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A study is made of the perturbed motion of a solid satellite about its
center of mass; it is assumed that the satellite moves in a circular
orbit in the central field of a planet.

Osculating elements derived from an Euler-Poincean treatment have been used
in studying the rotation of the Earth [1, 2]; interest in such variables has re-
cently increased. Canonical action-angle variables, which are a form of the vari-
ables of [1l, 2] have been used in solid-body dynamics [3, 4], in the mechanics
of space flight [5], and in the theory of translational-rotational motion for
celestial bodies [6, T71.

Here action-angle variables are used to study the rotation of a satellite.

We consider the rotation of a solid satellite about 1its cenftfer of mass in
response to the attraction to a central body 0O, about whose center of inertia S
the satellite describes a Kepler circular orbit of radius «.

Let Oxyz be an l1nertial coordinate system with 1ts origin at the central
body O, where the Oxy plane coincides with the plane of the satellite orbit,
while S8xyz is the coordinate system having its origin at the center of mass 3 of
the satellite and having axes parallel to the corresponding axes of the Oxyz co-
ordinate system, and the Siuf system coincides with the principle central axes
of inertia of the satellite. We denote by A, B, and C the principal central
moments of inertia of the satellite.

In the Oxyz axes, the motion of the center of mass of the satellite is des-
cribed by the coordinates x=acosM, y=asinM, where M = nt is the mean anomaly and
n is the mean orbital motion. We describe the rotational motion of the satellite
by means of canonical action-angle variables [6] L, G, H, 7, g, and h, where G
is the modulus of the kinetic momentum ¢ of the rotational motion of the satellite,
H is the projection of vector G on the 0z axis and h is the longitude of the right
ascension angle of the intermediate plane Q normal to the vector G in the Oxy
plane, and L, ., and g are defined by solution of the following equations [6]:

L=L{1+ i Ly, cos 2ml);
ma=:1
- (1)
Li=1+4Y Insin2mi;
m==]

© 1980 by Allerton Press, Inc.

80



gi=g+ 2 &, sin2ml,

m==1

where L;, I, g are Andoyer variables [2], L, is the projection of vector G on the
axis of inertia Sz of the satellite, Zl is the angle of inherent rotation of the
satellite reckoned from the intermediate plane Q, g, 1s the longitude of the right
ascension angle of the plane S&n of the satellite in the intermediate plane, and
Ly Imy gn  (m=1, 2, ., ) are known functions of the variable b==G*L? and the constant
parameter

(L1 _fL_
e'?(?““xyl D_[c 2(A i_B)]'
The following approximate expression applies for the kinetic energy [6]:

,.T=%[1 +~;—(b,—l)(b.+-3)e2]+—i_(i_+ %) e

and the force function is defined by the following formula [8]

U= k{[cospsin(h— M) (sin/,sin g, — cos/, cos g, cos §,) —
—co8 (h— M) (sin/, cos g, -I- cos /, sin g, cos 6,) -
+- sin p sin (b — M) (cos /, sin 6,)]* +-
+ 8 [sin (h — M) (cos g, 5in 6, cos o |- sin pcos 8,) 4 cos (A — M) sin 0, sin g,]},
k= (3/2)n*(A —B); cos9, = L,/G; cosp=H/G;, d =(A— C)/(_A— B).

We use (1) and transform function U to represent it in a form convenlent
for subsequent examination. The final result is

U=t %t (9. 0) o8 [yl + g -+ ko (= M),
ks :
where
Uooe = — %(1 — 28) [(2 —sin? p) — (2 — 3sin? p) cos? 6d%] —
— - sin® 8 (1 —2sin® p) df;

Ugooy = — —116_ sin? p (1 — 28);

Usg00 = % (1 — 28) (2 — 3sin?p) cos? 0-diy ———l— sin® 0 (1 — 2 sin? p) diry;
g=1,2,...
lam2e0 = — s—‘:';—" (1+ecos 6) i m 3":—" sin®8 (1 — 26) dim;
©

Uom ooy = %~sin*p[cos2 8 (1 — 26) d, — sin® 8d§];
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Mam.e.0= — 8in 20810 6 (cos B - &) ), — —;—sm 20sin 2pdg, (1 — 28);

sin? 9

(1 + vecosp)? 23,,1(1—26)—

Uym e oy =

— (1 + ecos 8)2 (1 + vecos p)® dsa m;

Usm g0y = sin 28 {sin 2p + 2vesinp) (1 — 26)dS),, L sin 6 (cos 0 + &) din;
A—C L H
. — _|_ ]; 6 P - e e I —
v, €=+ =g s cosp = oo,

(g =2m=0,24 .. k=0, 21, 22 hy—0, & 2),

1 1 2
d(10?)= —2-”-5 (20 + 202 —5)¢% d‘,"{ = _%(az—Q—su)e;
1 1
dgo‘)) == E ((12—.‘ 1) ((12 — 4“"‘33(1) 62; dggo‘: ? EF(az‘“‘ 3) 92;,
2 —=—~—(1 +ea)e; dbe, = —1- [2 —ea (e® — 3)] &%

dfh - m(a2+ 3)e; dil =1

d%:—-—i—(uz—l)e; d‘eo——(a9+2ae—1~3)e;
di =15 d}= —— (@— e
d(ﬂfﬂ—‘"(a_s)(a——ge)f-’; &2 =1, dfzﬁ)v——'%(a*~1)e;

dfh—1— —;— (@—1)(a® | 3)et df —e(l — az){x — —é;-(3a4+2a“—27)];

a=£=sec6.
L

Let the angular veloclity of the satellite substantially exceed the mean or-
pital motion. Then we introduce the small parameter p=(n/n'{)2 (n¥ is the unper-
turbed value of the rate of change of element g), and the hamiltonian is put in

the form

. F:Fo_f"qu (2)

where

‘ Fﬂ = T (L, G‘ e);
Fim [ Y (8. 0) 008 (kyd + g + ky (h— M),

kykoks
A = (3/2) 9" (B— A).

We seek a solution to the equations of motion as series in powers of the
parameter u; for u = 0 we get formulas that constitute a general solution to the
Euler-Poinceau problem (unperturbed rotational motion):

L=Ly, lo=n0t + I,
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G=G, g= ﬂg”f + Zoo»
H = HO! ho = h’OO’

where Lo, Gy Ho, ly, go, ke are constants of integration. The angular velocities of the
Euler motion »®, n0 are defined by the approximate formulas

1 1 t
e L L e e S R R

where ) 2'
by = Go/Ls.

We assume that the unperturbed values of the mean angular veloclties of the
rotation n{ 20 and of the orbital motion are not comparable; on standard rules
3] we calculate the first-order perturbations for the elements L, G, H, [, g, h

which gives
’ 1 J
1=lo+ph{mzt-i- 2 oo [(6L ukkgks) -

Bykoka

L (ukxk:kz)o] sin (skxkakat + d"lkska)] >
Sykeks

et X (),

1ReRa

— Ju9 (uk,kaka)u] sin (Se euhyf -+ “h.k»ka)l5
Skabisks

h = hy - ph {m,,f + E ( 6?1 ukgz,k,) s (Sg, k..t + Ok,k,k,)}; (3)

Rykoks

L= L—-pﬂ.z

slzkk,

(ukthk )0 <08 (Sk‘k,k,t + oklkzkx)

k,kzkx
G = Go - Px 2 S (ukzkzka)ocos (Sklh,lz,t + Gk‘hzh’);
Roksks
—ph B o iy 08 (St + O
PR
1 S pR—1) = £ (36, 1)-+-l('1*+—1‘); ()
(pl:?[]+‘8—e(0“ ]’ q)l_4D o 2 A B
1—2sin2p s 2) . __S{LQ_G)_
W, = «-——80-——' [8(10 tgg 60 1 4&)0 Cos e0] 8G, X

x [2d8% cos 8, — at, (c + 1) €% (2 — 3 sin® p,)];

o, = ’1;625 {4 cos®py— oy (a2 +- 1) e*(2—3 stn? p,} cos B, -

-+ 4d5p(1 — 6 cos® py) cos® O] —

po) (€0, 5101 8, 1g 6, -+ 4455 cos? 6, — 845 cos? p, sin® ;)]

0, = — S50 [dmsmze +_(1_25)(1-3 3@3’90)];
G

0

S/uk:k’ = klnfm + k2n(g® - k3n; Uklkzk! = klla + kzgo + ks (ho""‘ MO)'
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2: means that the summation is carried over all values of the subscripts &, ks, &,
kykoky .
for which kj, k2 and &; are not all zero simultaneocusly. The coefficients o, og

and o, define the secular variations in the corresponding elements. Formulas (4)
enable us to estimate the secular and periodic effects in the rotational motion
of celestial bodies.

The following is a numerical example. Let the principal central moments of

inertia of some body be A=0177762-10" kg+m®, B=0,177592- 101 kg-m°, C==0,179612- 101 kg - m°;
the body moves 1n = circular orbit in the field of gravity of a central body
(n = 0.54 deg/day). We take as initial values By=0, py==24°28', n® = 350,98 deg/day.

For these values of the parameters for the unperturbed motlion we get
e=—0,0567; &= —8,40909; ph == 1,45239-107%G,.
From (4) we get the secular perturbations in 1, g, and h:

Apw, = 1,174614- 107° * deg/aay;
Apo; = — 6,46587.107° deg/day;
Apoy, = —2,01761- 107"  degrday.

Therefore, the perturbed rates of change in 7 and g are less than the correspond-
ing unperturbed values, while the rate of precession of vector G in the perturbed
motion exceeds the unperturbed value,

The authors are indebted to Dr. V. G. Demin for direction in this work.
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