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A Hamilteonian formulation is given for the equations of hydrodynamics

for a compressible liquid in a uniformly rotating frame of reference;

it 1s shown that the ligquid is stratified, while the motion in general
is of vortex type. A Clebsch representation is used for the momentum

density. Tt is shown that this formalism can be applied to solve wave
problems in media of hydrodynamic type.

It is familiar that a frame of reference rigidly coupled to any real astro-
physical object is not inertial. Particular interest from this point of view
attaches to a uniformly rotating coordinate system. 1In that case, a study of the
wave interactions in systems of hydrodynamic type 1s very much complicated by the
inertial forces. The most promising approach 1s the Hamiltonian formalism for a
noninertial frame of reference, but this has previously not been available.

We examined the motion of an unbounded medium in a coordinate system rota-
ting with a constant angular velocity @ (relative to the inertial one) by means
of a system of equations for an ideal nonbarotropic liquid, which is conveniently
described in the 7 representation, where w/p is the momentum density in the medi-
um, which is a guantity invariant here under coordinate transformation:

ot
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+ [[Q, r], rot —] = — —grad p — grad y;
P p
o dive [Z—(2.1] =0;
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Js =
> +[?—[Q, r]lgrads:O. (3)
To close the system we include the equation of state
U=Uf{p, ) (1)

and the basic relation of thermodynamics
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1
Tds = dU -~ —,
s pd () (5)
where y is the potential of the external forces; all the other symbols are those
commonly used.
System (1)-(5) shows that the medium is Inhomogeneous in a rotating frame :
of reference, except in the case where the inertial forces are balanced by exfter-

nal ones. )

We convert from (1)-(5) to a Hamiltonian description of the medium. The
Hamiltonian in the moving coordinate system takes the form

2
H={pol5(Z)—e[n 2] +Ue 9 +u+vie)ax (6)
where P(s) is a gaupge function whose explicit form is found from the conditions

of equilibrium [1].

We write the eguations of continuity and adiabatic behavior in Hamiltonian

form:
SH 7 8 ]
S C(E o) () e
. P S{( (2.1 % \p (7)
—umdwp[li—{Q,ﬂ]
p
SH =
§=——>= ———-[Q.r] ——— —— dx:
R )5 (3]
(8)
=--{_’5-—[Q, r]Jgrads
The solution to (7) and (8) for m/p gives
E 1 A
— =grad ¢ — —grads. (9)
P e
The equation (9) is an analog of the Clebsch transformation for the velocl-
ties [2]. TFor the velocity in the moblile coordinate system we get

v=grad<p—%grads—[9., r]. (10)
Equation (10) differs from (57) of [3], which was derived at the intuitive

level. It follows from (10) that

rotv=— [grad %, grads] —2Q,

i.e., the 1liquid performs a vortex motion in the rotating frame of reference,
except for the case v = 0 (solid rotation), but this case can be realized only
with completely definite stratification laws for the density and entropy [4].

We further derive
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%;divx[—“——-[g, r]] 4 (—"—U—+ 6"’)
5

P ds Os

and substitute (9) into the Euler equation of (1) to find that it can be repre-
sented in the form

o 2y A g SHN (3 My erads
wrad (¢ + 1) — 4 ered () - (b ) T

: &6H A

The equations of continuity and adiabatic behavior take the form

bH o A
—E’Tl § = 61’ (ll)

b:
80 the Fuler equation splits up into two equations:

. 8H : §H
= 7 _— 12
) S A o ( )

Therefore, (11) and (12) represent the Hamiltonian form of the equations of
hydrodynamics of (1)-(5) in a uniformly rotating frame of reference, while the
pairs of wvariables (g,p0) and (A, s) introduced by (9) are canonical.

The author's are indebted to Professor V. A. Krasil'nikov for constant sup-
port and interest in this work.
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