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F o r m u l a s d e r i v e d in f u n d a m e n t a l studies by A . A . S o k o l o v and I . M . 
T e r n o v o n s y n c h r o t r o n r a d i a t i o n are u s e d for t h e p r o b a b i l i t i e s of in-
d u c e d t r a n s i t i o n , w a v e f u n c t i o n s , and t h e e l e c t r o n e n e r g y s p e c t r u m in 
a m a g n e t i c f i e l d . The e x p r e s s i o n for the e l e c t r o n energy is u s e d in 
d e r i v i n g a f o r m u l a for the r a d i a t i o n f r e q u e n c y , w h i c h is c o n s i d e r a b l y 
h i g h e r than the n o n r e l a t i v i s t i c c y c l o t r o n f r e q u e n c y in the u l t r a r e l a -
t i v i s t i c c a s e . P r o d u c t s of m a t r i x e l e m e n t s in the D i r a c m a t r i c e s are 
d e r i v e d , and a f o r m u l a is d e r i v e d for the p r o b a b i l i t i e s of i n d u c e d 
e m i s s i o n and a b s o r p t i o n on the a s s u m p t i o n that the i n c i d e n t e l e c t r o -
m a g n e t i c w a v e is l i n e a r l y p o l a r i z e d . The v a l u e s are s u b s t i t u t e d into 
the f o r m u l a for t h e p o w e r in t h e s t i m u l a t e d t r a n s i t i o n s to d e r i v e an 
e x p r e s s i o n for the p o w e r in the induced e m i s s i o n for a r e l a t i v i s t i c 
r o t a t i n g e l e c t r o n . T h e f o r m u l a i m p l i e s that r e l a t i v i s t i c e l e c t r o n s 
can b e used to g e n e r a t e h i g h - p o w e r e l e c t r o m a g n e t i c r a d i a t i o n in the 
s u b m i l l i m e t e r and i n f r a r e d w a v e l e n g t h r a n g e s . 

R e l a t i v i s t i c e l e c t r o n b e a m s p r o v i d e p r o m i s i n g s o u r c e s of h i g h - p o w e r r a d i a t i o n 
in the m i l l i m e t e r and s u b m i l l i m e t e r w a v e l e n g t h r a n g e s . The t h e o r y of i n s t r u m e n t s 
that u s e r e l a t i v i s t i c e l e c t r o n b e a m s has b e e n d e v e l o p e d m a i n l y by c l a s s i c a l m e t h o d s 
and in p a r t by n u m e r i c a l i n t e g r a t i o n b y c o m p u t e r . H o w e v e r , it has b e e n p o i n t e d 
out [1] in r e l a t i o n to the t h e o r y of s y n c h r o t r o n r a d i a t i o n that q u a n t u m a n a l y t i -
c a l m e t h o d s are very u s e f u l . In our v i e w , a q u a n t u m t h e o r y of i n d u c e d s y n c h r o t r o n 
r a d i a t i o n is a l o g i c a l d e v e l o p m e n t of f u n d a m e n t a l r e s e a r c h e s on s y n c h r o t r o n r a d i -
a t i o n , p a r t i c u l a r l y since such r a d i a t i o n is n o w u s e d in s o u r c e s of c o h e r e n t e l e c -
t r o m a g n e t i c r a d i a t i o n [1-3], since it g i v e s a clear p h y s i c a l p i c t u r e of t h e p r o -
c e s s e s in d e v i c e s w i t h s p i r a l e l e c t r o n b e a m s (whether w e a k l y r e l a t i v i s t i c or u l t r a -
r e l a t i v i s t ic ) , and it p r o v i d e s an a n a l o g y w i t h q u a n t u m g e n e r a t o r s for the o p t i c a l 
U H F r a n g e s . 

A l s o , t h e m e t h o d p r o v i d e s the v a l u a b l e w o r k i n g f o r m u l a s r e q u i r e d for p r o p e r 
f o r m u l a t i o n of e x p e r i m e n t . 

We c o n s i d e r the i n d u c e d e m i s s i o n f r o m a r e l a t i v i s t i c e l e c t r o n m o v i n g a l o n g 
a s p i r a l p a t h in a c o n s t a n t and h o m o g e n e o u s m a g n e t i c f i e l d H= {0,0,11} and i n t e r -
a c t i n g w i t h an e x t e r n a l e l e c t r o m a g n e t i c w a v e . 

The f o l l o w i n g e x p r e s s i o n [1] g i v e s the energy s p e c t r u m of the e l e c t r o n in 
that c a s e : 

W„ = chKn = c-hVkl - f 4yn ~ kz, ( 1 ) 
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w h e r e = у = k- is the m o m e n t u m of the e l e c t r o n a l o n g the field and n is 
h 2 eft 

the p r i n c i p l e q u a n t u m n u m b e r (n=0, 1, 2, ...). P r o m (1) we get the e x p r e s s i o n for the 
n a t u r a l f r e q u e n c i e s of the r o t a t i n g e l e c t r o n : 

We s u b s t i t u t e (1) into (2) and e x p a n d in t e r m s of t h e r a t i o v/n (л>1, \=n—ti'<£n), 
w h i c h is e q u i v a l e n t to e x p a n s i o n in terms of P l a n c k ' s c o n s t a n t h. E v e r y w h e r e we 
r e t a i n t e r m s in v/n n o t h i g h e r t h a n the f i r s t . T h e n we get;, 

VCOr ( , _, V o2 sin2 6 \ / - N 
1_p | j c o s 0 ^ "Г 4 n Pi. (l_ P i | cose)

3 )• ^ 

tn с^ bFJ 
w h e r e to, Q 0 , Q = ±s " t h e n o n r e l a t i v i s t i c c y c l o t r o n f r e q u e n c y , cp± and cP,, : 

W HIqC 
are c o m p o n e n t s of the e l e c t r o n v e l o c i t y p e r p e n d i c u l a r and p a r a l l e l to the m a g n e t i c 
f i e l d , and 0 is the a n g l e of i n c i d e n c e of the e l e c t r o m a g n e t i c w a v e in the s p h e r i c a l 
c o o r d i n a t e s y s t e m . We h a v e u s e d the law of c o n s e r v a t i o n of m o m e n t u m kz— kz-—v.n,n- cosQ 
in d e r i v i n g (3)• 

F o r m u l a (3) w i t h - p ^ O is the same as f o r m u l a (7) of [4], w h i l e for p|i=0:and 
•9~л/2 it is the same as ( 7 ) of [ 5 ] -

The m a i n i n t e r e s t a t t a c h e s to the u l t r a r e l a t i v i s tic case W > tn<f% a n d Pi<Pii> 
pц i ; the s p o n t a n e o u s e m i s s i o n f r o m s u c h an e l e c t r o n o c c u r s at a s m a l l a n g l e 

go w e get cos6~.l, s i n e ~ e - — A l s o , Pi «tf,, so w e c a n w r i t e p й ~ 1 — -L ( J ! }^-) 2 • 
W W > £ \ w / 

T h e n the e x p r e s s i o n for the n a t u r a l f r e q u e n c y of the r a d i a t i o n in s y s t e m (3) 
b e c o m e s 

<o„,„_„ = 2 Q v - J r ( l + 2 v ^ f L ) . (K) 
m0c

2 \ m0c
2 j 

We see from (4) t h a t in the u l t r a r e l a t i v i s t i c case W > m 0 c
2 the n a t u r a l r a d i a -

tion f r e q u e n c y wn.u-v w i l l be c o n s i d e r a b l y h i g h e r t h a n the n o n r e l a t i v i s t i c c y c l o t r o n 
f r e q u e n c y . F o r i n s t a n c e , for # = 5 0 k 0 e v = l . Q ~ 880 G H z (X—2,14 m m ) , w h i l e for 10 M e V 
a)n,n-i,~ 57 000 GHz (Я=0,033mm) , and for №=50 M e V <on,«-i^ 289 000 GHz (Л.=0,007mm), so the 
n a t u r a l e m i s s i o n f r e q u e n c i e s are shifted to the s u b m i l l i m e t e r and i n f r a r e d r a n g e s 
In t h i s e n e r g y r a n g e , w h i c h m e a n s t h a t an u l t r a r e l a t i v i s t i c e l e c t r o n b e a m can b e 
used to g e n e r a t e h i g h - p o w e r e l e c t r o m a g n e t i c r a d i a t i o n in t h o s e f r e q u e n c y ranges.! 

The g e n e r a l m e t h o d s of q u a n t u m e l e c t r o d y n a m i c s [3] g i v e us the e x p r e s s i o n 
for the p r o b a b i l i t y of induced t r a n s i t i o n s from s t a t e w i t h e n e r g y W to state 
W n ' as n 

, = [(«+ а) - («+ х0) (а*°)] J L 1 Г > d t 
ftL

3
K Ot \ J 

(5) 

w h e r e N(K) is the n u m b e r of p h o t o n s in the i n c i d e n t w a v e of f r e q u e n c y OJ = CX, and а 
is a m a t r i x e l e m e n t of the D i r a c m a t r i c e s , x°~x/\x\. 

We a s s u m e t h a t t h e e x t e r n a l e l e c t r o m a g n e t i c w a v e is l i n e a r l y p o l a r i z e d a n d 
t h a t the e l e c t r i c v e c t o r lies a l o n g the r a d i u s f r o m the c e n t e r of the o r b i t of 
the e l e c t r o n (the a c o m p o n e n t ) , and f u r t h e r that t h e r e is d a m p i n g in t h e s y s t e m ; 
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c a u s e d by the f i n i t e time spent by the e l e c t r o n in t h e i n i t i a l state (on the aver-
age e q u a l to т/2), w h i c h is i n t r o d u c e d by m e a n s of the t r u n c a t i n g t i m e f a c t o r e~nx 

in the i n t e g r a l in (5). T h e n (5) t a k e s the f o l l o w i n g form [3] for t i m e i n t e r v a l s 
/ » t 

2nce2N (x) + - . 
W n - n ' = — m — (a> ai) 

2т 
твКя'-ш>*+ 1 ' (6) 

w h e r e a, is the m a t r i x e l e m e n t the D i r a c m a t r i x a^: 

a l = j (7) 

We use the e x p r e s s i o n for the e l e c t r o n w a v e f u n c t i o n s d e r i v e d in [3] to get 
an e x p l i c i t e x p r e s s i o n for a ^ . We then sum o v e r a l l the r a d i a l t r a n s i t i o n s to 
g e t the e x p r e s s i o n 

- + - i 
a, ai — ~ 2 KK' 

'-—Un.ti'—i 1.Л 
4-y Ynn' 

KK' 
' In,n' — l ' in—l,n (8) 

w h e r e /C=/C„, /('=/(„', In,n- = h,n-(y) are f u n c t i o n s that are e x p r e s s e d in t e r m s of g e n e r -
a l i z e d L a g u e r r e p o l y n o m i a l s and у=к2 sin26/4v. 

We e x p a n d the c o e f f i c i e n t s in (8) as s e r i e s in v / n and r e t a i n only the linear 
t e r m s to get 

« i 4 = — i - p , c o s e ) 
Pi Rn.n^pv- (9) 

H e r e Rn,n'= In.n'-\{y) — In-\,n-{,y), w h e r e the m i n u s sign c o r r e s p o n d s to i n d u c e d e m i s s i o n and 
the p l u s s i g n c o r r e s p o n d s to induced a b s o r p t i o n . 

We can now w r i t e an e x p r e s s i o n for the p o w e r of t h e t r a n s i t i o n s in the s y s t e m 
p r o d u c e d b y the e x t e r n a l e l e c g r o m a g n e t i c f i e l d : 

Pn = /jCO (Wn,n+v — Wn,n-v)-

T h e n (6) and (9) give (10) the f o r m 

(10) 

2nce
2
N (x) 

/zL3x 
• 2xnS1, (11) 

w h e r e 

1+-
2n 

1 —• pi 
1 — p и cos 0 

V 

2 n 1 — p Ц COS 0 

т2 (w„t„+v — CO)2 + 1 

(12) 
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Me r e p r e s e n t the d e n o m i n a t o r of (12) as 

т (co„,„_v — CO) = T ((0„>n+v — (0) + т (co„i(!_v — co„iH_v) ~ X i tQpi, 
2 n 

(23) 

w h e r e Q = v 
tof sin2 0 

( 1 - P „ cos 0)2 

[6] : 
We also u s e the B e s s e l - f u n c t i o n a p p r o x i m a t i o n for t h e L a g u e r r e p o l y n o m i a l s 

/„,„< (у) ~ jv (Yy (Vn -f Vn')). 

T h e n w i t h a c c u r a c y up to v/n 

2 ,2 
Rn.n+v (У) = 4Л (2 У yn) 

__ vVyn f (2V~yn) 

П j'v{2Vyn) _ 

We s u b s t i t u t e (13) and (14) into (12) and use the fact t h a t 

(14) 

z = 2 Yyn = — Px sin e, 

to get 

5, = 
4vJv (г) 

n( 1+Л-2) 

,2_22 Jv (2) P^xQT 

/ v (г) 1 — p и cos 0 1 + x2 
(15) 

We t r a n s f o r m the c o e f f i c i e n t in (11) on the b a s i s of the e x p r e s s i o n for the 
e l e c t r o m a g n e t i c field e n e r g y d e n s i t y : 

E2 hcy.N (x) 

4л L3 

w h e r e E is the a m p l i t u d e of the e l e c t r i c field in the w a v e . 

T h e n the e x p r e s s i o n for P ^ b e c o m e s 

n 2е2£2с2т v(oc 

W со 
(16 ) 

w h e r e 

К (г) 
l-fx2 

•Мг) Pi Pj*Qt 

1 — p I cos 0 ! 1 + X2 

•vcoc sin2 0 
(17) 

2 = Pi sinB, .. „ m 2 
(0C ( 1 — P;| COS 0 ) 2 

T h i s f o r m u l a is c o r r e c t for any v a l u e of v and for any e l e c t r o n e n e r g y . 

It is o f ' i n t e r e s t t o c o m p a r e (16) and (17) w i t h r e s u l t s o b t a i n e d w i t h i n the 
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f r a m e w o r k of c l a s s i c a l t h e o r y [7]. As w o u l d be e x p e c t e d , (16) and (17) a g r e e 
w e l l w i t h the c o r r e s p o n d i n g e x p r e s s i o n s of [7], a l t h o u g h a c e r t a i n d i f f e r e n c e in 
the t h i r d t e r m of (17) is due to the d i f f e r e n t d i s t r i b u t i o n of the n a t u r a l e m i s -
sion f r e q u e n c i e s . On the other h a n d , r e s u l t s from a q u a n t u m - m e c h a n i c a l c o n s i d e r -

w i t h (16) and (17) t a k e n for the same c o n d i t i o n s . 

In the w e a k l y r e l a t i v i s t i c c a s e , (16) b e c o m e s S c h n e i d e r ' s f o r m u l a [8]. 
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