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Deffraction radiation generated when fast and slow cyclotron waves 
are excited in a relativistic electron beam is examined theoretically. 
The focusing magnetic field H0 is shown to play a fundamental role in 

this process and that it can be used to control the amplitudes of 
radiated harmonics in multimode difrraction generators. 

lNTRODUCTLON 

The development of powerful and ultrapowerful sources of coherent electro­
magnetic radiation for the microwave region, using relativistic electron beams 
and wide electrodynamic systems, is an urgent problem at present. The bulk­
wave generator is an example of this in which multimode diffraction radiation 
is emitted by a relativistic electron beam traveling near a periodic surface 
(diffraction gratingl. The design of such devices relies on theoretical anal­
yses of the properties of multimode coherent radiation from electron beams, 
taking into account both the longitudinal and lateral motion .of electrons, 
since the experiment reported in [l] has shown that the radiated power depends 
on the strength of the focusing magnetic field. 

The distribution of diffraction radiation from an electron beam in which 
transverse waves (synchronous waves) were first excited was investigated ex­
perimentally in [2]. Cyclotron waves (lateral velocity waves) were absent from 
the beam because the experimental conditions were too far from cyclotron reso­
nance. 

In this paper, we examine theoretically the radiation emitted by a rela­
tivistic electron beam under the conditions of cyclotron resonance at a Doppler­
shifted frequency. 

Interacting waves. We shall consider an electrodynamic system, analogous 
to systems used in multimode diffraction generators. We shall consider that 
physical processes are determined by the self-consistent interaction between 
the relativistic electron beam and the multimode diffracted field at a given 
frequency w. The diffracting body will beaplane, perfectly conducting grating 
with a rectangular profile ($rating Z). The length of the grating in the longi­
tudinal direction is L, but in the lateral directionthegrating is infinite 
(Pig. 1). 

Consider the effect of the focusing magnetic field H0 on the diffraction 

field. The wave number spectrum for H0 = 0 is given by 
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Fig. 1. The system under 
investigation. 
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Fig. 2. Superposition 
of the spectra. 

m=O,± 1,±2, ... , 

where hm· is the longitudinal wave number and v is the velocity of electrons in 

the beam. When Ho ~ 0, we have two additional spectra, namely, 

Cl) 2n lilH h=--+-n"' =F--
. II 0 l :o t 

n±=O,± I, ±:2, ... , . ' 

where wH is the cyclotron frequency. For each harmonic of number m there are 

two components with numbers n+ and n-, shifted by -wH/v and wH/v. The shift 

wH/v is due to the anomolous Doppler effect and the shift -wH/v to the normal 

Doppler effect. 

When H0 is suitably chosen, i.e., so that 

=F (n"'-m) =I, 2, ... , (1) 

spectra with numbers n± and m will coincide. Let wH = (2rr/Z)v. The super­

position of the spectra (Fig. 2) then occurs so that the longitudinal wave num­
ber h_1 of the m = 1 harmonic of the main spectrum coincides with the longi-

tudinal wave number h 0+ of the zero component of the Doppler-shifted original 

spectrum. The longitudinal wave number h1 _of them= +l harmonic of the main 

spectrum coincides with the longitudinal wave number ho of the zero component 

of the additional spectrum, shifted by the anomalous Doppler effect. In the 
linear approximation, this wav.e number matching leads to the excitation of fast 
and slow cyclotron waves in the beam. The condition for the validity of this 
approximation is, in this case, that the amplitudes of the diffracted waves 
must be small in comparison with the focusing magnetic field. In the termi­
nology of the linear theory, the abcive superposition of the spectra corresponds 
to the excitation of a fast cyclotron wave by the -1 diffracted harmonic and 
to the excitation of a slow cyclotron wave by the +l diffracted harmonic. It 
is well known [3} that a fast cyclotron wave transports negative power and a 
slow harmonic transports positive power. Consequently, when the magnetic field 
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is suitably chosen, the exci tat.ion of the fast cyclotron wave leads to the 

absorption of the -1 narmonic by the beam, whereas the excitation of the slow 
wave leads to the amplification of the +l harm0nic. We note that, according 
to (1), the absorption of the -1 and -2 diffraction harmonics occurs in fields 
H0 tnat differ by a factor of 2. 

The longitudinal and transverse motion of the electrons must be taken into 
account when we consider diffraction radiation emitted by a relativistic elec­
tron beam in a focusing magnetic field. This enables us to solve the problem 
of the transformation of a H-polarized electromagnetic wave into an E-polarized 
wave (see Fig. 1 in which we use the notation of [4]) •. The transformatior. is 
possible because the electron beam is uncoiled by the field of the H~polarized 
wave in the focusing magnetic field. 

Diffractin theory. To analyze the longitudinal and transverse motion of 
electrons, we introduce electric and magnetic currents [5] that vary slowly in 
the longitudinal direction. The electric current density is given by 

t ..!!.. • 
ta =UnP,e 'I 6(z-b)r'"'• ( 2 ) 

and the magnetic current density by 
. u i"i=-: [r.1.xv.duPo.''U"a(z-b)e-'"'· (3) 

where v11 is the longitudinal velocity of the electrons, V.1. and r.1. are, respec­
tively, the transverse velocity and displacement of electrons, w is the modu­
lation frequency, Po is the constant component of the charge density, and b 

is the distance between the current and the grating (impact para.~eter). It is 
assumed in (3) that a,}i:<I. 

The electric current /0• excites H-polarized waves: 

• •• .,s A' 421 ,. ...... +- 1---11. .. . 
. _.,f?i, .... ,, .. 

A'1 =- {2"11_• __ ~e 7i V i-7 e Oi' e-'• .. 
.. o\ . 

- 1--
•1 . .. 

0 -..!?... .. -( 1- ~la-bl . f...!...g 

/r,,-2:ip0- 1 e •1 V " sign(z-b)e •1 .,-<•, 
• 

Ir,-a:-o, f.;_;.!..rotH'. 
. ., 

The magnetic current ii"" is the source of the E-polarized waves: 

• ... ... ... 4'c ... ..,., +-1t1---11. 
. .. . 

A·., . . -"-[!.:r .1.=X=Y=.1.=)=1 Po:.;; I=--& 

Vet-a\ 
o
1 

-..!..• /1- ~fa-bl 1..!..v 
-e •1 V ·cc e. "I r"",. 
• 
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H"'=,-i .!..rotE'", .. ' 

where A,• and A,'" are, respectively, the longitudinal components of the electric 
and magnetic vector potentials. 

Tt1e diffraction of the H- and E-polarized fields by an infinite grating 
can be described by the mathematical theory of diffraction [4]. The diffracted 
field is the sum of an infinite number of harmonics that are damped in the 
transverse direction and an infinite number of plane waves. For the H-polari­
zation, 

If'.= I H'.,.e"m1,,_.,1e'"m•r""';, ( 4) .. 
and for the E-polarization, 

e: = E 'If"...e• .. 1,,_.,, ...... r'"' . .. 
where p,.=i V O>'/cl-h'!. is the transverse wave number, r.,.-.,/u,+(211/l)m, m-0, ±I, ±2, ... 
is the longitudinal wave number, and Hxe and Exm are the complex amplitudes of 

the two types of wave. Diffracted harmonics (plane waves) are characterized by 
the angle em between the direction of propagation Qf the m-th harmonic and the 

plane, of the grating, 6,.-±arcsin(p,.c/m), Where it is assumed that em > 0 when hm > 

> O (wave propagates in the direction of the current) and em < O when hm < 0. 

Numerical analysis O,f the self-consistent interaction. The complex, ampli­

tudes Hexm and Emxm are found from the boundary conditions that the electro­

magnetic field must satisfy on the surface of the perfectly conducting diffrac­
tion grating. These conditions lead to linear sets of algebraic equations, 
similar to those investigated in [4], which are solved by a computer using the 

truncation method. The dependence of Hexm and Emxm on the longitudinal coordi­

nate corresponds to the slow variation in the amplitudes of the electric and 
magnetic currents. 

The motion of electrons can be investigated with the aid of the relativistic 
equation [6] for the discrete model of the current: 

[ 

.!!.=-'- 2:...Vl-ll'(E+[llxH)-ll(llE)), 
dY me' '• , 
4J< 11. tlz 11. dT 1 -=l.- -=1- -=2n-
dY ~.· dY, i!v', dY ~.· 

( 5) 

where ~-vie, Y-y/;., T-ldl, t.-2nl:fm,, e is the charge of the electron, and m is the elec­
tron rest mass. We assume that the electron current enters the region of inter­
action (Y = 0) with zero transverse velocity when its distance from the grating 
is equal to the impact parameter and T = 0. On the right hand side of the equa­
tions of motion, the fields H and E are given as a set of diffraction harmonics 
and the focusing magnetic field is also taken into account. The solution of ( 5) 
is found numerically by the modified Euler method. The electric (2) and mag­
netic (3) currents are determined from the velocities and coordinates of elec­
trons obtained in this way. 

The interaction between the electron curr8nt and the field is analyzed on 
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Fig. 3. Transformation of ·H-polarized diffraction harmonics into 
E-waves. 

Fig. 4. Distribution of the· amplitude o.f the E-polarized field along 
the length of the system. 

Fig. 5. Distribution of electrons in the beam at a given time (!,H is 

the cyclotron wavelength): the fast C.l) and slow (2) waves are shown. 

a computer by successively specifying the current and the field and repeatedly 
solving the equations. The initial conditions correspond to a given electric 
current and no transverse motion of electrons. The transverse electric compo-

nent. Eze of the spatial harmonics of the H-polarized di.ffracted wave uncoils 

the current C.in which the fast and slow cyclotron waves are excited), and a 
nonzero magnetic current app~ars. Its interaction with the diffraction grating 
produces the E-polarized diffracted wave. 

In our calculations, we considered a two-mode diffracted field, i.e., we 
assumed that the spectrum was dominated by two plane waves, i.e., harmonics 
with numbers m = -1 and m = -2 in (.4), where the m = -1 harmonic propagates in 
the direction of the current at the angle e_

1 
= 86° to the plane of the dif-

fraction grating, and the m = -2 harmonic propagates in the opposite direction 
at the angle e_2 = -26°. The product of the frequency by the period of the 

grating is held constant: (w/c)Z = 6.5. The impact parameter b is chosen as 
follows. When b is large enough, the effect of the damped diffracted harmonics 
can be neglected because the radiation due to the slow cyclotron wave is neg­
ligible in comparison with the radiation by the fast cyclotron wave. The inter­
action with the current is largely determined by the propagating diffraction 
harmonics excited by the fast cyclotron wave (mostly plane waves with m = -1, 
-2 l. 

The transformation of the waves was described by the amplitude Exm of the 

E-wave and by the ratio Exm/Hme of this amplitude to the amplitude of the H­

polarized wave. Figure 3 shows Exm/Hxe as a function of the focusing magnetic 

field. Curve 1 refers to the transformation of the -1 diffracted harmonic of 
the H-polarized wave into the E-wave and curve 2 represents the transformation 
of the -2 harmonic. The quantity H01 corresponds to the condition 0a-(2"/l)u;. 

The fact that curves 1 and 2 have maxima is explained by the excitation of a 
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fast cyclotron wave by the diffracted harmonics with m = -1 and m = -2, respec­
tively. When H

0 
= H

01
, the power transported by the -1 harmonic is absorbed by 

the.electron current, and When H0 = 2H01 the power is absorbed by the -2 har­
monic. 

Figure 4 shows the distribution of the amplitude of the E-polarized wave 
along the length of the system. The two curves correspond to curve 1 of Fig. 3. 
Curve 2 was obtained for a focusing magnetic field H0 = H01 and curve 1 for H0 = 

= 0.5H01 . The increase in the amplitude of the E-polarized wave along the length 

of the system is an indication of an increasing uncoiling of the electron beam 
and, consequently, the absorption by the c'urrent of the power carried· by the 
-1 harmonic of the H-polarized field. 

The. excitation of the fast and slow cyclo.tron waves by the diffracted har­
monics is illustrated in Fig, 5, 

The above effect can be used to control the amplitudes of harmonics radi­
ated in multimode diffraction generators. The above situation is typical for 
such devices, i.e., e_

1 
> O and e_2 < o, where the -1 diffracted harmonic ex-

tracts the electromagnetic field from the interaction region and the -2 harmonic 
produces positive feedback in the system. By varying the focusing magnetic 
field, one can control the output power of the generator optimize the feedback. 

REFERENCES 

1. S. P. Bugaev et al., Pis 1 ma Zh. Tekh. Fiz., vol. 10, po. 20, pp. 1229-
1233, 1984. 

2. A. A. Vertii et al., Izv. Vyssh. Uchebn. Zaved. Radiofiz., vol. 28, no. 
11, pp, 1443-1450, 1985. 

3. W. H. Louisell, Coupled Modes and Parametric Electronics [Russian trans­
lation], Moscow, 1963. 

4. V. P. Shetopalov, L. N. Litvinenko, S. A. Masalov, and V. G. Sologub, 
Diffraction of Waves by Gratings [in Russian], Kharkov, 1973. 

5, Yu. L. Klimontovich, Kinetic Theory of Electromagnetic Processes [in 
Russian]., Moscow, 1980. 

6. L. D. Landau and E. M. Lifshitz, Mechanics. Electrodynamics [in Rus­
sian], Moscow, 1969. 

16 April 1986 Chair of Rad.iophysics 
at Microwave Frequencies 

41 


