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Thecapacitiveandotherlineartransducersthatareknownprovi@suswithin—
formation on the instantaneous coordinate of the mechanical oscillator.
The quantum theory of measurements predicts a precision limit of con-
tinuous measurement of the coordinate. When the transducer 1s working
in the pulse mode, the instantaneous coordlnate of the oscillator can

be measured for the time tm & 1/wM with an error /Gth times better

than for the continuous mode. Consequently, the gravitational detector
sensitivity increases. The outer effect on the antenna in this case
can be found by measuring the instantaneous coordinate after a time
multiple to the period of the antenna oscillations (2ﬂ/mM).

In the calculation of the sensitivity of a gravity wave detector, the analy- !
sis of the system's components 1s usually limited only to the antenna and the f
transducer [1, 2]. The sensitivity is determined by the signal to nolse ratio
in the transducer. We propose dlifferent mathematical operations, realizable 1n
practice, for extracting the signal from the noise. This statement of the prob-
lem 1is possible in the idealized classical approximation, when one can assume
the existence of an absolutely nolseless device, 1nto which the signal from the
transducer 1s transferred. The recommendations obtained by these means toward
increasing the sensitivity lose, in many respects, thelr practlical value because
they presuppose the use of devices, past the transducer, with Impracticably low
noise temperatures. It 1s in practice more than valuable, and clearly necessary
in the gquantum mechanical approach, to trace the signal down to those parts of
the clrcuilt where its energy becomes much larger than the fluctuation energy in
the following stages. From the calculations presented in papers {1, 3] it fol-
lows that 1f one assumes that the nolse temperature of the stages following the
transducer is equal to the temperature of the transducer, then the minimum de-
tectable change in the oscillation amplitude of the antenna will be equal to
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we 1s the signal frequency in the transducer, # 1is Planck constant, o« , m are the
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natural frequency and the effective mass of the antenna, T is the temperature of

the transducer, » 1s Boltzmann constant. Only measurement errors are taken into

account in Eq. (1)}, since the effect of Brownlan motion of the antenna is assumed
to be small. In the purely guantum case (T—0)

Armlr-a”“l/ (2)
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which represents the uncertainty of the oscillation amplitude of the antenna in
the coherent state and the uncertainty in the oscillation energy A&=1Vn fio,
for n3»1 (n is the average quantum number).

An analysis of the standard measuring procedure [1l] from the standpoint of
the quantum thecory of measurement showed that the 1limlting values of the sen-
sitivity in (1) and (2) are a consequence of a non-optimal regime of measurements
[4]. Since the interaction Hamiltonian for the transducers used and the antenna
is proportional to its position, then one can in principle measure at a given
moment of time (up to the relativistic limit), the value of the position with
arbitrary precision. However, in a regime of contlinuocus measurement the pre-
cision in the determlnation of the instantanecus wvalue of the position will be
limited by equation (1)}. The polnt is that the measurement of the position is
accomplished by a perturbation of the momentum, which leads to an increase 1n the
posltion's uncertainty in the followlng instant of time. :

In order to increase the sensitivity one can use the following important
property of an oscillator: the ensemble average of the position and its uncer-
tainty are, in the absence of perturbations, periodic with period 2a/enx . The

external force Fcos(oni+@) changes the expectation value of the positlion at a time
h=2aklox by an amount S8xr= sing (v is the time of action of the force).
The effect of the force can be found if 6xr exceeds the error in the 1lnstantan-

eous measurement of position.

We determine the error In the mea-
surement of positlon 1n a scheme with a
capacltive transducer for a sudden appli-
catlon of the pumping signal. We will
analyze a capacltive transducer which 1is
somewhat different from the known ones,
in which the effect of the normal com- Fig. 1.
ponent of the ponderomotive force on the
antenna is elimlnated (Fig. 1). The use
of a balanced scheme is not, in principle, necessary, but its analysis is some-
what simpler and more clear.

The pumpling generator creates a voltage symmetric with respect to the polnt
0, which 1s represented in the scheme by the generator Ussinwsd when the capaci-

tancesg Cl and 02, formed by the rigid plates and the movable mass m, are equal,

the voltage in the middle branch of the bridge 1s zero. When the mass moves by
a distance x there wlill be a potential difference set up in the middle branch of
the bridge equal to Uy(x/d)sinwt (d is the capacltance gap in the balanced con-

figuration). The plates' surface areas are assumed identical. (The gravitational
antenna 1s here represented as an oscillator with a lumped mass m and a spring
constant Km);
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In the absence of current in the bridge's mliddle branch the resulting pon- |
deromotive force 1s equal to zero for any x even in the presence of voltage flqu
tuations in the power supply, since the charges on Cl and C2 are equal in thils

case. Only for charge losses throughout the middle branch due to e.m.f. fluc-
tuations U(t) in that branch, or for an imbalance of the bridge, a force will
develop whilich perturbs the motion of the mass.

Since the resulting signal 1s a narrow band one then to amplify the signal
at the amplifier input one can use resonance, by including an inductance L in
ries with the amplifier. The appropriate cir»uit, which determines the signal
of the amplifier's input, 1s shown 1in Fig. 2. f

The resistance R 1s determined by thé
choice of the gain in the amplifier (we
neglect energy losses within the cricuit).
The clrcuit capacitance C= Cl-l-C2 remains

constant within a relative precision

(x/d)z. The spectral density of the e.m.f.
fluctuations 1s determlned by the nolse
temperature of the amplifler. Voltage
fluctuations In the branches of the bridge can be neglected because of the fol- :
lowing: both the signal in the amplifler and the ponderomotive force perturbing
the motion of the mass are proportional to the total pumping voltage, but the
fluctuations of thils voltage are relatively small. We neglect frictlion in the
mechanlcal system, by assuming that the relaxation time of the antenna 1s so
large that the sensitivity of the detector is limited only by the measurement
error. The equations of motion of the system for a sudden application of the
pumping signal will be the following:

g-4-28g+4wrg=Cao,xED{)sinw,t 4- Col U(t); (3)
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Here éz}%%— is the current in the middle branch;

bR @=L EF-=

9; :
1 tor 2k <t + fy B — isan integer, !

(D(t) = Oy Oy (J_l )

O for other values of t;

tmis the length of each measurement.

Equations (3) are linear. Therefore the quantum equations for the operators
q and x will have the same form. Below we will consider g(t) and x(t) as the ;
operator for the corresponding quantities. The examination of the problem within
the 1imits of quantum mechanlcs automatically enables one to solve the probleml
of the limits of applicability of the solutions. We will look for a solution
q(t) of the form. i

q(t}=a(t}cosmet+b(t)slnmef. (5)
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I wetm>1, then to solve (3) one can use the method of slowly varying am-

plitudes. If oum<l, 8tn=1 , then in the interval 0<{ <, the solution of (3)
will have the form:

t
a(t) =ae=® —Cao, e~ fU(t') sinw, ¢’ dt’ —
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By a, b, x, % without symbols of explicit time dependence we mean the fixed
(Schroedinger picture) operators (in the classical case they are the initial

values).

(6)

(7)

(8)

If after the linear amplifier one uses synchronous detectlon (S.D.

2), 1n order to fllter out the component of b(f)sinwt which does not contain in-
formation on x, then the integral of the full signal, reduced to the input of the

amplifier, wilill be equal to

!m

. , | tm\
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b
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Here, strictly speaking, we assumed that all the amplifier noisé is due to the
noise in the input circult. In the general case u(t) will only in part be re-

Since in what follow we don't make use
of the correlation of u(t) with the e.m.f. noise at the output of the amplifier,

duced to the input of the e.m.f. noise.

then this assumption cannot lead to a too low measurement error.

After disconnecting the pumping the motion of the mechanical oscillator can
be represented as the superposition of free oscillations and the oscillations

caused by an external gravitational force.
At the time 11=tmf2+2nk/(0m
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X(t) —=x, (_ém) “’Z‘f?tsm“ CE“’*""S U(t)coso,t' di' - dxr (10)

The wvalue x(tl) in (10) 1s taken at the time corresponding to the middle of the

pumplng pulse, as the magnitude of the signal 1s determined by this value (see
(9)). As a result of the second switching on of the pumping, we obtaln the sig-

nal Sl’ determined by Eq. (9), if in it we substitute x(tl) for xo(ty/2) s a, and

b1 for a and b. The difference of the signals S1 and S wlll be equal to

f H
2 22 m
CE2 b

Sy —S = ._gr.n_é___g U(t'ycosw, ¢ di’ - ( U, "y —U (] ¥
0 0
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dere U () =U(t -+ 23kjo,).

The effect of a gravitational wave can be considered locallzed 1f the change
in the signal, connected with éxr, exceeds the standard deviation V{[A(S, —S)P) : |

) 86 7 e\
6:&;“2 ATef-f S =it 150 15 . (12)
CE*wyt m

In the calculation of (12) we used the expression for the noise correlation func—
tion of U(t), which can be derived by using the method [51]:

(U YU} = u TR 8 (1" — 1), (13)

where §( —1¢") is the delta function,
Wy = (5)WEOUE+UEUE) (14)
We also took into account that
(a) = (b) =(a,) = (b)) = 0;

(a?) = (B?) = () = (@) = C% Toppe (15) '

By optimizing (12) with respect to E, we obftain

—-——T—-—-—v———-—— i
6xF>1/lthm’ (16) ;
Oy 11

28



for

6m :
Bl = . Q,=,/26. (17)
opt = CQetQm Qe ej

For a continuous actlve pumping, the minlimum detectable amplitude change of the
osclllations 1is determined by Eq. (1).

Because ouwimk1, then for those same values of w. m, T the quantity (16)
1s much smaller than (1). Equation (16) 1s correct also for §xz< VA2moe, . By
decreasing tm, Eom 1ncreases. In practice E should be substantially smaller

than the breakdown field. If the breakdown voltage does not permit to obtalin a
glven precision in a single measurement, then one should carry out measurements
with E<Egy but in a repetitive mode through an integer number of periods of

oscillation. A sensitivity corresponding to (16) can be reached with N=(E,u,/E)?
successlve measurements. :

The authors wish to thank Professor V. B. Braginskii for the frultful dis-
cussion of the results.
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