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FPormulas derived in fundamental studies by A. A. Scokolov and I. M.
Ternov on synchrotronradiation are used for the probabilities of in-
duced transition, wave functions, and the electron energy spectrum in
a magnetic field. The expression for the electron energy 1is used in
deriving a formula for the radiation frequency, which is conslderably
higher than the nonrelativistic cyclotron frequency in the ultrarela-
tivistic case. Products of matrix elements in the Dirac matrices are
derived, and a formula is derived for the probabilities of induced
emission and absorption on the assumption that the incident electro-
magnetic wave is linearly polarized. The values are substituted into
the formula for the power in the stimulated transitions to derive an
expression for the power in the induced emission for a relativistic
rotating electron. The formula implies that relativistic electrons
can be used to generate high-power electromagnetic radiation in the
submillimeter and infrared wavelength ranges.

Relativistic electron beams provide promising sources of high-power radiaticn
in the millimeter and submillimeter wavelength ranges. The theory of instruments
that use relativistic electron beams has been developed mainly by classical methods
and in part by numerical integration by computer. However, it has been pointed
out [1] in relation to the theory of synchrotron radiation that quantum analyti-
cal methods are very useful. In our view, a quantum theory of induced synchrotron
radiation is a logical development of fundamental researches on synchrotron radi-
ation, particularly since such radiation is now used in sources of coherent elec-
tromagnetic radlation [1-3], since it gives a clear physical picture of the pro-
cesses in devices with spiral electron beams (whether weakly relativistic or ultra-
relativistic), and it provides an analogy with quantum generators for the optical
UHF ranges.

Also, the method provides the valuable working formulas requlred for proper
formulation of experiment.

We consider the induced emission from a relativistic electron moving along
a spiral path in a constant and homogeneous magnetic field H={0,0, #} and inter-
acting with an external electromagnetic wave.

The following expression [1] gives the energy spectrum of the electron in
that case:

W, = chi, = chV i+ dyn 1 &, | (1)
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where k&, = Tt — k. 1s the momentum of the electron along the field and n ié
g

Y N
i 2ch
the principle quantum number (n=0, 1, 2, ..). From (1) we get the expression for the
natural frequencies of the rotating electron:

L We—W, (2)
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We substitute (1) into (2) and expand 1n terms of the ratiov/n (01, v=n—n'<&n),
which 1is equivalent to expansion in terms of Planck's constant a. Everywhere we
retain terms in v/n not higher than the first. Then we get: :
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where o, =Q2 .. 2L 45 tne nonrelativistic cyclotron freguency, cB; and cf,

w meC
are components of the electron velocity perpendicular and parallel to the magnetic
field, and 8 is the angle of incidence of the electromagnetic wave in the spherical
coordinate system. We have used the law of conservation of momentum %,—k, = ., cosb
in deriving (3).

Formula (3) with p,=0 is the same as formula (7) of [4], while for B;=0 and
8~ n/2 1t is the same as (7) of [5].

The main interest attaches to the ultrarelativistic case W » my* and Bl < B,

B, ~1 ; the spontaneous emission from such an electron occurs at a small angle

' . 1 2

0~ ”:;'/cz €1, s0 we get cosBarl, sme~e~..”ll°53_, Also, Pl B}, so we can wrilte f, zl—E(f{]’;—) .
Then the expression for the natural frequency of the radiation in system (3)

becomes

2
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We see from (4) that in the ultrarelativistic case W my? the natural radia-
tion frequency wan-v will be considerably higher than the nonrelativisticcyclotron
frequency. For instance, for H=50kOev=1, Q@ ~ 880 GHz (A=214mm),while for W=10 MeV
a1, 2 57000 GHz (,=0,033mm),and for W=50 MeV onn—:2 289000 GHz (A=0,007mm), so the
natural emission frequencies are shifted to the submillimeter and infrared rangss
in this energy range, which means that an ultrarelativistic electron beam can be
used to generate high-power electromagnetic radiation in those frequency ranges.

The general methods of quantum electrodynamics [3] give us the expression ﬁ
for the probability of induced transitions from state with energy wn to state
W_ ' as
n
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e = 2R (@ ) — (@ 0) (@) —- He atf, (5)
where V(x) 1s the number of photons in the incident wave of frequency w==cx. and «

is a matrix element of the Dirac matrices, x°==x/|%|.
We assume that the external electromaghetic wave is linearly polarized and .

that the electric vector lies along the radius from the center of the orbit of
the electron (the o component), and further that there 1s damping in the system;
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caused by the finite time spent by the electron in the initial state (on the aver-
age equal to 1/2), which 1s introduced by means of the truncating time factor e s
in the integral in (5).

Then (5) takes the following form [3] for time intervals
>t
2nce®N (%) = = 2t
Whn = Y™ (al 0'-1) - (mn.n"_m)g"{_ 1 (6)
where o, is the matrix element the Dirac matrix apt
a = ‘f Yy 0 agp, dix. (7)

We use the expression for the electron wave functions derived in [3] to get
an explicit expression for @

1° We then sum over all the radial transitions to
get the expression

—p— 1 [ KK — kg —kaky o L g2 4y Vo
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where K=K, K'=K,, I,» =1 (y) are functions that are expressed in terms of gener-
alized Laguerre polynomials and y=ux?sin%/4y.

We expand the coefficients in (8) as series in v/n and retain only the linear
terms to get

N
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Here Run =/lop - (4)— Il (), where the minus sign corresponds to 1nduced emission and
the plus sign corresponds to induced absorption.

We can now write an expression for the power of the transitions in the system
produced by the external elecgromagnetic field:

Pn = fio (Wn,npv — W, n—v)-

- (10)

Then (6) and (9) give (10) the form

2
2
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We represent the denominator of (12) as
T(Wn,rev — @) == T (O v~ ©) 1 T (Qp,nmy — On,nfv) XX+ ?v_ 'I?Qﬁﬁ_, (13)
n
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We also use the Bessel-function approximation for the Laguerre polynomials

[6]:
Inw () 0y V'y Vn--Vn )

Then with accuracy up to v/n

n J 2
Ry (y) = 470 (2 Vyn)[ vzy 2 ‘(2:/1”))], (14)
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We substitute (13) and (14) into (12) and use the fact that

z=2Vﬁ= mﬁmm&
<
to get
il [v—2 L0 i o BixQr (15)
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We transform the coefficient in (11) on the basis of the expression for theb
electromagnetic field energy density:

_Er hexN (%)
4 L3’

where E 1s the amplitude of the electric fileld in the wave.

Then the expression for Pn becomes

2B VO, o,
Pn_' W [ ol ' (16)
where
S = 5o (e WO B B ;
1+ x2 2 Jy@  1—Pycos® | i | (17)
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This formula is correct for any value of v and for any electron energy.

It is of interest to compare (16) and (17) with results obtained within the
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framework of classical theory [7]. As would be expected, (16) and (17) agree
well with the corresponding expressions of [7], although a certain difference in
the third term of (17) is due to the different distribution of the natural emis-
sion frequencies. On the other hand, results from a quantum-mechanical consider-

ation on the basis of the assumptions of [5] (ﬁﬁ==a BAu%},m:gva agree completely
with (16) and (17) taken for the same conditions. -

In the weakly relativistic case, (16) becomes Schneider's formula (8].
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