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A study is m a d e of the p e r t u r b e d m o t i o n of a solid s a t e l l i t e about its 
c e n t e r of m a s s ; it is a s s u m e d t h a t the s a t e l l i t e m o v e s in a c i r c u l a r 
o r b i t in the c e n t r a l field of a p l a n e t . 

O s c u l a t i n g e l e m e n t s d e r i v e d f r o m a n E u l e r - P o i n c e a n t r e a t m e n t h a v e b e e n u s e d 
in s t u d y i n g the r o t a t i o n of the E a r t h [1, 2]; i n t e r e s t in such v a r i a b l e s h a s r e -
c e n t l y i n c r e a s e d . C a n o n i c a l a c t i o n - a n g l e v a r i a b l e s , w h i c h are a form of the v a r i -
a b l e s of [1, 2] h a v e b e e n u s e d in s o l i d - b o d y d y n a m i c s [3, 4 ] , in t h e m e c h a n i c s 
of space f l i g h t [5], and in the t h e o r y of t r a n s l a t i o n a l - r o t a t i o n a l m o t i o n for 
c e l e s t i a l b o d i e s [6, 7]• 

H e r e a c t i o n - a n g l e v a r i a b l e s are u s e d to study the r o t a t i o n of a s a t e l l i t e . 

We c o n s i d e r the r o t a t i o n of a solid s a t e l l i t e a b o u t its c e n t e r of m a s s in 
r e s p o n s e to the a t t r a c t i o n to a c e n t r a l b o d y 0 , a b o u t w h o s e center of i n e r t i a S 
the s a t e l l i t e d e s c r i b e s a K e p l e r c i r c u l a r orbit of r a d i u s a . 

Let Oxyz be an i n e r t i a l c o o r d i n a t e s y s t e m w i t h its o r i g i n at the c e n t r a l 
b o d y 0, w h e r e the Oxy p l a n e c o i n c i d e s w i t h the p l a n e of t h e s a t e l l i t e o r b i t , 
w h i l e Sxyz is the c o o r d i n a t e s y s t e m h a v i n g its o r i g i n at the c e n t e r of m a s s S of 
the s a t e l l i t e and h a v i n g axes p a r a l l e l to the c o r r e s p o n d i n g a x e s of the Oxyz co-
o r d i n a t e s y s t e m , and the s y s t e m c o i n c i d e s w i t h the p r i n c i p l e c e n t r a l axes 
of i n e r t i a of the s a t e l l i t e . We d e n o t e by A , B , and С the p r i n c i p a l c e n t r a l 
m o m e n t s of i n e r t i a of the s a t e l l i t e . 

In the Oxyz a x e s , the m o t i o n of the c e n t e r of m a s s of the s a t e l l i t e is d e s -
c r i b e d by the c o o r d i n a t e s x=acosAf, y=asinM, w h e r e M = nt is the m e a n a n o m a l y and 
n is the m e a n o r b i t a l m o t i o n . We d e s c r i b e the r o t a t i o n a l m o t i o n of the s a t e l l i t e 
by m e a n s of c a n o n i c a l a c t i o n - a n g l e v a r i a b l e s [6] L , G,. H , Z, g , and h , w h e r e G 
is the m o d u l u s of the k i n e t i c m o m e n t u m g of t h e r o t a t i o n a l m o t i o n of the s a t e l l i t e , 
H is the p r o j e c t i o n of v e c t o r G on the Oz axis a n d h is the l o n g i t u d e of the r i g h t 
a s c e n s i o n a n g l e of the i n t e r m e d i a t e p l a n e Q n o r m a l to the v e c t o r G in the Oxy 
p l a n e , and L , I , and g are d e f i n e d by s o l u t i o n of the f o l l o w i n g e q u a t i o n s [6] : 

о* 

L X = L( 1 + £ Lmcos 2m/j; 

V - / + E I'm sin 2ml; 
m=I 
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SI = 8 + £ £ M S L N 2 M L < 

m= 1 

w h e r e Lu /,, g, are A n d o y e r v a r i a b l e s [2] , is the p r o j e c t i o n of v e c t o r G on the 

axis of inertia S C of t h e s a t e l l i t e , is the angle of i n h e r e n t r o t a t i o n of t h e 

s a t e l l i t e r e c k o n e d f r o m the i n t e r m e d i a t e p l a n e Q , g ^ is the l o n g i t u d e of the r i g h t 

a s c e n s i o n a n g l e of the p l a n e S£ri of t h e s a t e l l i t e in t h e i n t e r m e d i a t e p l a n e , and 

L'm, I'm, gm (m= 1, 2, ..., oo) are k n o w n f u n c t i o n s of the v a r i a b l e b — G2/L2 and the c o n s t a n t 

p a r a m e t e r 

2 U A J . С 2 \ А В ) J 

The f o l l o w i n g a p p r o x i m a t e e x p r e s s i o n a p p l i e s for the k i n e t i c e n e r g y [6] 

T 2D 
1 + _ L ( 6 _ 1 ) ( 6 + 3 ) e 2J + -L (-L + -L) G

2, 

and the force f u n c t i o n is d e f i n e d by the f o l l o w i n g f o r m u l a [8] 

U = k {[cos p sin (h — M) (sin lx sin gx — cos lx cos gx cos 0X) — 

— cos (h — M) (sin lx cos gx cos sin gx cos 0!) + 

+ sin p sin (h - M ) (cos lx sin 0X)]2 + 

4-6 [sin (h — M) (cos gx sin 0X cos p + sin p cos 0^ + cos (h — M) sin 0X sin g^]2}, 

k = (3/2)«2 (A — B); cos Qx = LjG; cos p = H/G; 6 = (A — C)/(A — B). 

We use (1) and t r a n s f o r m f u n c t i o n U to r e p r e s e n t it in a form c o n v e n i e n t 
for s u b s e q u e n t e x a m i n a t i o n . The f i n a l r e s u l t is 

u = k £ (9, P) cos [ V + k2g + k3(h~ M)], 

w h e r e 

И0Д о = — — (1 — 26) [(2 — sin2 p) — (2 — 3 sin2 p) cos2 — 
8 

— — sin2 6 ( 1 — 2sin2p)42o; 
4 

« 0 . 0 . 2 V = ^ sin2 P (1 — 26); lb 

л2о.0.0 - — (1 — 26) (2 — 3 sin2 p) cos2 в-dao - sin2 в (1 — 2 sin2 p) dgl; 
8 4 

t r = . l , 2, . . . 

u2m.2,o = - ^ ( l + ecos0)2 dZL + Sin2 0 (1 - 26) 
16 о 

U2m.o.2v - — sin2 Р [COS2 0(1 — 26) dZ — sin2 ed(02)m]; 
16 
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"2m.e.o = — Bin 2p sin 6 (cos 6 + e) — — sin 26 sin 2p4°m (1 — 26); 
8 

«2m.2e.2v = (1 + V6 COS p ) 2 4 e .m ( 1 - 2 6 ) -
10 

- (1 + 8 COS 0)2
 (1 + v e COS P ) 2 4e.m; 

"2m.e.2v = ( S i n 2P + 2 v e Si" P) ( 1 — 2б) d2e.m + sin 6 (cos 0 + e) dfU 

V, e = ±l; 5 = л-Д' c o s 6 = ^ cosp = -^, 

(kt = 2m = 0, 2, 4, ...; k2 = 0, ± 1, ± 2; k3 = 0,± 2), 

4°> = L (2a4 + 2a2 — 5) e 2 ; 4 °1 = — — (a2 — 2 — ea) e ; 
2 32 4 

4°2 = (a2 — 1) (a2 - 4 - 3ea) e2; 4e.o = у - (a2 - 3) e2;. 

4°,i = -i- (1 -j- ea) ̂  4°22 = J _ [2 - ea (a2 - 3)] e2; 

42o - 4" (a2 4 3) e; dg{=l; 

422 = г (a2 - 1) e; 42\ = — (a2 + 2ae + 3) e; 
4 4 

du = 1; 
4 

4e)0 = 4- (a — e) (a - 2 e) e; = 1, 42)2 - - — (a2 - 1) e; 
4 4 

4°> = 1 _ J- (a« _ i) (a2 f 3) e2; 4°! = e (1 — a2) \\ — — (3a4+2a2— 
8 64 

G A 
a • — = sec 8. 

L 

Let the a n g u l a r v e l o c i t y of the s a t e l l i t e s u b s t a n t i a l l y e x c e e d the m e a n o r -
b i t a l m o t i o n . T h e n w e i n t r o d u c e the s m a l l p a r a m e t e r ц=(/г/я1g)2 ( nf is the u n p e r -
t u r b e d v a l u e of the r a t e of c h a n g e of e l e m e n t g ) , and the h a m i l t o n i a n is put in 
the form 

F = F0 + ViF1, (2) 

w h e r e 

F0 = T (L, G, e); 

Fl = I [ £ ukM (9, p) cos (ktl + + k3 (h - Л1))], 
ktkiki 

A. = (3/2 ) n f ( B ~ A ) . 

We seek a s o l u t i o n to the e q u a t i o n s of m o t i o n as s e r i e s in p o w e r s of the 
p a r a m e t e r y; for у = 0 we get f o r m u l a s that c o n s t i t u t e a g e n e r a l s o l u t i o n to the 
E u l e r - P o i n c e a u p r o b l e m ( u n p e r t u r b e d r o t a t i o n a l m o t i o n ) : 

L = L0, l0 = nf4 -M0o> 

27)1 
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G = G0, g0 = nft + £00> 

tf = # 0 > h 0 = /г 0 0 , 

w h e r e I 0, G0, Я0, /0, go, h0 are c o n s t a n t s of i n t e g r a t i o n . The angular v e l o c i t i e s of the 
Euler m o t i o n л<°> л(0) are d e f i n e d by the a p p r o x i m a t e formulas 

„(0) _ Lo 1 (60 + 3) e2 

- Н т + т ^ + ^ + ч ' 

where 
ь0 = G2

0/LQ. 

We assume that the u n p e r t u r b e d values of the m e a n a n g u l a r v e l o c i t i e s of the 
r o t a t i o n nf\ nf> and of the o r b i t a l m o t i o n are not c o m p a r a b l e ; on standard rules 
[9] we calculate the first-order p e r t u r b a t i o n s for the elements L, G, H, I, g, h, 
w h i c h gives 

kikzkz 

— 0
k m ("/г,Мэ)о1 Sitl (Sw.t + 1; sktk,.k3 J I 

kikzki 

— (uklk2kX 1 s i n ^ . W + 0f*lMl)l; sfcife«ft. J > 

h = h0 + pX J сoht + ^ J - j — - ( uklkik> ̂  sitl (sktk,k,t + aklk2k3) J; ( 3 ) 

L = L0 — \iX V — (u M 2 f t 3) 0cos (sklklk3t + afelfe2fe3); 
ktk2ks 

klklki 

G = G0 — цА, V (UfelW3)0cos (sklkzkJ + aklktkt)\ 

felfcjfts 

H = Я0 — jiX V fe3 (uklk2k3)o cos (sfelft2feaif + tf*,^,); 
kxkzkb 

<p I 

= K tg= в»+4<e coS е.] - - i ! ^ - x 

8GQ O<jo 

X [2cC cos e 0 - a 0 (a2o + 1) e
2
 (2 - 3 sin2 p0)]; 

1 
(i>„ = — 

lbCi0 " 
-f 4do°o (1—6 cos

2
 Po) cos

2
 90] 

_ _1_2S [ 4 c o g 2 p o _ a o (oj + 1)e2(2 —3 sin2 p0) cos e0 
8 16G0 

- L . [(1-2 sin2 p0) (ea0 sto Q0 tg в0 + 4d$ cos
2 90 - 8<C cos

2 p0 sin
2 60)]; 

8G9 
cos po 

00h = | 4 U n 2 e0 + -J (1 - 26) (1 - 3<Ccos
2 e0) j; 

G0 

sktk,k, = ^nj1» + kjif — £3/г; = + k2g0 + k3 {h0 — M0), 

(4) 
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£ m e a n s t h a t t h e s u m m a t i o n is c a r r i e d over a l l v a l u e s of the s u b s c r i p t s ku k2, k3, 

for w h i c h ku k2 and are not a l l zero s i m u l t a n e o u s l y . The c o e f f i c i e n t s wz, o)g 

and a>k d e f i n e the secular v a r i a t i o n s in the c o r r e s p o n d i n g e l e m e n t s . F o r m u l a s (4) 
e n a b l e us to e s t i m a t e the s e c u l a r and p e r i o d i c e f f e c t s in the r o t a t i o n a l m o t i o n 
of c e l e s t i a l b o d i e s . 

The f o l l o w i n g is a n u m e r i c a l e x a m p l e . L e t the p r i n c i p a l c e n t r a l m o m e n t s of 

2 ? 9 
inertia of some b o d y be A = 0,177762-10" kg• m , 5=0,177592-10"kg-m , C=0,179612-1011 k g - m ; 
the b o d y m o v e s in a c i r c u l a r orbit in the field of g r a v i t y of a c e n t r a l b o d y 
(n = 0.54 .deg/day). We t a k e as i n i t i a l v a l u e s 8o=0, p0=24

o28', n f = 350,98 d e g / d a y . 

For t h e s e v a l u e s of t h e p a r a m e t e r s for the u n p e r t u r b e d m o t i o n we get 

e = — 0,0567; 6 = — 8,40909; - 1,45239-10~6 G0. 

F r o m (4) we get the s e c u l a r p e r t u r b a t i o n s in l 3 g , and h: 

X|KBfc = 1,174614- Ю -5 ; deg/day; 

X| l f f l , = — 6,46587-10-6
 deg/day; 

fyiCOg = — 2,01761 • 10~6 : deg/day. 

T h e r e f o r e , the p e r t u r b e d r a t e s of c h a n g e in I and g are less t h a n the c o r r e s p o n d -
ing u n p e r t u r b e d v a l u e s , w h i l e the r a t e of p r e c e s s i o n of v e c t o r G in the p e r t u r b e d 
m o t i o n e x c e e d s the u n p e r t u r b e d v a l u e . 

T h e a u t h o r s are i n d e b t e d to D r . V . G . D e m i n for d i r e c t i o n in t h i s w o r k . 
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