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A polarization scheme for four-photon spectrscopy of two-guantum tran-
gitions in isotropic media and cubic crystals is presented; a new way
of measuring the scattering cross section in two-photon absorption is
demonstrated. Irreducible tensor groups are used in averaging the com-
ponents of the tensor for the molecular resonant hyperpolarizability,
and a relationship is established for the invariants of the molecular
tensor for two-photon polarizability and the nonzero components of the
tensor for the third-order macroscopic susceptibility. Theoretical
estimates and experimental results are presented for the polarization
dispersion of the signal in various organic liquids. Similar estimates
have been made for Gat and ZnSe crystals.

INTRODUCTION

Nonlinear four-photon spectroscopy arose comparatively recently, but the
abundance and variety of information 1t provides has caused rapid development.
The most promising and thoroughly examined form of four-photon spectroscopy in-
volves induced Raman scattering IRS [1, 2]. In IRS one examines the dispersion

of the nonlinear cubic susceptibility %k, which describes the generation of ra-
diation of frequency we=ok(01—0s) (here wq and w, are the frequencies of the bi-

harmonic pumping, while w 1is the test-wave frequency) in the case where wr—

is close £o a molecular vibration freguency. One can logically consider the
same process for the mixing of three waves when o +e; 1s in resonance with an
electronic transition in the medium, which is a case of resonance inveolving two-~
photon absorption TPA. The four-photon scheme proposed first in [3] can be used
to determine the TPA parameters [4, 5]. Coherent four-photon processes may be
used instead of ordinary methods involving recording the actual absorption [6]
to overcome various difficulties that arise in the latter case on account of the
spatial and time inhomogeneities of the radiation, the presence of competing
first-order cascade processes, ete. [1}]. In four-photon spectroscopy it has
recently been shown for IRS [7-9] that the most convenient method which is also !
of elevated accuracy, is polarization four-photon spectroscopy, which deals w1th
the polarization dispersion for the signal at frequency we=ow-+(m—o0;} when one or
both of the pumping frequencies is swept. :

Here we consider a scheme for such spectroscopy for two-photon absorption
resonances. It is shown that a wave of frequency w, linearly polarized far from
TPA resonance {the radiations at Wy Wy and w are linearly polarized) becomes
elliptically polarized near the TPA resonance. The polarization parameters show
© 1980 by Allerton Press, Inc. ' |
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that the dispersion in theellipticity (the frequency dependence of the ratio of
the semiaxes of the ellipse) is uniquely determined by the dispersion of the
imaginary part of the cubic susceptibility, and therefore it is directly related
to the TPA cross-section. The dispersion in the orilentation of the major axis
of the ellipse 1s governed by the dispersion of the real component of the cubic
susceptibility.

1. NONLINEAR MEDIUM POLARIZATION

1. Cubic Susceptibility Tensor in TPA. The induced nonlinear polarization
in the medium can be put as

PP (0g) = Ty (0, @, ©, — w;) E,EQER, (1)

where E, E®, E® are the interacting waves, @=6 if there is no frequency degener-
acy, and @ =3 if w = Wy - We determine the coefficient for nonlinear coupling

in the four-wave interaction X by means of

Aoy, o, 0 —0y) =

@ e PPede (2)
= Ykt (07 ©, @, — ;) €a;€; €60 = G EEM gor

We consider the resonance in two-photon absorption (m+m,;gQ;, where QE is

the frequency of the electronic transition in the medium) and represent X as the
sum of resonant and nonresonant parts:

» = Ar-+Au g (3)

(If at the same time w; = w, is close to a molecular vibration frequency, then

there may be a contribution to the nonlinear polarization at frequency w.=eo+or o,
from the analogous process of coherent anti-Stokes scattering. Also, there may
be interference from the two processes [10]. Here however we are interested
only in the resonances in two-photon absorption; the polarization characteris-
tics of coherent anti-Stokes scattering have been studied in [7-9].)

We represent the cublec-susceptibility tensor in analogous form:

D R L ONR
Atk == X7t + Waret - ()

We use the result of [11] to find AR
theory in the dipole approximation:
hp = M 1 «
2458 RUn—@—wy il
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,» which was derlved from perturbation
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Here pmem=<m|p|n> 1s the matrix element for the dipole moment, Qo 18 the

frequency of the transition between states m and n, Qa.=Qg the summation is car-
ried over the intermediate virtual states, FF is the half-width of the absorp-

Y

tion line, and L is the Lorentz factor. It is convenient to introduce the TPA
tensor o in accordance with the formula

i Db s (Pab (P
(0,00 = 2 | e Lo | (6)

b CQpp—@ L Qpp— oy

This enables us to put XR as

NoLt ary @, ) 0 (00, @) o 1
Ar= = 2, Qu—o—w Ty @O )
de .n, .

Here N,=NpgD

2. Isotropic Media: Averaging Over Molecular Orientations. We perform
the summation in (7) for an isotropic medium by means of Rak algebra [12, 13].
For this purpose we need to write the tensor aij in the irreducible representa-

tion. By analogy with IRS [14, 15] we get as a result of averaging that

NaL$' ! . (MK J
g = —n : r(— nete (M, 1)
2Uh Qe —0—o +ilg Z 2 ) (h oM, X

M[Mn ﬁ?Ql

/

~Ryx » * M' K, Jn - (8)
X Q(K) (eﬂ X eZ)E(Q) (J! QI M”) a[K'} (e X ei)g(QE:

n=(w, J,),

where n is the quantum number that enumerates the electronic states and v_ and
) X X n
Jn are the vibrational and rotational guantum numbers.

The following expression is readily seen to be correct:

M, KJN (M K J, )
2 'fn Q M;) (J; Q' Mn = (K2 6QQ' 6[(;(' (-~ I)K—Q; [Kzl = 2K + 1. (9)

L MMy

This gives us that

Nt { UGy
he = AR Q- —0—o g 2 (K2 o (10)
where
B(K) — (__ I)K (e‘a % e; )(K) (e % el)(K)' ( 11)

We expand the tensor factors in (11) and transfer from the circular com- :
ponents e, (g=0, 1) of the polarization vectors to the cartesian ones e (k=x42)
to get the polarigation dependence of the nonlinear coupling coefficients in
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explicit form:

d”=‘§(geb@h% | e
60 = (e e)) (es0) — (e30) (een)] 3
6(2) - __;_ (e; e;) (e e2) + _;_(e; :e) (e; el) + —;‘ (e; ;) (e; e)- ( 14 )

Here (ewey)={(ei)x(er)x+ (ei}y(er)y+(e:):(ex). is the ordinary scalar product of the vectors
e; and e

From (12)-(14) we can represent (2) as

P () . i
EEﬁ) e YoPis + V1 Pant 4 Ve Panis, (15)
where
vk=adeK§
Pis = -%le; (eey); - (16)
Pth‘%Lkﬁéey—CQEQH; ‘ (17)
Pangs = *"‘%" e; (eel) + %" € (e; e+ % € (e; e). ( 18 )

In an isotropic medium, only 21 out of thé 81 components of the nonlinear-—
susceptibility tensor ik are nonzeroc on account of symmetry requirements, and

only the components be.xg&,ﬁﬁzare independent. ©Now for these we find from (10)-
(15) that

(o ; 0, ® —0))~—N'-‘Di : (L -*LY)' (19)
Xizzt {83 @, O ¥ o4n Q—w—oy+ilg 3 Yo g ) 9
N=1% 1 1 1
(IR . @) n e RELENE

Xiziz (0, ©, @, —ay) 2h  S—e—w i, ( 5 Vit g Yz) (20)

(R NpL ! 1 1 L
W50, 0, — o) = — —~ Y. 21
Kitaz (@, 1 2} 7th  R—o—o, 1T, ( 2 Y: -+ 5 Y,) (21)

Here

O+ %3 + 1% = 4. (22)

Note that Y, = 0 in the case of frequency degeneracy (w = wl) and the res-
onant processes are characterized by only two invariants: Yo and Yo
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We determine the parameters o2 and Prt

At 1i3s
mzfm’wz(m' (23)
i Xin

These are used to put the nonlinear-polarization vector as

L i pu- 1 b (28)

where
pur= L fefe, &) + e (een) + e (ee)], (25)
pr = D1 —p,—po) & (eey) -+ Dp, ele, &) + Dpye, (ecs). (26)

Expressions (19)-(21) provide a relation between the polarization param-
eter Pq and the molecular invarilants Yq and y2 for an isotropic medium:

Wis 3w

pl = =
TR

The maximum value pq = 3/4 is attained for Yo = 0, while the minimal value
py = 0 is attained for y, = 0. Therefore, the parameter P, introduced in (23)

plays a part in describing the coherent four-photon process w.=o+w—oz near the
TPA resonance the same as the degree of depolarization ¥ for the Raman line in
describing the analogous four-photon process near a Raman resonance [1].

Formulas (10), (12)-(14), (19)-(21), and (24) describe completely the state
of polarization and frequency dependence of the nonlinear source p®(w,) near a
single resconance in two-photon absorption in an isotropic medium.

3. Cubic Crystals: Polarization Dispersion. A cubic crystal having a
fourth-ordesr axis (classes 43m, 432, m3m) differs from an isotropic medium only
in that the isotropic condition (22) is not met. We introduce the additicnal
parameter

x(3)R

05 = 221 (27)

Then (25) and (26) may be modified in application to a crystal of cubic symmetry:

Pyr=D(1 —3r) (exesX e;) 1+ t(e(e €)1 e (ee)) + e;(ee)))]"; (28)
Pr=D[(1 —0, —pa—ps) (eX e, X))+ pre(ese;) 1 pyeq (e€)) + (29)
+ 03 e; (eey)],

where

» ¥ » O .
* e X e X eg) = (exeuxfp fufsylny, €2Lf5,).
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Fig. 1. Mutual disposition of the polarization vectors for the inter-
acting waves for collinear propagation in a crystal along the [001]
axis: a) vector e oriented along the [100] axis; b) vector & oriented
along the [010] axis.

Fig. 2. Orientations of pr and paxz , components of the polarization
vector for the norilinear source PG w.)
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X
v L (BNR . (30)
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It 18 readily seen that the contributions from the various components of
the nonlinear-susceptibility tensor to the nonlinear source of (2) are substan-
tially dependent on the wave propagation directions and on the orientations of
the polarization vectors. This can be used to determine the signs and magnitudes

of the individual components of the 1ﬁh tensor. As an example we consider two
cases shown in Fig. 1 for collinear propagation of all waves with frequency de-

generacy (w = wl) for ¢==(e;, e).

1. Propagation along the [001] axis, vector e along the [100] axis. Con=-

'x(a)NR XP)R x(am

N . (3N
tributions to the signal come from xuuR. 122 » AT Aigaj.

From (28) and (29) we readily get the dependence of the angles ®= (e, pyz)

and 0==(p~ym pr) On the depolarization parameters, v, and the angle between the
polarization vectors of the pumping waves:

gD =1igy; : (31)
oz—T)tgg

tg=-—2—>=>+_, 2

& 4 pTiglo (32)

The mutual disposition of the vectors pyr and pp for this case is shown
graphically in Fig. 2 for ¢=45° v=--1/2, p3=3/4; 1t is clear that 6 differs from
zero for ps#v and the signal becomes elliptically polarized. Here there is a
new feature relative to the situation in [7]. If v<0, pwr goes over to the
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fourth gquadrant. A similar possibility exists for ps when there is an appropri-:
ate relation between pg’T , and g. Figure 2 and (32) show that the angle 6 be-~

tween pwyp and pg is m/2 for pstiglp=—I1 and the ellipticity of the signal is maxi- .
mal at w, - As was mentioned in the introduction, the polarization parameters of

the signal show dispersion on sweeping 2w1 over the two-photon absorption region,

namely the inclination ¢ of the major semiaxis of the ellipse and the elllptlclty
x{tgxy="b/a, where bis the minor semiaxis and ¢ is the major one). By analogy with:
[8, 9] we get expressions for y and y for the case of precise two-photon reso-~
nance

02 [1 1 (pa g 9)*} sin 20

tg 2 =
g2y [l (Ttg 921+ 02 {1 + (ps tg ¢?)] cos 26 ° (33)
_ 20Y [T+ (vtg@)?] |l -+ (03 tg @) sin@ v
R (T AL ) (34)
where
o
TR

Measurement of ¢y and x for a given ¢ enables one to determine two of the
three parameters P3s O and T.

2. Propagation along the [001] axis, vector e along the [010] axis. Con-
tributions to the nonlinear source come only from the components

IN (IR yBIR
A s X paiey

For ¢® and & we have
i
tg(]')=—3—tgq3; (35)

g0 — 2(ps—pr)tg (36)
3021+ p)) F oyt

The inclination of the major semiaxis and the ellipticity for exact reso-
nance are given by

. ofsin20 . (37)
tg 2y = 1+ a2cos20
sin 2 — 2asin@ . (38)
. 1+4-a?
where
il/(patw)z+(291+p;)2 . (39)
T tg2p -9

: i
If ¢, 9, and ¥ are known from experiment, one can obftain the values of po/v:
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psoft, i.e.,

AN 3 3IN.
AORIKINR u PR AR

Naturally, everything said here for cubic crystals can be applied directly

to an isotropic medium 1f (22) i1s written for the components of the ¥y tensor
and we put correspondingly

Ppp=1—(p, +05), T=1/3.

2. TWO-PHOTON ABSORPTION CROSS SECTION IN TERMS OF THE CUBIC-SUSCEPTIBILITY
TENSOR :

The two-photon absorption cross section § is proportional to the imaginary
part of the cubic susceptibility [1]; the polarization dependence of ordinary
TPA for complete frequency degeneracy (e=w;=w;) glves us the relationship for
this case as

2h o}
Ncn2

d(ey, &) = Im Ag (9; @, 0, —@,). - (4o)

The imaginary part of the nonlinear-coupling coefficient in the nondegen-
erate case is deftermined by the two TPA cross sections:

1642 00,0,0,
Nict nnynongt

8(e, &) 8(e;, ) = (Imhg (0, 0, @), — @))% (41)

It follows from (40) and (41) that measurements on the components of the

%% tensor give exhaustive information on TPA; in particular, the components of
this tensor can be used for an isotropic medium to express the commonly used
polarization parameter Q. The expression [6] is Q=6(1)/6(0), where §(1) is the
cross sectlion of TPA for circularly polarized pumping waves and 6(0) is the
eross section for linear polarization (we envisage the case of fregeuncy degen-
eracy). Then (40) gives Q=Imir(1)/Imra{0) when the arguments 1 and O have the
meaning as for §. We use (24) and (26) the nonlinear-coupling coefficient for
the imaginary: '

Imig (0 0, 0, —@,) =Im PR (0,; o, ©, —a,)) X (42)

X [204 (e, €]) (e, €]) + (1 — 20,) (€] €]) (e, &))].

We have (ee)=1, for type O polarization, while (e e,)=0, (e, e))=1 for type 1
polarization; finally, from (42) we have

Q = 2p,. (43)

3. NUMERICAL ESTIMATES AND EXPERIMENTS

The applicability of the above procedure for recording TPA spectra is depen-
dent primarily on the error in measuring the parameters of the elliptical polar-
ization; 1n particular, the scheme 1s inapplicable when the limit of detection
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for the ellipsometer system exceeds the maximum ellipticity in the signal. The
latter in turn is shown by (36)-(39) to be determined by the product (X&Kywz)

(1--3p;)  for an isotropic medium, so a situation unfavorable to measurement may
oceur for HORyONR« 1, and 3ps 1

1. Isotropic Media. We have estimated the ellipticity at w, for solutions
of rhodamine 6G and rhodamine B in ethanol (concentration 2 x 10-3 M) for 2wl ~
>~ 18,800 cm_l (transition between the A, and B, states, oy = -1/2) and for 2wy =
~ 28,800 cm™ 1 (transition A,—+Ah;m_4/ﬂ We used (37) and (38) for the expeci-
mental data of [16].

The estimates showed that the two-photon susceptibility is small for 4,—58,
transitions, so the signal is almost linearly polarized; the susceptibility is
larger by an order of magnitude for 4,—4, transitions, 93 = 1/3, so this tran-

sitlon is also virtually unrepresented in the polarization spectrum.

Transstilbene has high electronic and two-photon susceptibilities; the
values given are [4, 177 % =1,3-107 electrostatic CGS units and xﬁﬁ~«1010—”
in the same units, i.e., p3 = 1/2 and ¢ = 70° we have Y~7° bla=0,10.

2. Cubic Crystals. The estimates for these crystals were made for the
interaction geometry shown in Filg. 1b.

We see from (36)-(39) that the signal ellipticity in that case is dependent
only on two parameters:

(IR IR
e HRE b0 i (4h)
T X122 N X§1)2')R

o
The quantity o/t can be estimated for example by the method of Coulomb an- |
harmonicity [18]; also, reliable experimental evidence 1s available [19, 20] for |

A . Indirect evidence indicates that the parameter pso/r can be taken as 1.

Table 1 gives results for GaP and ZnSe crystals at A = 0.69 um. It is clear ;
that the state of polarization of the signal changes substantially in the pres-~
ence of two-photon absorption for these crystals.

3. Experiment. We have performed experiments on coherent polarization
spectrscopy in two-photon absorption for variocus isotropic liquids.

Table 1
3 (N
Crystal b3 ]1;)21?2, xﬁ}gg %(12);\; f x{ 1)22R g P bla
GaP 5* 1 —320 —-280 0,17
ZnSe QX* 1 —14¢ 99 0,11
* xﬁ’gR = 3-10"1% cm3serg .Xﬁ)sz =1,6.10"% cm3/erg — calculated by the Coutomb- »
< anharmonicity method [18]. ’xﬁm == 2.1079 ¢m3/erg; experiment 191
X(S)QI;R =1,2.100cm3erg ; x”gg =2,8-107%¢m3/erg — calculated by the Coutomb-
“anharmonicity method {18]. ,{ﬂ’,,RQ = 2.10"1® em3/erg — from experiment [201.
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Table 2
» @, deg
Compound A, um 2y, pm v=cfe experi- #fholtiZer
deg theory™ * | ment

Toluene - 0,532 0,565—0,579 45 18,4 18 1,0
Chiorobenzene 0,532 0,565—0,579 70 42,5 44 0,9
Benzene 3,532 0,569—0,577 69 41 45 0,8
Benzene 0,572—0,577] 0,532 69.5 41,7 40 11
Phenanthrene 0,532 0,567 70 42,5 42,7 1,0

(liquid state)

Naphthalene 0,532 0,567 69 41 39 1,1
{liquid state) )

* )"1’2 = ZLTC/(IJI,-Z; Wy = 2(01 — Q).
** From (35).

#*¥ (f the Kleinman relations are met x(ﬁ)zzl’x(l?w =1.

The apparatus was similar to that shown in Fig. 3 of [9]. Table 2 gives
the results. The basic result was that Kleinman's relations were not obeyed for
substances such as benzene, chlorbenzene, and naphthalene (in the liquid state).
For toluene and phenanthrene (in the ligquid state) there were no observed devia-
tions fromthe Kleinman relations. Thepumpingfrequenciesaﬁ_anduhzwerefar'from

the one-photon absorption resonancies, so the deviations from the Kleinman rela-
tions must be due only to two-quantum resonances, hamely of Raman type at fre-
quency wy and W, and of two-photon type (at frequency Zwl). The experiments

were performed with values of Wy - Wy differing widely from molecular vibration

frequencies. The upper limit tec the vibrational contribution to Qexp for ben-

zene was not more thanl.5°; for the other liqulds it was substantially less than
0.5°. B -

This indlcates that two-photon absorption is responsible for the deviation
from the Kleinman relations.

Raman scattering makes a comparatively large contribution to Qexp for ben-

zene, and for this we obtained relations between the nonresonance susceptibility

%R and the components X% x@8 responsible for the two-~photon absorption:

YOR — 0,38 %% = 0,028 xPNR ror 20, 2237 600 em™

IR — 0,32 48R = 0,085 XPNR tor 20, 2 34 800 el

An error level of £1° is readily attained in measuring ¥ and x; this results
in an error of *15% for

% AR jyBIN
XN/ Rane 225 %  sor WIRATHR,

The results may be summarized as follows. A new polarization scheme has
been proposed for four-photon spectroscopy of two-quantum transiticns in iso-
tropic media and cubic c¢rystals. As in the case of coherent ellipsometry in
Raman scattering, the scheme is insensitive to fluctuations in the intensities
of the exciting waves and to inhomogeneitiles 1n the cross section.. This is an
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essential difference from the methods normally used in TPA spectroscopy, where
real two~-quantum transitions are recorded [21, 22, 23]. :

The estimates show that the most promising application of the polarization
scheme is to the measurement of TPA spectra for ftransparent semiconductors. An
experiment on coherent polarization spectroscopy shows that two-photon absorp- {
tion occurs iIn various organic liquids, and this has enabled us to determine theé
ratio of the corresponding components of the cubic-susceptibility tensor. Con-!
siderable interest alsc attaches to TPA spectra applled to localized states in |
solids, including color centers, electronic states of atoms and ions present in:
trace amounts, exciton states, and so on, especlally at low temperatures, when '
the corresponding resonances are much narrower.

The authors are indebted to S.A. Akhmanov and N.A. Bez'yazychnyi for fqeir
interest in this work.
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