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A calculation is performed on the induced birefringence in a cylindri-
cal garnet rod having a parabolic temperature distribution. An esti-
mate is made of the effects of the induced anisotropy on the lasing
performance and on the gain for linearly polarized radiation in a cav-
ity containing a component in which the birefringence varies over the
cross-section., The theoretical results are compared with experiment.
The effects of residual stresses have been determined. .

A thermal-stress pattern 1s set up in an active element AE in a laser or :
light amplifier based on neodymium-doped garnet [1, 2] because some of the pump+
ing energy is deposited as heat in the material and the side surface of the rod|
is cooled by a flowing liquid. These stresses cause anisotropy in the refractive
index and an uneven distribution of birefringence over the cross~section. The
rod is usually cylindrical, with the length much greater than the ftransverse dl»
mensions. In that case, the condition at the mounting end has little effect onj
the stress distribution [2]. Also, the cooling conditions are normally uniform!
over the side surface. One can therefore assume that the induced blrefrlngence'
is dependent only on the transverse coordinates and does not vary along the length

of the AE,

Several studies [3-6] have shown that birefringence inhomogeneously distrib~
uted over the cross-~section largely determines the parameters of the generated or
amplified radiation. Therefore, the exact determination of the birefringence dis-
tribution is of considerable practical significance in optimizing parameters of!
lasers and light amplifiers. 5

If the AE is a cylindrical rod, the distribution of the thermally induced :
birefringence 1s dependent on the orlentatlon of the axis of the cylinder relative
to the axes of the cubic lattice in the garnet crystal. Studies have been mad@
[1, 2, 7] on rods in which the axis coincided with the <111> crystallographic |
direction. 1In that case, the induced birefringence 1s dependent on the distance
to the axis of the cyllnder and is independent of the angular coordinates. On |
the other hand, rods with <001> crystallographic orientation are are widely used
A theoretical study [8] shows that then the induced birefringence is dependent lon
the radial and angular coordinates. Few experiments have been performed on thys
Only in [9] do we find the study related to the determination of the astigmatism
in the thermal lens. Tn all the above studles, the tensor features were consid-
ered only for the elastooptic effect, while the garnet was considered as isotrb—-
.pic indefining the stress pattern. The theory of elasticity for anisotropic bod-
ies can be applied to avoid this assumption without complicating the calculati¢n
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Fig. 1. Disposition of the co-
ordinate axes (first and second
quadrants) and of one of the axes
of the optical indicatrix in re-
lation to the angular coordinate
(third quadrant); also line of
equal phase shift (fourth quad-
rant); o = 14.8°, B = 15.5°,

Here we calculate the induced birefringence in a c¢ylindrical garnet rod of
<001> orientation and estimate the effects of the birefringence on the lasing
performance and the amplification of linearly polarigzed light; experimental re-
sults are given that indicate a substantial role for the initial stresses in the
cold AE.

We consider a cylindrical rod of radius R and length L; we assume that the
temperature T0 is the same everywhere on the side surface, while the density of

heat production P is constant throughout the volume of the rod. The temperature
distribution is then familiar:

T () = To+ 5 (R — 77, (1)

where r is the distance from the axis of the cylinder and = is the thermal con-
ductivity, which is a scalar for a cubic crystal. The method of calculating the
thermal stress used in the theory of elasticity for anisofropic bodles is to be
found in [10]. This involves solving a system of tensor equations for the elas-
tic equilibrium and equations for the compatibility of the strains. Here we use
the results of [11l], where the stresses were calculated for bodies of cylindrical
form with a parabolic temperature distribution of (1).

The stress tensor o is diagonal and has the following components in the
local coordinate system O%tnz (Fig. 1):

Oy = 0, = aPR*D (L — 1)(2%)~";
Om = O = aPR®D (3 — 1) (2%)~%; (2)"
G,, = 6, = (0,125 — 8;,D) aPR* (25 — 1) (8,y%)~ ",

where L[=r%R% D= (s;y —s)(6s]; —85% 4 25,85 + 8138,)" " 84, $100 5,4  are the elastic-compliance
constants and a is the coefficient of thermal expansion.
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Fig. 2. Energy enhancement for
linearly polarized light on op-
timizing the position of the rod

in relation to beam radius
(= 100 W),

A
g 9?7

The numerical values of the stresses glven by (2) are less by 30% than those
calculated from the formulas in the theory of 1sotropic media [9], and the dif-
ference may be important if one has to determine the fallure stresses at high
pumping levels. '

When the thermal-stress distribution is known, the usual method [2] can be |,
used to determine the local changes in the optical indicatrix. As a result we |
get that the tensor for the increments in the coefficients of the optical indi- .
catrix in the O%nz system will take the form :

AB,, AR, 0
AB:(AB,W ABye 0 |
2.

0 0 AB,
where the following are the components different from gzero:

1 .
ABrr = 0,7y, -+ TCOS 4‘? [(ﬂ'ﬂ L V¥ nll) (O(D - Or) +

4 0, (3rtyy b Ty o+ Tga) + O (3 - Ty — M)
ABgq - T,y + % 08 4¢ [(71,5 - 7yy — 71y} (0, — 6} +
+ 0, {3y + Mgy — Tgg) + O (3rvyy + gz F 7)) )
AByy = (%) sit 4@ (7yy -~ 3y — 71,,) (0, — 04);

ABzz == 11302, + Mg (Gr + G(P)'

Compliances oq, 0r and o, appearing here and the plezooptic coefficients Wijf

may be calculated from the elastic-rigidity constants and the elastooptic coef-
ficients available from the literature [2]: :

1= 3,591-1077 m2w; 5= —0,897-107"7 m2/;
S0 = 8,688 1072 m2m; 7y, = — 0,1205-107"2 m2m;
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My = 0,05053- 1077 m2/m; m,y = —0,5343. 10~ m2m.

It follows from (3) that a garnet crystal optically isotropic in the cold
state becomes bilaxlal under pumping; the birefringence is determinedby the lengths
and positions of the semiaxes of the ellipse obtained by section of the optical
indicatrix by the plane z = 0 for rays propagating along the z axis. The angle
x between the 0'f axis and the nearest semiaxis of the ellipse is found from

2ABrg sind@
tg 2y = = ;
AB,,—ABgo Ny /Ty — cos 4¢ (4)
—45° < x < 45°,
where IL=mg+an—ms; Ha==mn-tme—mn The maximum deviation of the axes of the ellipse
from the axes of the local coordinate system 1s about 15.5° for ¢14,8°4-n(n/2)
(n=0, 1. 2..). Pigure 1 shows the approximate orientation of the axes of the ellipse

in one of the quadrants. The phase difference § between waves linearly polarized
along the axes of the ellipse on passage through the entire length of the AE is
given by

PrdaD,

o VT - 18 — 201,10, cos 4¢ =

9::

— 24 (49), (5)

where & =alR?P is the total thermal power dissipated throughout the AE and X is-

the wavelength of the light. It follows from (5) that the sign of the birefrin-

gence 1s the same throughout the cross-section. We substitute the numerical val-
ues for radiation with wavelength A = 1.06 um into (5) to get

0 (Pmax) = 0,101 (r R P T$U/W;

0 {Pasin) & 0,032 (r3/RY) & - radrw; (6)

where @max=n/4-+ku/2: gmn=kn/2 (k=0, 1, 2, 3}. It is found[1] that the thermal power dis-
sipated in a neodymium-doped garnet rod may be 5-7% of the electrical power sup-
plied to the pumping lamp. It then follows from (6) for pumping powers of 2-3 kW
typical of continuous-wave lasers that the phase difference at the edge of the

rod may be several radians. As an example, Fig. 1 shows the lines of equal phase
difference 6=n/2, n, 2n 1n the fourth gquadrant for light of wavelength XA = 1.06 um
for a thermal power ,=100 W.

We now estimate one of the possible effects from the inhomogeneous bire-
fringence on the lasing or amplification. In many cases, the rod in the genera-
tor or amplifier is combined with a polarizer in order to obtain linearly polar-
ized radiation. We now estimate what fraction of the energy in a beam of linearly
polarized light passing through such a rod described by (4) and (5) is transferred
to the wave polarized perpendicular to the initial one and absorbed or deflected
from the beam by the polaroid. The intensity of the wave incident on the rod is
assumed to be constant over the cross-section of the beam of radius Ry,<R. The
plane of polarization of the incident light (the plane of transmission of the
polarizer) lies at an angle y to the <001> direction. Then the follcwing is the
power in the wave polarized perpendicular to the initial one when the beam has
passed through the rod:
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Wy=1o| fbsmﬂ 2L +x () —~ V] sio* (- rdrdy =
0 0

R,
=—2= [a(}) + b (£) cos 4v],

where £ = (Rb/R)Z, Rb is the beam radius, and IO is the intensity in the incident
beam:

a() = 27 — | sin [2LAH] LA DI ds
0

:r > N
b{L) = j cos [ -+ % (9)] [ﬂ%fi:é;ﬂ— ~_2] -

]

While the beam passes through the rod once in a ring laser or in a one-part
amplifier, it passes through twice in a linear laser, which 1s equivalent to
doubling the thermal power. The relative losses 8§=W, /W,=[a(C)+ b()cosdy]/8n
are maximal when the plane of transmission of the polarizer coincides with the
<100> or <010> direction, i.e., for ¢==kn/2, and are minimal for ¢=n/4+kn/2. The en-
hancement of the energy in the polarized 1ight when the polarizer is correctly

disposed can be characterized by p::(%i%ﬂiuul)-IOO%. Figure 2 shows the depen-
— Ymax

dence of p on Rb/R for A = 1,06 um. Maximum loss occurs for R /R~07 and consti-
tutes 22%. The enhancement of the power of the linearly polarized 1ightftm’Rb/R>i

> 0.5 1s 15-20%. In the generation or amplification of the fundamental transverse
wave, which has a gaussian intensity distribution over the cross section, the j
"strong birefringence at the edge of the rod will have substantially Iess effect on:
the production of linearly polarized light.

The birefringence parameters were measured on several rods differing in size;
optical quality, and form of lamp house. The pumping was approximately uniformly-
distributed over the cross-section. The positions of the axes of the indicatrix
were determined by photography of the conoscopic figures. A rod mounted in the
lamp house was placed between two crossed polaroids, which rotated together :
around the axis, and through which a beam of red light from a helium-neon laser
was passed. The directions of the ends of the dark cross (the isogyres) defined |
the angular coordinates of the points at which one of the axes of the indicatrix :
is parallel to the plane of transmission of the first polaroid. The phase dif-
ferences 0 for the various parts of the rod were determined by means of a narrow
(diameter about 0.5 mm) beam of plane-polarized light from an He-Ne laser (X =
= 0.63 um) or from continuous-wave neodymium-garnet laser (A = 1.06 um). The ,
ellipticity of the light emerging from the rod was used to calculate 6. Figure 3
shows typlcal conoscopie figures for two rods. Specimen 1 was of larger volume
than specimen 2 and was inserted in the light house with a more efficient reflec~
tor. The birefringence in specimen 1 was the larger, as was evident from the
occurrence of isochromic lines with phase difference of 360° when the pumping v
exceeded 1.5 kW. The conoscopic figures for several specimens showed that there:
was always appreciable anisctropy even in the cold state. Figure 4 shows the
theoretical relationship between the positions of the axes of the iIndicatrix ¢
and the angle ¢ , together with the corresponding measurements for specimens 1 |
and 2 at various pumpilng levels, as well as for specimen 1 in {the cold state. i
The ®=®(9) relation for the unpumped rod follows the form of the curve calculated
for a parabolic temperature distribution. This was confirmed in measurements on;
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Fig. 3. Conoscopic figures for two rods. Specimen
1: without pumping (a); electrical power input to
pumping lamp 1 kW (b); 2 kW (¢); specimen 2: un-
pumped (d), and with 2 kW pumping (e).

a0y

ki 50 g
Fig. 4 Fig. 5

Flg. 4. Rotation of the axis of the indicatrix with
respect fo the <100> direction in relation to the an-
gular coordinate ¢ Solid line from theory, V speci-
men 1 without pumping, O and o specimens 1 and 2
respectively pumped at 2 kW.

Fig. 5. Varlation in phase difference 6 over the

cross section of a rod for A = 1.06 um: 1) speci-
men l; 2) specimen 2; pumping 2 kW.
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other specimens. The effect appears to be due to residual stresses arising during
the growth and annealing of the rod. Birefringence distribution in the pumped rod
persists in the cold state, so it was possible to orient the rod 1in the desired
position without switching on the pumping, namely from the conoscopic figures
given by the He-Ne laser. '

Figure 5 gives measured phase patterns for the same specimens obtained on
displacing the probe beam along the lines AA and BB in Fig. 3 at egual pumping v
levels. The asymmetry in the stresses in cold specimen 1 makes itself felt when
the pumping is switched on, whereas specimen 2, which has lower and symmetrical
initial stresses, gives parabolic distribution of the phase shift in the heated
state, as the theory would imply. Such measurements allow one to determine the
coefficient for the conversion of the electrical power supplied to the pumping ;
lamp to heat in the rod. In the present case this was 2% for specimen 1 but 0.6%
for specimen 2. Measurements of this kind with several rods showed that the ccn-
version factor is only slightly dependent on the volume. For example, volume re-
duction by a factor 2 reduces the cocefficient from 0.6 to 0.55%.

We have therefore derived and verified formulas that describe the thermally -
induced birefringence in a cross section of a rod of <001> orientation. An esti-
mate has also been made of the depolarizing effect of such a rod in the genera-
tion of linearly polarized light. The distribution of the initial stresses in a
cold rod resembles that in a hot rod, which provides a way of determining the
optimum orientation of the recd in the cavity.
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