7 CE2 

160 m2 б 
(12) 

In the c a l c u l a t i o n of (12) we u s e d the e x p r e s s i o n for the n o i s e c o r r e l a t i o n func-
t i o n of U ( t ) , w h i c h can be d e r i v e d by u s i n g the m e t h o d [5]: ; 

{{U ( f ) U (t")}) = 2x TeffR б (f - f ) , (13) 

w h e r e б ( t ' — f ) is the d e l t a f u n c t i o n , 

{и ( f ) и (П) = (-f) ̂ ( r > u + u { f ) u ( f )]- (14) 

We also t o o k into a c c o u n t that 

<a) = <ft) = <a1> = < M = 0; 

(a2) = (62> - (b\) = ( a l ) = C x 7 e f f . (15) 

By o p t i m i z i n g (12) w i t h r e s p e c t to E , we o b t a i n 

6x F > / — 
У щи-

eft (16) 
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for 

£opt = — ^ T " . <?. = ®./26. ( 1 7 ) 
CQet2m 

F o r a c o n t i n u o u s a c t i v e p u m p i n g , the m i n i m u m d e t e c t a b l e a m p l i t u d e change of the 
o s c i l l a t i o n s is d e t e r m i n e d by E q . (1). 

B e c a u s e , t h e n for t h o s e same v a l u e s of coe, m, T6i1 the q u a n t i t y (16) 

Is m u c h s m a l l e r than (1). E q u a t i o n (16) is c o r r e c t also for 6 x F < J/^/2m(oM . By 

d e c r e a s i n g tm , £ o p t i n c r e a s e s . In p r a c t i c e E s h o u l d be s u b s t a n t i a l l y s m a l l e r 

than the b r e a k d o w n f i e l d . If the b r e a k d o w n v o l t a g e does not p e r m i t to o b t a i n a 
g i v e n p r e c i s i o n in a s i n g l e m e a s u r e m e n t , t h e n one s h o u l d carry out m e a s u r e m e n t s 
w i t h E<EopV but in a r e p e t i t i v e m o d e t h r o u g h an I n t e g e r n u m b e r of p e r i o d s of 

o s c i l l a t i o n . A s e n s i t i v i t y c o r r e s p o n d i n g to (16) can be r e a c h e d w i t h iV= (£opt/£)
2 

s u c c e s s i v e m e a s u r e m e n t s . 

The a u t h o r s w i s h to t h a n k P r o f e s s o r V . B . B r a g i n s k i i for the f r u i t f u l dis-
c u s s i o n of the r e s u l t s . 
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