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CHARACTERISTIC SOLUTIONS OF TAKAGI EQUATIONS
IN TWO-RAY DYNAMIC DIFFRACTION
A. V. Kolpakov and I. R. Prudnikov

Tl1e earlier int reduced representation of characteristic solutions of the Takagi
equations in the two-ray dynamic diffraction is 'further developed by the authors. It is shown that this approach is physically adequate to the concept of a
dynamically self-consistent system of fields in a crystal. Within the framework
of this approach, equations are derived for characteristic solutions in a perfect
and in a one-dimensionally distorted crystal. It is demonstrated that the system
of Takagi equations involving a local accommodation function is singled out in
the considerati.on of diffraction by one-dimensionally distorted crystals. Based
on the notion of characteristic solutions of the Takagi equations, a model of
a crystal with random one-dimensional distortion field is considered and the
statistical averaging of the equations for characteristic solutions is carried out.

INTRODUCTION
This paper is devot1:d to physical justification and theory of transition to characteristic solutions [1, 2]
of the Takagi equations· [3] in the general case of asymmetric Bragg and Laue X-ray diffraction (4, 5] by
both the perfect and the one-dimensionally distorted crystal. Attention is primarily given to the derivation
and discussion of the orii~inal equations of the theory. In view of the existence of several alternative forms
[3, 6] of systems of equations describing the dynamic propagation of diffraction fields in crystals, a detailed
discussion of these equations appears necessary in connection with the study of diffraction phenomena in
crystals with defects [7-12].
1. REPRESENTATION OF CHARACTERISTIC SOLUTIONS

OF THE TAKAGI EQUATIONS
Consider the problen of two-ray dynamic X-ray diffraction (XD) by a crystal with a lattice parameter
a(z) varying along the z axis according to the law

a(z) = a(l + oF(z)),

(1)

where a is the lattice parameter of a perfect crystal, e is the amplitude of the variation of the lattice parameter,
and F(z) is the variation function. The crystal is assumed to be a plane-parallel plate of thickness I. The z
axis is directed into the plate bulk perpendicularly to its entrance surface z = 0.
The original system of the Takagi equations, which is obtained in the solution of the basic wave equation
for the field in a crystal by the method of slowly varying amplitudes, has th" following form [3] in the case
of XD by a one-dimensio.1ally distorted crystal:

dD 0
-2i(·r° /k 0 )y, =

x0 D 0 + x-• p D9 ,

dD•
-2i(r 9 /k 0 )"'dz" = x' PD 0 + (x 0

-
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+ (2r' /k 0 ) dz (gu(z))D'.
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=

where D'"(z) are the amplitudes of the transmitted (0) and scattered (g) waves; k 0
211:/>. is the wave
vector of the wave incide rit on the crystal; ; 0 ·u = sin( i.p ± iJ B) are the direction cosines of the \\'ave vectors
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k 0 and k9, respectively (v..•here kg = k 0 + g, g is the diffraction vector, and r..p is the angle between the
entrance surface of the crystal and the atomic planes in the reflecting position); XO,±;g are the Fourier
components of the polarizability of an undistorted crystal; P is the polarization factor; " = -2 sin 2'9B~.i
is the accommodation proportional to the detuning ~t7 = fl - flB from the refraction-uncorrected Bragg

= na-

angle l!B; and u(z)

1

f'

(a(z') - a)dz' is the displacement function characterizing the deviation of

0

=

scattering atoms from their positions in a perfect crystal (e 0), where n is the unit inner normal vector to
the entrance surface of the crystal. In view of ( 1), we write the expression for the derivative of u( z) on the

right-hand side of (2) in the form g

~:

= (gn)i:F(z). System (2) must be supplemented with the boundary

0

conditions for the field: D (0) = 1 and D'(/) = 0 in the case of the Bragg XD; D 0 (0) = 1 and D'(O) = 0
for the Laue XD.
Before proceeding to characteristic solutions [1, 2) of the Takagi equations [3] we reduce system (2), in
the case of Bragg reflection, to a form symmetric with respect to the local accommodation <>B(z) with the
aid of the transformation

,

0

D "(z) =

.B

0

"(z)exp{-i

j ,P(z')dz'}•
a

"B(Z)

21,,•1

d

= "B - k5""" dz (gu(z));

"'B

= -<> + x0 (1 + l"Y'lh0 )

(the function <>B(z) describes the local deviation from the refraction-uncorrected Bragg angle). The amplitu des D0 " ( z) satisfy the equations

-id.Ba = ka<>B(z) £)0
dz
4h•I
+
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•

x•Pk 5a k aB(z)D-'
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•-d-z = _2_1r_•_I
+ ~41-,,,-1~ .
0

0

(3)

Syste.m (3) will be called the fundamental system of equations because from the very beginning it is singled
out: (a) it is obtained from the exact microscopic system of Darwin recurrence relations [5, 13] and (b) the
system is symmetrized with respect to the local accommodation <>s(z).
The physical meaning of system (3) lies in the fact that it describes the propagation along the z axis
of actively (or passively, in the case of Laue diffraction) interacting fields in a system with a regular (perfect
crystal) or nearly regular (slightly distorted crystal) distributed feedback.
As shown in [l, 2], in the absence of distortions (u(z) 0) system of equations (3) can be reduced to
a system of two uncoupled first-order differential equations:

=

d<lli,2
±"A-1 r,-;1~
cl-;-=
i
y rrB - 1'-M1,2,

(4a)

with the boundary conditions

<111(0) + ~2(0)

·1 'I )
P;x:x-•

2 (.
where A= kO

112

= 1,

('IB

-/111- 1)<!11(/) + (1/B + /111-1)<!12(/) = 0,

(4b)

is the thickness of the primary extinction and 11s=<>s/(4P2 x•x-'l"Y'ih 0 ) 1 i 2

is the angular detuning from the refraction-uncorrected Bragg angle t.90 normalized to the width of the region
of total reflection. In [1, 2] the functions <11 1,2(:) are called characteristic solutions of the Takagi equations
(3). These functions represent the amplitudes of the fields D 1 and D,. respectively. Each of the fields is a
combination of waves relating to a common propagation center on the dispersion surface [4, 5]. In contrast
to the system of Takagi equations, the physical meaning of system (4a) is that it describes independent
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propagation of the fields Di and D2 in a perfect crystal. Therefore, Eqs. (4a) express mathematically the
Ewald idea [5] of a dyna:nically self-consistent system of noninteracting fields in a perfect crystal.
In the case of one-dimensionally distorted crystals (ODC) (u(z) '# 0) the equations for the characteristic
.
solutions have the form j l, 2]
d<f>i,2
~
. d ( ){" ~ ,, }
----;[;= ±•'A_ 1vc;--;
T/]3 - 1'<'1,2 'F 'dz gu VIB'<'l + •2B<f>2

(5)

with boundary conditiolls (4b), where ViB,2B = ('IB =F J711- 1)/(2)711- 1). Equations (5) show that
the presence of distorticns u( z) in the crystal causes interaction between the propagation centers in the
reciprocal space. This effect manifests itself mathematically in the fact that when u(z) '# 0 Eqs. (5) are
coupled. It also follows from (5) that for u(z) '# 0 the intensities of the fields D 1 and D 2 belonging to
different propagation centers on the dispersion surface are determined by the processes of rescatter_ing of
unperturbed_ :fields between these centers, i.e., the fields D1 and D2 are mixed. In the Bragg diffraction the
propagation centers are J.>eated on a common branch of the dispersion surface [4, 5]. By virtue of this special
feature, system (5) describes intra20nal scattering of the fields.
By analogy with the Bragg XD, in the Laue XD the equations for the characteristic solutions <f>i, 2(z)
in the general case of ODC have the form
(6)

with the boundary conditions <f>i, 2(0)

= =FV2L,iL, where

ViL,2L =('IL± V'll

+ l)/(2V'll + 1).

In (6) the notation 'IL= o:L/(4P'x•x-•-r• J-r 0 ) 112 is used for the normalized detuning from the Bragg angle
{)B, where <>L -o:+ x0 (1--r' J-r 0 ) is the Laue accommodation. As in the Bragg case, for u(z) 0 system
(6) splits into two uncoupled equations for the characteristic solutions <f>i,2(z) (cf. {4a)). These equations
describe dynamically the self-consistent fields D 1 , 2 that propagate independently of each other in a perfect
crystal. Each of these finlds is a combination of waves belonging to a comtnon ·propagation center. When
u(z) '# 0, Eqs. (6) imply that the perturbation results in interaction between the propagation centers and
in mixing of the fields D .. and D 2 • The main special feature of the Laue diffraction is that the propagation
centers belong to differe!lt dispersion surface branches [4]. Therefore the interaction between these centers
determines the processes ofinterzonal scattering of the fields. Equations (6) are an analog of the well-known
electron diffractometry equations, which are used in studying interzonal electron scattering by stacking faults
in the Laue scheme [14].
Thus, (3) is a fundamental system in the determination of fields in both a perfect crystal and an ODC.
By means of a linear tran:;formation of diffraction fields [l] system (3) can be reduced to the equivalent system
of equations (5) (or (6) in the Laue case). Note that the employed system of equations for field amplitudes in
a crystal is sometimes obtained from system (2) by the exponential transformation D' - D• exp{ igu(z)} [6].

=

=

2. STATIST:lCAL AVERAGING OF THE SYSTEM OF DIFFERENTIAL
EQUATIONS FOR CHARACTERISTIC SOLUTIONS
Within the approaci1 of characteristic solutions of the Takagi equations, we shall consider the problem
of statistical dynamic XI) by a one-dimensionally distorted crystal. Assume that the lattice constant a(z)
varies along the z axis according to the law (cf. (1))

(i)

a(z) =a(!+ J'(z)),

where a is the lattice parameter of a perfect crystal and J'(:) is a random function of the coordinate z. We
represent the function J'(:) in the form J'(z) = E + 5:F(z), where E
(:F(z)) is the regular component
(( ... )symbolizes the statistical averaging) and bJ'(:) is the fluctuation component. At present there are
a number of works ([i-9, 12]) where the problem of dynamic XD by crystals with defects is investigated

=

68

Moscow University
Physics Bulletin

Vol. 48, JI.'o. 4

using the Takagi equations that are obtained from system (2) by means of the above-mentioned exponential
transformation (see the remark at the end of Section 1). The parameters of the statistical XD theory
based on the indicated equations are the statistical and correlation characteristics of the random function
exp{-igu(z)}, such as the mean value (exp{-igu(z)}) (the Debye-Waller statistical factor), the correlation
function, and the correlation length, where u(z) is the random function of defect-induced displacement of
atoms from their positions in a perfect crystal.
We perform the averaging of system (5). To this end we first pass to new amplitudes Ji, 2(z) in (5)
with the aid of the transformation f1,2(z) = <l>1,2(z) exp{'fiv'~1- lA- 1z }. Using the averaging method for

d
stochastic differential equations presented in [15] and taking into account that dz (gu(z))
obtain

= (gn)J'(z), we

ddlff = U1Bff +U2Bfiexp{-it;,kBz},

z

.

~!

= -U2B !~ - ulB N exp{ ii:;, kB z}

(8)

(J{, 2(z) = (f1,2(z)) are the coherent components of the amplitudes of the characteristic solutions, /:;,kB =
2A- 1
l is the distance between the propagation centers on the dispersion surface),

J111-

U!B = -i(gn)EV!B - (gn) 2 V1'iio- 2 To
U2B = -i(gn)EV2B - (gn) 2 V{Bo- 2 To

-

(gn) 2 V2B V1Bo- 2T(-l:;,kB),
(gn) 2V2B V!Bo- 2T(l:;,kB)

=

(o- 2

= ((8J'(z)) 2) is the variance of the function J'(z), T(/:;,kB) =

j R(y)exp{il:;,kBy}dy is the complex
0

=

correlation length, which is the Fourier transform of the correlation function R( z- z') such that o- 2 R( z- z')
(6J'(z) · 6J'(z')) [15], and To= T(O)). In the derivation of (8) it was assumed that To;::; A, where A was the
thickness of the primary extinction.
System (8) describes coherent scattering of dynamically self-consistent fields Di, 2 in a crystal with a
one~dimensional random distortion field. As follows from (8), the presence of this field results in interaction
of fields belonging to different propagation centers on the dispersion surface and to mixing of the coherent
components (Di,2) of these fields. In the case of a perfect crystal (J'(z)
0) system (8) splits into two
uncoupled equations for the amplitudes of the characteristic solutions. The parameters entering (8) are
the statistical and correlation characteristics of the random function .:F(z) (7), which directly determines
the distortions of the crystal lattice. Equations of similar form can also be obtained for the case of Laue
diffraction.
Instead of averaging the system of equations (3) (or the equivalent system (5)), it is also possible to
average the corresponding Taupin equation [16]. To derive this equation we introduce, as in [6], the complex

=

i

· coe ffi c1ent
·
re fl ect1on
r( z)

( z)
= { x-'
Xg h" I } ' D•
DO(z)
10

1

· ry1ng
· t h e non l'1near fi rst-or der d"'
. l equation
.
satIS
iuerent1a

dr
2i
i
dz+ A <>B(z)r-A(l+r2)=0.

(9)

The introduction of the complex reflection coefficient r(z) makes it possible to state the problem of diffraction
·by a crystal with random fluctuations of the lattice constant a(:) in (7) as a Cauchy problem.

CONCLUSIONS
As is shown in the present paper, the method of characteristic solutions of the Takagi equations is
consistent with the basic physical principles of the Ewald theory of dynamic diffraction. Therefore it appears
natural to pass to the representation of the characteristic solutions in studying the dynamic XD. \Vithin
the framework of this approach, we considered both the Bragg and Laue diffraction schemes and derived
the systems of equations (5) and (6) for the characteristic solutions <I>i, 2 (z). In the case of a perfect crystal
(u( z) = O), each of these systems splits into two uncoupled equations describing the dynamically selfconsistent fields D 1 ,2 which propagate in the perfect crystal independently of each other. The field D1 (or
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D2) combines waves belonging to a common propagation center on the dispersion surface. The presence of

a distortion field u(z) in the crystal leads to processes of intrazonal and interzonal scattering of the fields
D1,2

in the Bragg and Laue schemes, respectively. As a result of these processes, the fields

D1,2

are mixed.

In the general case of an arbitrary perturbation u(z) the solutions to Eqs. (5) and (6) can be found only
using an approximate m'thod, e.g., the perturbation theory method. Approximate solutions to system (5)
for the case of a periodi: variation function F(z) in (1) (a superlattice) were obtained in [1, 2). A system
similar to (6) was used in [17] in an analysis of the Lane XD by a thick absorbing crystal distorted by an
ultrasonic wave under a resonance condition: )..t :::: A, where ).., is the ultrasound wavelength.
Thus, we have cons:.dered the basic systems of equations describing the propagation of diffraction fields
in crystals with deterministic (or random) distortion fields. The latter are not related to the introduction

of the displacement function u(z) but depend on the variation function F(z) in (1) (or :F(z) in (7)), which
directly determines the distortions of the crystal lattice parameter a(z) in (1) (or in (7)).
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