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A p o l a r i z a t i o n scheme for f o u r - p h o t o n s p e c t r s c o p y of t w o - q u a n t u m t r a n -
s i t i o n s in I s o t r o p i c m e d i a and c u b i c c r y s t a l s is p r e s e n t e d ; a n e w w a y 
of m e a s u r i n g the s c a t t e r i n g c r o s s s e c t i o n in t w o - p h o t o n a b s o r p t i o n is 
d e m o n s t r a t e d . I r r e d u c i b l e t e n s o r g r o u p s are used in a v e r a g i n g the c o m -
p o n e n t s of the t e n s o r for the m o l e c u l a r r e s o n a n t h y p e r p o l a r i z a b i l i t y , 
and a r e l a t i o n s h i p is e s t a b l i s h e d for the i n v a r i a n t s of the m o l e c u l a r 
t e n s o r for t w o - p h o t o n p o l a r i z a b i l i t y and the n o n z e r o c o m p o n e n t s of the 
t e n s o r for the t h i r d - o r d e r m a c r o s c o p i c s u s c e p t i b i l i t y . T h e o r e t i c a l 
e s t i m a t e s and e x p e r i m e n t a l r e s u l t s are p r e s e n t e d for the p o l a r i z a t i o n 
d i s p e r s i o n of the s i g n a l in v a r i o u s o r g a n i c l i q u i d s . S i m i l a r e s t i m a t e s 
h a v e b e e n m a d e for GaF and ZnSe c r y s t a l s . 

I N T R O D U C T I O N 

N o n l i n e a r f o u r - p h o t o n s p e c t r o s c o p y a r o s e c o m p a r a t i v e l y r e c e n t l y , b u t t h e 
a b u n d a n c e and v a r i e t y of i n f o r m a t i o n it p r o v i d e s h a s c a u s e d r a p i d d e v e l o p m e n t . 
T h e m o s t p r o m i s i n g and t h o r o u g h l y e x a m i n e d form of f o u r - p h o t o n s p e c t r o s c o p y in-
v o l v e s i n d u c e d R a m a n s c a t t e r i n g IRS [1, 2 ] . In IRS one e x a m i n e s the d i s p e r s i o n 

(3) 
of the n o n l i n e a r cubic s u s c e p t i b i l i t y x m , w h i c h d e s c r i b e s the g e n e r a t i o n of r a -
d i a t i o n of f r e q u e n c y ша=со±(«и—co2) (here and oo^ are the f r e q u e n c i e s of t h e bi- : 

h a r m o n i c p u m p i n g , w h i l e ш is the t e s t - w a v e f r e q u e n c y ) in t h e case w h e r e wi—co2 

is close to a m o l e c u l a r v i b r a t i o n f r e q u e n c y . One can l o g i c a l l y c o n s i d e r the 
same p r o c e s s for the m i x i n g of t h r e e w a v e s w h e n coi + © 2 is in r e s o n a n c e w i t h an 
e l e c t r o n i c t r a n s i t i o n in the m e d i u m , w h i c h is a case of r e s o n a n c e i n v o l v i n g two~i 
p h o t o n a b s o r p t i o n T P A . The f o u r - p h o t o n scheme p r o p o s e d first in [3] can be used; 
to d e t e r m i n e the TPA p a r a m e t e r s [4, 5]. C o h e r e n t f o u r - p h o t o n p r o c e s s e s m a y be 
used i n s t e a d of o r d i n a r y m e t h o d s i n v o l v i n g r e c o r d i n g the a c t u a l a b s o r p t i o n [6] 
to o v e r c o m e v a r i o u s d i f f i c u l t i e s that a r i s e in the l a t t e r case on a c c o u n t of the 
s p a t i a l and t i m e i n h o m o g e n e i t i e s of the r a d i a t i o n , t h e p r e s e n c e of c o m p e t i n g 
f i r s t - o r d e r c a s c a d e p r o c e s s e s , e t c . [1]. In f o u r - p h o t o n s p e c t r o s c o p y it h a s 
r e c e n t l y b e e n s h o w n for IRS [7-9] that the m o s t c o n v e n i e n t m e t h o d w h i c h is also f 
of e l e v a t e d a c c u r a c y , is p o l a r i z a t i o n f o u r - p h o t o n s p e c t r o s c o p y , w h i c h d e a l s w i t h 
the p o l a r i z a t i o n d i s p e r s i o n for the s i g n a l at f r e q u e n c y c o a = c o + (o>i—co2) w h e n one or 
b o t h of the p u m p i n g f r e q u e n c i e s is s w e p t . 

H e r e we c o n s i d e r a s c h e m e for such s p e c t r o s c o p y for t w o - p h o t o n a b s o r p t i o n I 
r e s o n a n c e s . It is s h o w n that a w a v e of f r e q u e n c y w l i n e a r l y p o l a r i z e d far froijn 

TPA r e s o n a n c e (the r a d i a t i o n s at u ^ , w 2 , and ш are l i n e a r l y p o l a r i z e d ) b e c o m e s ; 

e l l i p t i c a l l y p o l a r i z e d n e a r the TPA r e s o n a n c e . T h e p o l a r i z a t i o n p a r a m e t e r s shoiv 
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that the d i s p e r s i o n in the e l l i p t i c i t y (the f r e q u e n c y d e p e n d e n c e of the r a t i o of 
the s e m i a x e s of the e l l i p s e ) is u n i q u e l y d e t e r m i n e d by the d i s p e r s i o n of the 
i m a g i n a r y p a r t of the cubic s u s c e p t i b i l i t y , and t h e r e f o r e it is d i r e c t l y r e l a t e d 
to the TPA c r o s s - s e c t i o n . T h e d i s p e r s i o n in the o r i e n t a t i o n of the m a j o r axis 
of the e l l i p s e is g o v e r n e d by the d i s p e r s i o n of the r e a l c o m p o n e n t of the cubic 
s u s c e p t i b i l i t y . 

1. N O N L I N E A R MEDIUM P O L A R I Z A T I O N 

1. Cubic S u s c e p t i b i l i t y T e n s o r in T P A . The i n d u c e d n o n l i n e a r p o l a r i z a t i o n 
in the m e d i u m c a n be put as 

P? K ) = Z'iU (cofl; о, (0V - щ) Е{Е$]ЕГ, (1) 

w h e r e E, E('),'E(2> are the i n t e r a c t i n g w a v e s , 2 5 = 6 if there is no f r e q u e n c y d e g e n e r -
a c y , and 5 5 = 3 if a) = u ^ . We d e t e r m i n e the c o e f f i c i e n t for n o n l i n e a r c o u p l i n g 

in the f o u r - w a v e i n t e r a c t i o n X by m e a n s of 

X (<oe; (o, — o>2) = 

(8) , ч * ' * p(3)(<»q)e; (2) 
= Ш1 К ; <»!, — ®2) elk e2t = (d (2)« • 

W e c o n s i d e r the r e s o n a n c e in t w o - p h o t o n a b s o r p t i o n (co-f-oix ~ , w h e r e is 

rLi 
the f r e q u e n c y of the e l e c t r o n i c t r a n s i t i o n in the m e d i u m ) and r e p r e s e n t X as the 
sum of r e s o n a n t and n o n r e s o n a n t p a r t s : 

(If at t h e same time co^ - is c l o s e to a m o l e c u l a r v i b r a t i o n f r e q u e n c y , t h e n 

there m a y be a c o n t r i b u t i o n to the n o n l i n e a r p o l a r i z a t i o n at f r e q u e n c y -®a=a> 
from t h e a n a l o g o u s p r o c e s s of c o h e r e n t a n t i - S t o k e s s c a t t e r i n g . A l s o , t h e r e m a y 
be i n t e r f e r e n c e from t h e two p r o c e s s e s [10]. Here h o w e v e r we are i n t e r e s t e d 
only in t h e r e s o n a n c e s in t w o - p h o t o n a b s o r p t i o n ; the p o l a r i z a t i o n c h a r a c t e r i s -
t i c s of c o h e r e n t a n t i - S t o k e s s c a t t e r i n g h a v e b e e n s t u d i e d in [7-9].) 

W e r e p r e s e n t the c u b i c - s u s c e p t i b i l i t y t e n s o r in a n a l o g o u s f o r m : 

„<31 " (3)K | v<3>nr , , v 
Хны •-= Ым + biki • ( 4 ) 

We u s e the r e s u l t of [11] to find X R , w h i c h w a s d e r i v e d f r o m p e r t u r b a t i o n 
t h e o r y in the d i p o l e a p p r o x i m a t i o n : 

x = jVL* 1 
R 24fi3 — w — Wi. + tT£ X 

выр ,n,l m,k 

. (Pmne*) (Pm/e*) (p;fee) (p*„<;i) (pm/e*) (pmej) (p/A.e) (pA;,ex) (5) 
• "• - 1 '• -t- - ••-.-.- -j- ... ,. _]__ 

(Qmn — £02) (Qkn — Ш0 (Qmn — cd2) {йкп — C0i) ' 

, (Pml%) <P mn
 c2 
) (P/Ael). (P nnP) 1 

Ф-тп — Ша) (Я*,, — tOi) j' 
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H e r e pmn = < m| p | n > is t h e m a t r i x e l e m e n t for t h e d i p o l e m o m e n t , fi is t h e 

f r e q u e n c y of t h e t r a n s i t i o n b e t w e e n s t a t e s m a n d n , Qin—QE> t h e s u m m a t i o n is c a r 

r i e d o v e r the i n t e r m e d i a t e v i r t u a l s t a t e s , Гр is the h a l f - w i d t h of t h e a b s o r p -

t i o n l i n e , and L is the L o r e n t z f a c t o r . It is c o n v e n i e n t to i n t r o d u c e t h e T P A 

t e n s o r a in a c c o r d a n c e w i t h t h e f o r m u l a 

/ ч 1 V 1 Г (Pi)nbiPi)bl , (Pj)nb(Pi)bt 1 f(-s 
*ч к "i) • т ! [ umn - + i L - c o , J • ( 6 ) 

T h i s e n a b l e s us to p u t as 
n 

JV/î-
4
 V a£(CO, (Oi) a.-A (co2, ©a)" * * ( 1 Л 

= -24— L Q^-co +
 U ) 

de ,n,l 

H e r e = iVp! (0) 

2. I s o t r o p i c M e d i a : A v e r a g i n g O v e r M o l e c u l a r O r i e n t a t i o n s . W e p e r f o r m 
t h e s u m m a t i o n in (7) for a n i s o t r o p i c m e d i u m b y m e a n s of R a k a l g e b r a [12, 1 3 ] . 
F o r t h i s p u r p o s e w e n e e d to w r i t e t h e t e n s o r a . . in the i r r e d u c i b l e r e p r e s e n t a -

i J 
t i o n . By a n a l o g y w i t h IRS [14, 15] w e g e t as a r e s u l t of a v e r a g i n g t h a t 

4 NnL*' 1 
24 h Q 7 со — (Oi -f ii p 

In
 1 c 

У у Г(_ 1 )Q+Q' ( M n К /Л 

т L U Q MJ 1 n
 u-'n' 

iT 
M 

K'Q 

X 

M* K ' J n \ ( 8 ) 
X aW )* (e*a x a<«'>(e x e ^ ! , 

n = (nvnJ„), 

w h e r e n is t h e q u a n t u m n u m b e r t h a t e n u m e r a t e s the e l e c t r o n i c s t a t e s a n d v and 
J n a r e t h e v i b r a t i o n a l a n d r o t a t i o n a l q u a n t u m n u m b e r s . 

T h e f o l l o w i n g e x p r e s s i o n is r e a d i l y s e e n to be c o r r e c t : 

г, (Mn к / Л (Ml К' Jn\ i 

MtMn 

(9) 

T h i s g i v e s us t h a t 

Я ^ NnL* I у aW*q<*> 9(K) 
R
 24h a — coi,+ ir£ ZJ [/С*] ' (Ю) 

w h e r e 

W e e x p a n d the t e n s o r f a c t o r s in (11) a n d t r a n s f e r f r o m t h e c i r c u l a r c o m -
p o n e n t s eq (q=0, ±1) of t h e p o l a r i z a t i o n v e c t o r s to t h e c a r t e s i a n o n e s ek{k—x,y,z) 
to g e t t h e p o l a r i z a t i o n d e p e n d e n c e of t h e n o n l i n e a r c o u p l i n g c o e f f i c i e n t s in 
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e x p l i c i t f o r m : 

6(0) — ~ (Сдвг) (eej); (12) 

6<1> = у Ke« ei) (e2e) — (tat) (e2ex)]; (13 ) 

e<2) = —у & e2) (e e 2 ) + ^ ( <£ » (t2 ex) + ± (ea ej (t2e). ( l 4 ) 

H e r e (eieft) = (ei)x(eft)x+(eO!/(eA)v+(ei)z(eft)2 is the o r d i n a r y scalar p r o d u c t of the v e c t o r s 
e i and efc. 

P r o m ( 1 2 ) - ( 1 4 ) we can r e p r e s e n t (2) as 

££<» £(2)» 

w h e r e 

Y o P i s + Y l P a n t + YzPanis , ( ]_ 5 ) 

P u ^ - ^ - e ^ e e ^ ; (xg) 

Pant = ~ ~ [ex (ег e) — e (ег e x ) ] ; ( 1 7 ) 

P a n i s = e ; (e ex) + - f - e (t2 ex) + - f - % (t2 e). ( 1 8 ) 

In a n i s o t r o p i c m e d i u m , o n l y 21 out of t h e 8 l c o m p o n e n t s of the n o n l i n e a r -

s u s c e p t i b i l i t y t e n s o r Хда are n o n z e r o on a c c o u n t of s y m m e t r y r e q u i r e m e n t s , and 

o n l y the c o m p o n e n t s X1212. X1221, xlm are i n d e p e n d e n t . N o w for t h e s e we find from (10)' 
(15) t h a t 

№ (CO.; CO, cox, - co2) = a ^ L _ _ _ L _ _ Y o _ ± ъ j. ( 1 9 } 

xl8?К; со, со,, = ^ « Д + д., ( т + T * ) • ( 2 0 ) 

х'п^К;®, (0X, = Y \ (21) 
24 Й Q — ш — -j- IYe \ 2 2 / 

(22) 

N o t e t h a t y ^ = 0 in the case of f r e q u e n c y d e g e n e r a c y (w = 0 ^ ) and the r e s -

onant p r o c e s s e s are c h a r a c t e r i z e d b y only two i n v a r i a n t s : y Q and 

H e r e 
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We d e t e r m i n e the p a r a m e t e r s p^ and p^: 

v(3)i? „(3 )R 
_ A1122 _ x1212 

(23) 
л и п A1U1 

These are used to put t h e n o n l i n e a r - p o l a r i z a t i o n v e c t o r as 

P
(3)
 (Ma) _ „(3)NR _ , (3)R _ F 1КЛ 

= XllU pAT? 1- ХП11 P^, к^Ч) 
EEm Em 

w h e r e 

PNR = ~ [efoe2) + ex (ee2) + e2 (eex)J, (25) 

pR = 25 (1 — Pi — p„) e2 (e ег) + 25.Pi > fo e2) + 25 p2 ex (e e2). (26) 

E x p r e s s i o n s ( 1 9 ) - ( 2 1 ) p r o v i d e a r e l a t i o n b e t w e e n the p o l a r i z a t i o n p a r a m -
eter p^ and the m o l e c u l a r i n v a r i a n t s Y q and y^ for an i s o t r o p i c m e d i u m : 

v(3)i? „ 

Ж ~ 2Y« + 4 Y a 

The m a x i m u m v a l u e p^ = 3/4 is a t t a i n e d for = 0 , w h i l e the m i n i m a l v a l u e 

p^ = 0 is a t t a i n e d for y^ = 0 . T h e r e f o r e , t h e p a r a m e t e r p^ i n t r o d u c e d in (23) 

p l a y s a p a r t in d e s c r i b i n g the c o h e r e n t f o u r - p h o t o n p r o c e s s coa=£o + coi—co2 n e a r the 
TPA r e s o n a n c e the same as the d e g r e e of d e p o l a r i z a t i o n p" for the R a m a n line in 
d e s c r i b i n g the a n a l o g o u s f o u r - p h o t o n p r o c e s s n e a r a R a m a n r e s o n a n c e [1]. 

F o r m u l a s ( 1 0 ) , ( 1 2 ) - ( l 4 ) , ( 1 9 ) - ( 2 1 ) , and (24) d e s c r i b e c o m p l e t e l y the state 
of p o l a r i z a t i o n and f r e q u e n c y d e p e n d e n c e of the n o n l i n e a r source p ( 3 ) ( ® a ) n e a r a 
s i n g l e r e s o n a n c e in t w o - p h o t o n a b s o r p t i o n in an i s o t r o p i c m e d i u m . 

3. Cubic C r y s t a l s : P o l a r i z a t i o n D i s p e r s i o n . A cubic c r y s t a l h a v i n g a 
f o u r t h - o r d e r a x i s (classes 4 3 m , 4 3 2 , m 3 m ) d i f f e r s from an i s o t r o p i c m e d i u m only 
in that the i s o t r o p i c c o n d i t i o n (22) is not m e t . We i n t r o d u c e the a d d i t i o n a l 
p a r a m e t e r 

Allll 

T h e n (25) and (26) m a y b e m o d i f i e d in a p p l i c a t i o n to a c r y s t a l of cubic s y m m e t r y 

pNR = 25 [(I - Зт) (exexx ер + т (efoф + ex Ю + e*(ее,))]*; (28 ) 

p^ - 25 [(1 — Pi — p2 — p8) (ex exx <) + рг e foe*) + p2 ex (eep + (29) 

+ Рзе2 (eei)]' 

w h e r e 

* (с X ei X ej) = (exeixe2xeyelye2y, e2eue2z). 
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[010] 

ь? 
АГ, 

(к 
'т 

[Щ 

-J2 

тл 
/[001] 

Й 

F i g . 1 

[0101 

F i g . 2 

F i g . 1 . M u t u a l d i s p o s i t i o n of the p o l a r i z a t i o n v e c t o r s for the i n t e r -
a c t i n g w a v e s for c o l l i n e a r p r o p a g a t i o n in a c r y s t a l a l o n g the [001] 
a x i s : a ) v e c t o r et o r i e n t e d a l o n g the [100] a x i s ; b ) v e c t o r et o r i e n t e d 
a l o n g the [010] a x i s . 

F i g . 2 . O r i e n t a t i o n s of pR and pNR , c o m p o n e n t s of t h e p o l a r i z a t i o n 
v e c t o r for the n o n l i n e a r s o u r c e P<3>(coa) 

т —-
V<3 )NR 
%I122 
Y<3 )NR 
Л1111 

(30) 

It is r e a d i l y seen that the c o n t r i b u t i o n s from t h e v a r i o u s c o m p o n e n t s of 
the n o n l i n e a r - s u s c e p t i b i l i t y t e n s o r to t h e n o n l i n e a r source of (2) are s u b s t a n -
t i a l l y d e p e n d e n t on the w a v e p r o p a g a t i o n d i r e c t i o n s and on the o r i e n t a t i o n s of 
the p o l a r i z a t i o n v e c t o r s . T h i s c a n b e u s e d to d e t e r m i n e the signs and m a g n i t u d e s 

of the i n d i v i d u a l c o m p o n e n t s of the tf/ы t e n s o r . As an e x a m p l e w e c o n s i d e r t w o 

c a s e s s h o w n in F i g . 1 for c o l l i n e a r p r o p a g a t i o n of a l l w a v e s w i t h f r e q u e n c y d e -

g e n e r a c y (go = oo.̂ ) for ф=(еье2). 

1 . P r o p a g a t i o n a l o n g the [001] a x i s , v e c t o r ej a l o n g the [100] a x i s . C o n -

t r i b u t i o n s to the s i g n a l c o m e f r o m %im R, Xim*. xffft xf^. 

F r o m (28) and (29) we r e a d i l y get the d e p e n d e n c e of the a n g l e s Ф=(е7,р№я) 

and 0=(рлтг?рд) on the d e p o l a r i z a t i o n p a r a m e t e r s , т, and t h e a n g l e b e t w e e n t h e 
p o l a r i z a t i o n v e c t o r s of the p u m p i n g w a v e s : 

tge = 

tg(D = Ttgq>; 

» —т) tgcp 

1 +P3*tg2<p 

( 3 D 

(32) 

The m u t u a l d i s p o s i t i o n of the v e c t o r s pNR and рл for this case is s h o w n 
g r a p h i c a l l y in F i g . 2 for ф=45°, t=—1/2, p 3=3/4; it is clear that б d i f f e r s f r o m 
zero for рз̂т and t h e s i g n a l b e c o m e s e l l i p t i c a l l y p o l a r i z e d . H e r e t h e r e is a 
new f e a t u r e r e l a t i v e to the s i t u a t i o n in [7]. If т<0, PNR goes o v e r to the 
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fourth q u a d r a n t . A s i m i l a r p o s s i b i l i t y e x i s t s for Рн w h e n t h e r e is an a p p r o p r i - : 

ate r e l a t i o n b e t w e e n p ^ , т , and ф. F i g u r e 2 and (32) show that the a n g l e 0 b e -

t w e e n р^я and рд Is тг/2 for P3ttg^=—1 and the e l l i p t i c i t y of the s i g n a l is m a x i - ; 

m a l at w . As w a s m e n t i o n e d in the i n t r o d u c t i o n , the p o l a r i z a t i o n p a r a m e t e r s of i 

the s i g n a l show d i s p e r s i o n on s w e e p i n g 2co-̂  o v e r the t w o - p h o t o n a b s o r p t i o n region,, 

n a m e l y the i n c l i n a t i o n ф of the m a j o r s e m i a x i s of the e l l i p s e and t h e e l l i p t i c i t y 
x(tgx—b/a> w h e r e b i s the m i n o r s e m i a x i s and a is the m a j o r o n e ) . By a n a l o g y w i t h 
[8, 9] w e get e x p r e s s i o n s for ip and x the c a s e of p r e c i s e t w o - p h o t o n r e s o -
n a n c e 

t g 2ib = П + (Рз tg <p)2] sin 29 

[ 1 + tg ф)2] —)— cr3 ^ 1 + (p3 tg tp2)] cos 29 ' 

slt1 2 v = 2a / [ 1 -f (r tg ф)2] f 1 + (p3 tg ylifsin 9 
1 [ I + ( r tg Ф )2] + CT2 [1 + (Рз ^ Ф)2! ' ( 3 4 ) • 

w h e r e 
z&)R 

a = 1 1 1 1 

Xll l l 

M e a s u r e m e n t of ip and x a g i v e n ф en a b l e s one to d e t e r m i n e two of the 
t h r e e p a r a m e t e r s p ^ , a , and т. 

2 . P r o p a g a t i o n a l o n g the [001] a x i s , v e c t o r ei a l o n g the [010] a x i s . Con-
t r i b u t i o n s to the n o n l i n e a r s o u r c e come only from the c o m p o n e n t s 

(3)NR v (3 )R y(3)R 

For Ф and 0 w e h a v e 

ЛЦ22 ' ЛЦ22' "1221 

tg<D = -|-tgq>; ( 3 5 ) 

tee- 2 (fa-pi) tg у (зб) 
3 (2pi -f- p3) -f- рд tg2 ф -

The i n c l i n a t i o n of the m a j o r s e m i a x i s and the e l l i p t i c i t y for exact r e s o -
n a n c e are g i v e n by 

tg — a 2 s i n 2 9 ; ^ 3 7 ) ь T 1 + a2 cos 20 

s l n 2 x = J ^ - , (38) 
л l+a 2 * 

w h e r e 

д ^ q лГ(РзtgФ)2 + (2pi + p3)2 ( 3 9 ) 
X V tg2 ф -I 9 

I 

If ф, -ф, and x are k n o w n from e x p e r i m e n t , one can o b t a i n the v a l u e s of puj/ri 
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рзст/т, i . e . , 

ML22'ЛЦ22 П Л1221'ЛП22 • 

N a t u r a l l y , e v e r y t h i n g s a i d h e r e for c u b i c c r y s t a l s c a n b e a p p l i e d d i r e c t l y 

to an i s o t r o p i c m e d i u m if (22) is w r i t t e n f o r t h e c o m p o n e n t s of t h e t e n s o r 
and we p u t c o r r e s p o n d i n g l y 

Рз = 1 — (Pi +Ps). x = 1/3. 

2 . T W O - P H O T O N A B S O R P T I O N C R O S S S E C T I O N IN T E R M S OF THE C U B I C - S U S C E P T I B I L I T Y 
T E N S O R 

T h e t w o - p h o t o n a b s o r p t i o n c r o s s s e c t i o n <5 is p r o p o r t i o n a l to t h e i m a g i n a r y 
p a r t of t h e c u b i c s u s c e p t i b i l i t y [1]; t h e p o l a r i z a t i o n d e p e n d e n c e of o r d i n a r y 
T P A f o r c o m p l e t e f r e q u e n c y d e g e n e r a c y (a—(oi = (o2) g i v e s u s t h e r e l a t i o n s h i p for 
t h i s c a s e as 

6(ei- ei) • = -?TT I m**(®i; 0,11 - C O l ) - ( 4 o ) 

Nc'n1 

T h e i m a g i n a r y p a r t of the n o n l i n e a r - c o u p l i n g c o e f f i c i e n t in t h e n o n d e g e n -
e r a t e c a s e is d e t e r m i n e d b y t h e t w o T P A c r o s s s e c t i o n s : 

б (e, ex) б (e*, <) = (Im К; со, cox, - co2))*. ( 4 1 ) 

It f o l l o w s f r o m ( 4 0 ) and (41) t h a t m e a s u r e m e n t s on t h e c o m p o n e n t s of t h e 

t e n s o r g i v e e x h a u s t i v e i n f o r m a t i o n on T P A ; in p a r t i c u l a r , the c o m p o n e n t s of 
t h i s t e n s o r c a n be u s e d for a n i s o t r o p i c m e d i u m to e x p r e s s t h e c o m m o n l y u s e d 
p o l a r i z a t i o n p a r a m e t e r ft. T h e e x p r e s s i o n [6] is Q—6(l)/6(0), w h e r e 6 ( 1 ) is t h e 
c r o s s s e c t i o n of T P A for c i r c u l a r l y p o l a r i z e d p u m p i n g w a v e s and 6 ( 0 ) is t h e 
c r o s s s e c t i o n f o r l i n e a r p o l a r i z a t i o n (we e n v i s a g e t h e c a s e of f r e q e u n c y d e g e n -
e r a c y ) . T h e n (40) g i v e s Q=ImA,R(l)/ImA,H(0) w h e n t h e a r g u m e n t s 1 and 0 h a v e t h e 
m e a n i n g a s for 6 . W e u s e ( 2 4 ) and ( 2 6 ) t h e n o n l i n e a r - c o u p l i n g c o e f f i c i e n t f o r 
t h e i m a g i n a r y : 

Im KR К; со15 со,, — coj = Im (xf^ К; cox, со, — со,)) x ( 

X [2Pl (ex ej) (e, ej) + (1 - 2P l ) (ej ej) (e, e,)]. 

W e h a v e (eiei) = l, for t y p e 0 p o l a r i z a t i o n , w h i l e (e1e1) = 0, (exe*) = 1 f o r t y p e 1 
p o l a r i z a t i o n ; f i n a l l y , f r o m (42) w e h a v e 

Q = 2 P l. ( 4 3 ) 

3. N U M E R I C A L E S T I M A T E S AND E X P E R I M E N T S 

T h e a p p l i c a b i l i t y of t h e a b o v e p r o c e d u r e f o r r e c o r d i n g T P A s p e c t r a is d e p e n -
d e n t p r i m a r i l y on t h e e r r o r in m e a s u r i n g t h e p a r a m e t e r s of t h e e l l i p t i c a l p o l a r -
i z a t i o n ; in p a r t i c u l a r , t h e s c h e m e is i n a p p l i c a b l e w h e n t h e l i m i t of d e t e c t i o n 
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for the e l l i p s o m e t e r s y s t e m e x c e e d s the m a x i m u m e l l i p t i c i t y in t h e s i g n a l . T h e 
l a t t e r in t u r n is s h o w n b y (36) — (39) t o b e d e t e r m i n e d by t h e p r o d u c t (̂ ff/xfi'u'*) 

(1—3p3) for a n i s o t r o p i c m e d i u m , so a s i t u a t i o n u n f a v o r a b l e to m e a s u r e m e n t m a y 

o c c u r for Xim/Xnn^с 1, and 3p3 

1. I s o t r o p i c M e d i a . We h a v e e s t i m a t e d the e l l i p t i c i t y at to for s o l u t i o n s 

of r h o d a m i n e 6G and r h o d a m i n e В in e t h a n o l ( c o n c e n t r a t i o n 2 x ю -3 M ) for 2 to-, 
-1 1 

~ 1 8 , 8 0 0 cm ( t r a n s i t i o n b e t w e e n the A ^ and B 2 s t a t e s , p^ = - 1 / 2 ) a n d for 2to_L ~ 

I 2 8 , 8 0 0 c m "
1
 ( t r a n s 

m e n t a l d a t a of [16] . 
2 8 , 8 0 0 cm

 1
 ( t r a n s i t i o n А \ - + А ъ p 3 = 1/3). We u s e d (37) a n d (38) for t h e e x p e r i -

T h e e s t i m a t e s s h o w e d t h a t the t w o - p h o t o n s u s c e p t i b i l i t y is s m a l l for Ax—>-B2 

t r a n s i t i o n s , so the s i g n a l is a l m o s t l i n e a r l y p o l a r i z e d ; t h e s u s c e p t i b i l i t y is 

l a r g e r by an o r d e r o f m a g n i t u d e for Ax—transitions, p^ = 1 / 3 , so t h i s t r a n -

s i t i o n is a l s o v i r t u a l l y u n r e p r e s e n t e d in the p o l a r i z a t i o n s p e c t r u m . 

T r a n s s t i l b e n e h a s h i g h e l e c t r o n i c a n d t w o - p h o t o n s u s c e p t i b i l i t i e s ; t h e 
v a l u e s g i v e n are [ 4 , 1 7 ] xff/T = [' 3' Ю - 1 2 e l e c t r o s t a t i c CGS u n i t s a n d xfiff = lO-lO-'2 

in t h e s a m e u n i t s , i . e . , p^ = 1/2 and ф = 7 0° we h a v e b/a = 0,10. 

2 . C u b i c C r y s t a l s . T h e e s t i m a t e s for t h e s e c r y s t a l s w e r e m a d e f o r t h e 
i n t e r a c t i o n g e o m e t r y s h o w n in F i g . l b . 

We see f r o m (36)—(39) t h a t t h e s i g n a l e l l i p t i c i t y in t h a t c a s e is d e p e n d e n t 
o n l y on t w o p a r a m e t e r s : 

V(3)R „ (3 )R 
Pig _ %H22 j n d P3Q = 1̂221 (44) 
T „(3)NR x ~ V$)NR ' 

ЛИ22 ЛИ22 

T h e q u a n t i t y Pio/x c a n be e s t i m a t e d for e x a m p l e by t h e m e t h o d of C o u l o m b a n -
h a r m o n i c i t y [18]; a l s o , r e l i a b l e e x p e r i m e n t a l e v i d e n c e is a v a i l a b l e [19, 20] f o r 

Х а и . I n d i r e c t e v i d e n c e i n d i c a t e s t h a t t h e p a r a m e t e r р з о / т c a n be t a k e n as 1 . 

T a b l e 1 g i v e s r e s u l t s for G a P and ZnSe c r y s t a l s at X = 0.69 u m . It is c l e a r 
t h a t t h e s t a t e of p o l a r i z a t i o n of the s i g n a l c h a n g e s s u b s t a n t i a l l y in t h e p r e s -
e n c e of t w o - p h o t o n a b s o r p t i o n for t h e s e c r y s t a l s . 

3. E x p e r i m e n t . We h a v e p e r f o r m e d e x p e r i m e n t s on c o h e r e n t p o l a r i z a t i o n 
s p e c t r s c o p y in t w o - p h o t o n a b s o r p t i o n for v a r i o u s i s o t r o p i c l i q u i d s . 

T a b l e 1 

Crystal 
V(3)R, <3)NR 
A1122/x1122 

v(3)R/v(3)NR 
4221/XU22 e •Ф b/a 

GaP 
Z n S e 

5 * 
2 * * 

1 
1 

— 3 2 ° 
— 14° 

—28° 
9 ° 

0 , 1 7 
0 , 1 1 

* x f i 2 2 R = 3 • 1 0 - 1 0 c m 3 / e r g .%П22 = 1 , 6 - 1 0 " 9 c m 3 / e r g - c a l c u l a t e d by the c o u l o m b -

< anha rmon ic i t y me thod [18 ] . Хп22 = 2 -1 0 ~ 9 cm 3 /e rg ; exper iment [ 1 9 1 

* * X (M22R = 1 . 2 - 1 0 " 1 0 c m 3 / e r g ;Х (и22 = 2 , 8 - 1 ( Г 1 0 ' с т 3 / е г д - calculated by the Cou lomb-

anha rmon ic i t y m e t h o d [ 1 8 ] . Х п и ~ 2 - 1 0 " 1 0 c m 3 / e r g - f r o m exper iment [ 2 0 ] . 
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T a b l e 2 

Compound Я*, Mm jum ф — еЛе2, 

deg 

Ф, 

theory* * 

deg 

experi-
ment 

.,(3) /¥<3)*** 

Toluene 0,532 0 ,565-0,579 45 18,4 18 1,0 
Chlorobenzene 0,532 0,565—0,579 70 42,5 44 0,9 
Benzene 0,532 0,569—0,577 69 41 45 0,8 
Benzene 0,572—0,577 0,532 69,5 41,7 40 1,1 
Phenanthrene 0,532 0,567 70 42,5 42,7 1,0 
( l iquid state) 

Naphthalene 0,532 0,567 69 41 39 1,1 
( l iquid state) 

0,532 0,567 1,1 

* = 2.tc/coll2; <ва = 2 % — оо». 
* * From (35). 

* * * If the Kleinman relations are meti Хи22/%1221 = * ' 

The a p p a r a t u s w a s s i m i l a r to t h a t s h o w n in F i g . 3 of [9]. T a b l e 2 g i v e s 
the r e s u l t s . The b a s i c r e s u l t w a s that K l e i n m a n ' s r e l a t i o n s w e r e n o t o b e y e d for 
s u b s t a n c e s such as b e n z e n e , c h l o r b e n z e n e , and n a p h t h a l e n e (in the l i q u i d s t a t e ) . 
F o r t o l u e n e and p h e n a n t h r e n e (in the l i q u i d s t a t e ) t h e r e w e r e no o b s e r v e d d e v i a -
t i o n s f r o m the K l e i n m a n r e l a t i o n s . The p u m p i n g f r e q u e n c i e s and w e r e far f r o m 

the o n e - p h o t o n a b s o r p t i o n r e s o n a n c i e s , so the d e v i a t i o n s from the K l e i n m a n r e l a -
t i o n s m u s t be d u e o n l y to t w o - q u a n t u m r e s o n a n c e s , n a m e l y of R a m a n type at fre-
q u e n c y o)^ and ш2 and of t w o - p h o t o n type (at f r e q u e n c y The e x p e r i m e n t s 

w e r e p e r f o r m e d w i t h v a l u e s of - u ^ d i f f e r i n g w i d e l y f r o m m o l e c u l a r v i b r a t i o n 

f r e q u e n c i e s . The u p p e r l i m i t to the v i b r a t i o n a l c o n t r i b u t i o n to Фехр for b e n -

zene w a s n o t m o r e t h a n 1.5°; for the o t h e r l i q u i d s it w a s s u b s t a n t i a l l y less t h a n 

0.5°. 

Thi s i n d i c a t e s that t w o - p h o t o n a b s o r p t i o n is r e s p o n s i b l e for the d e v i a t i o n 
f r o m the K l e i n m a n r e l a t i o n s . 

R a m a n s c a t t e r i n g m a k e s a c o m p a r a t i v e l y large c o n t r i b u t i o n to $ e X p for b e n -

z e n e , and for t h i s we o b t a i n e d r e l a t i o n s b e t w e e n t h e n o n r e s o n a n c e s u s c e p t i b i l i t y 

xfm R and t h e c o m p o n e n t s Xjf^, x|?jf r e s p o n s i b l e for the t w o - p h o t o n a b s o r p t i o n : 

x @ g - 0 , 3 8 x f l f f = ° . « » x № for. 2 ( 0 , - 3 7 6 0 0 cm"1 , 

y < f « - 0 , 3 2 = 0 ,035 x f j f t * for 2 ( 0 , - 3 4 800 cm-1. 

An e r r o r l e v e l of ±1° is r e a d i l y a t t a i n e d in m e a s u r i n g ip and xi t h i s r e s u l t s 
in a n e r r o r of ±15$ for 

% for 

The r e s u l t s m a y be s u m m a r i z e d as f o l l o w s . A n e w p o l a r i z a t i o n scheme has 
b e e n p r o p o s e d for f o u r - p h o t o n s p e c t r o s c o p y of t w o - q u a n t u m t r a n s i t i o n s in i s o -
t r o p i c m e d i a and c u b i c c r y s t a l s . As in the case of c o h e r e n t e l l i p s o m e t r y in 
R a m a n s c a t t e r i n g , t h e s c h e m e is i n s e n s i t i v e to f l u c t u a t i o n s in the i n t e n s i t i e s 
of the e x c i t i n g w a v e s and to i n h o m o g e n e i t i e s in the c r o s s s e c t i o n . T h i s is a n 
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e s s e n t i a l d i f f e r e n c e from the m e t h o d s n o r m a l l y used in T P A s p e c t r o s c o p y , w h e r e i 
r e a l t w o - q u a n t u m t r a n s i t i o n s are r e c o r d e d [21, 2 2 , 2 3 ] . 

T h e e s t i m a t e s show that the m o s t p r o m i s i n g a p p l i c a t i o n of the p o l a r i z a t i o n ! 
s c h e m e is to the m e a s u r e m e n t of T P A s p e c t r a for t r a n s p a r e n t s e m i c o n d u c t o r s . An: 
e x p e r i m e n t on c o h e r e n t p o l a r i z a t i o n s p e c t r o s c o p y shows t h a t t w o - p h o t o n a b s o r p - | 
t i o n o c c u r s in v a r i o u s o r g a n i c l i q u i d s , and t h i s h a s e n a b l e d us to d e t e r m i n e the 
r a t i o of the c o r r e s p o n d i n g c o m p o n e n t s of the c u b i c - s u s c e p t i b i l i t y t e n s o r . C o n -
s i d e r a b l e i n t e r e s t also a t t a c h e s to TPA s p e c t r a a p p l i e d to l o c a l i z e d s t a t e s in 
s o l i d s , i n c l u d i n g c o l o r c e n t e r s , e l e c t r o n i c s t a t e s of a t o m s and ions p r e s e n t in 
t r a c e a m o u n t s , e x c i t o n s t a t e s , and so o n , e s p e c i a l l y at low t e m p e r a t u r e s , w h e n 
the c o r r e s p o n d i n g r e s o n a n c e s are m u c h n a r r o w e r . 

The a u t h o r s are i n d e b t e d to S . A . A k h m a n o v and N . A . B e z ' y a z y c h n y i for t h e i r 

i n t e r e s t in this w o r k . 
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R e v . , v o l . 1 2 7 , p . 1 9 1 8 , 1 9 6 2 . 
1 2 . A . E d m o n d s , A n g u l a r M o m e n t u m in Q u a n t u m M e c h a n i c s , N e w Y o r k , 1 9 5 9 . 
13- U . F a n o and G . R a c a h , I r r e d u c i b l e T e n s o r i a l S e t s , A c a d e m i c P r e s s , N e w 

Y o r k , 1 9 5 6 . 
1 4 . M . A . Y u r a t i c h and D . C . H a n n a , J . P h y s . , v o l . B 9 , p . 7 2 9 , 1 9 7 6 ; O p t . 

C o m m . , v o l . 1 8 , p . 1 3 4 , 1 9 7 6 ; M o l . P h y s . , v o l . 3 3 , p . 6 7 1 , 1 9 7 7 . 

1 5 . L . S . A s l a n y a n and N . I . K o r o t e e v , K v a n t . E l e k t r o n i k a , v o l . 6 , p . 9 4 2 , 
1 9 7 9 . 

1 6 . J . P . H e r m a n n and J . D u c n i n g , O p t . C o m m . , v o l . 6 , p . 1 0 1 , 1 9 7 2 . 
1 7 . J . L . O u d a r , J . C h e m . P h y s . , v o l . 6 7 , p . 4 4 6 , 1 9 7 7 . 
1 8 . L . B . M e i s n e r and N . G. K h a d z h i i s k i , K v a n t . E l e k t r o n i k a , v o l . 6 , p . 3 4 5 , 

1 9 7 9 . 
1 9 . I . M . C a t a l a n o , A . C i n g o l a n i , and A . M i n a f r a , Solid S t . C o m m . , v o l . 1 6 , 

p . 4 1 7 , 1 9 7 5 . 
2 0 . V . V . A r s e n ' e v , V . S . D n e p r o v s k i i , D . M . K l y s h k o , and A . N . P e n i n , ZhETF j 

v o l . 5 6 , p . 7 6 0 , 1 9 6 9 . 
2 1 . P . R . M o n s o n and W . M . M c C l a i n , J . C h e m . P h y s . , v o l . 5 3 , p . 2 9 , 1 9 7 0 . 
2 2 . W . M . M c C l a i n , J . C h e m . P h y s , v o l . 5 5 , p . 2 7 8 9 , 1 9 7 1 . 
2 3 . V . B o s l , H . T . N e u s s e r , and F . W . S c h l a g , J . C h e m . P h y s . , v o l . 1 5 , p . 

1 6 7 , 1 9 7 6 . 
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