
�¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò4 15��� 517.958:533.7 ������������� ��������� ������������������� ����������� �������.�. �«¨§ à®¢ �), �.�. �¥à¥£¨(ª ä¥¤à  ¬ â¥¬ â¨ª¨)E-mail: seregin@afrodita.phys.msu.ru� áá¬ âà¨¢ ¥âáï ¬¥â®¤ à¥è¥¨ï ª¢ §¨£ §®¤¨ ¬¨ç¥áª¨å ãà ¢¥¨©, ®¯¨áë¢ îé¨å â¥ç¥¨¥¢ï§ª®£® £ §  ¢ ¤¢ã¬¥à®¬ á«ãç ¥, ¢ ®¡« áâïå á«®¦®© ä®à¬ë á ¨á¯®«ì§®¢ ¨¥¬ ¥áâàãªâãà¨à®-¢ ëå ¯à®áâà áâ¢¥ëå á¥â®ª. �«ï ¯®áâà®¥¨ï à §®áâ®© áå¥¬ë ¨á¯®«ì§ã¥âáï ¨â¥£à®-¨-â¥à¯®«ïæ¨®ë© ¬¥â®¤ (¬¥â®¤ ª®¥ç®£® ®¡ê¥¬ ). �¯¯à®ªá¨¬ æ¨ï á¨áâ¥¬ë ª¢ §¨£ §®¤¨ ¬¨-ç¥áª¨å ãà ¢¥¨© ¯à®¨§¢®¤¨âáï ï¢®© ¯® ¢à¥¬¥¨ à §®áâ®© áå¥¬®©   âà¥ã£®«ì®© á¥âª¥,ã¤®¢«¥â¢®àïîé¥© ¯à¨æ¨¯ã âà¨ £ã«ïæ¨¨ �¥«®¥.�¨áâ¥¬  ª¢ §¨£ §®¤¨ ¬¨ç¥áª¨å (���) ãà ¢¥-¨© ¢ ¡¥§à §¬¥àëå ¯¥à¥¬¥ëå ¨¬¥¥â ¢¨¤ [1, 2]@�@t +div j= 0; (1)@�u@t +div(j
 u) +rp= div�; (2)@E@t +div[ j�(E + p)] + divq= div(�u): (3)�¤¥áì � | ¯«®â®áâì áà¥¤ë; u | £ §®¤¨ ¬¨ç¥áª ïáª®à®áâì; p | ¤ ¢«¥¨¥; E | ¯®« ï í¥à£¨ï; j |¢¥ªâ®à ¯«®â®áâ¨ ¯®â®ª  ¬ ááë; � | â¥§®à ¢ï§ª¨å ¯àï¦¥¨© ���-á¨áâ¥¬ë; q | ¢¥ªâ®à â¥¯«®¢®£®¯®â®ª  ���-á¨áâ¥¬ë.� ®â«¨ç¨¥ ®â ãà ¢¥¨© � ¢ì¥{�â®ªá  ¢ ���á¨áâ¥¬¥ ¯à¨áãâáâ¢ãîâ ¤®¯®«¨â¥«ìë¥ ¤¨¢¥à£¥â-ë¥ á« £ ¥¬ë¥ á ¯ à ¬¥âà®¬, ¨¬¥îé¨¬ à §¬¥à®áâì¢à¥¬¥¨. �®¯®«¨â¥«ì ï ¤¨áá¨¯ æ¨ï, ¯à¨áãâáâ¢ã-îé ï ¢ ���-ãà ¢¥¨ïå, ®¡¥á¯¥ç¨¢ ¥â íää¥ªâ¨¢-®áâì ç¨á«¥ëå  «£®à¨â¬®¢, ¯®áâà®¥ëå   ¨å®á®¢¥.�¥à¥¯¨è¥¬ á¨áâ¥¬ã ãà ¢¥¨© (1){(3) ¢ ¢¥ªâ®à-®¬ ¢¨¤¥ @U@t � divW = 0; (4)£¤¥ ¢¥ªâ®àë U ¨ W ¢¢¥¤¥ë á«¥¤ãîé¨¬ ®¡à §®¬:U=0BBBB@ ��ux�uyE
1CCCCA ;W =0BBBB@W1W2W3W4;

1CCCCAW1 =�j;  W2W3!=�� j
 u� pe;W4 =�u� q� E + p� j:�®áâà®¨¬ âà¥ã£®«ìãî á¥âªã â ª¨¬ ®¡à §®¬, çâ®-¡ë ¥¥ ã§«ë ¯®¯ ¤ «¨   £à ¨æã ®¡« áâ¨ à áç¥â ,

ç¨á«® ã§«®¢ ¢ ®¡« áâ¨ à áç¥â  ¡ë«® ¤®áâ â®çë¬ ¤«ï®¯¨á ¨ï â¥ç¥¨ï á ¡®«ìè¨¬¨ £à ¤¨¥â ¬¨,   â ª¦¥á¥âª  ã¤®¢«¥â¢®àï«  ¡ë ¯à¨æ¨¯ã âà¨ £ã«ïæ¨¨ �¥-«®¥ [3], ¢ á®®â¢¥âáâ¢¨¨ á ª®â®àë¬ âà¥¡ã¥âáï, çâ®-¡ë ¢ ªàã£, ®¯¨á ë© ®ª®«® «î¡®£® âà¥ã£®«ì¨ª ,¥ ¯®¯ ¤ «® ¨ ®¤®© ã§«®¢®© â®çª¨, ®â«¨ç®© ®â¢¥àè¨ ãª § ®£® âà¥ã£®«ì¨ª . �à £¬¥â â ª®©âà¥ã£®«ì®© á¥âª¨ ¯à¨¢¥¤¥   à¨á. 1.
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�����¨á. 1. �à £¬¥â âà¥ã£®«ì®© á¥âª¨�¥âª  ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã âà¥ã£®«ì¨ª®¢á ¢¥àè¨ ¬¨ M0;M1; : : : ;Mi;Mn (à¨á. 2). � §®-¤¨ ¬¨ç¥áª¨¥ ¢¥«¨ç¨ë u; �; p; E § ¤ ë ¢ ã§« åá¥âª¨ Mi . �«ï  ¯¯à®ªá¨¬ æ¨¨ ¨áå®¤ëå ãà ¢¥¨©¯®âà¥¡ãîâáï § ç¥¨ï £ §®¤¨ ¬¨ç¥áª¨å ¢¥«¨ç¨¢ æ¥âà å âà¥ã£®«ì¨ª®¢. � ª ç¥áâ¢¥ æ¥âà®¢ ¯à¨¬¥¬â®çªã ¯¥à¥á¥ç¥¨ï ¬¥¤¨ . �â¨ â®çª¨ ®¡®§ ç¨¬P0; P1; : : : ; Pk; PK (á¬. à¨á. 2). � §®¤¨ ¬¨ç¥áª¨¥¢¥«¨ç¨ë ¢ æ¥âà¥ âà¥ã£®«ì¨ª®¢ ®¯à¥¤¥«ïîâáï ª ªáà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ ¢¥«¨ç¨ ¢ ¢¥àè¨ å âà¥-ã£®«ì¨ª®¢.�) �áâ¨âãâ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï ���.8 ���, ä¨§¨ª ,  áâà®®¬¨ï, ò4
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��¨á. 2. �®âà®«ìë© ®¡ê¥¬�«ï ¯®áâà®¥¨ï à §®áâ®© áå¥¬ë ¢®á¯®«ì§ã¥¬áï¨â¥£à®-¨â¥à¯®«ïæ¨®ë¬ ¬¥â®¤®¬ (¬¥â®¤®¬ ª®-¥ç®£® ®¡ê¥¬ ) [4]. �«ï ª ¦¤®£® ã§«  Mi âà¥-ã£®«ì®© á¥âª¨ áâà®¨âáï ª®âãà, á®áâ®ïé¨© ¨§ â®ç¥ªPk ¯¥à¥á¥ç¥¨ï ¬¥¤¨  âà¥ã£®«ì¨ª®¢, á®¤¥à¦ é¨©¤ ë© ã§¥«. �¡®§ ç¨¬ ç¨á«® ã§«®¢ ª®âãà  Lç¥à¥§ K . �¡« áâì, ®£à ¨ç¥ ï íâ¨¬ ª®âãà®¬,¯à¥¤áâ ¢«ï¥â á®¡®© à áç¥âãî ïç¥©ªã | ª®âà®«ì-ë© ®¡ê¥¬. �  à¨á. 2 ¯à¨¢¥¤¥ ª®âà®«ìë© ®¡ê¥¬á æ¥âà®¬ ¢ â®çª¥ M0 ¨ £à ¨æ¥© L . � á®®â¢¥â-áâ¢¨¨ á ¬¥â®¤®¬ ª®¥ç®£® ®¡ê¥¬  ¯à®¨â¥£à¨àã¥¬á¨áâ¥¬ã (4) ¯® ª®âà®«ì®¬ã ®¡ê¥¬ã. �«ï ¨â¥£à « ®â W ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© �áâà®£à ¤áª®£®{� -ãáá , á¢ï§ë¢ îé ï ¨â¥£à « ¯® ®¡ê¥¬ã á ¨â¥£à «®¬¯® ¯®¢¥àå®áâ¨ ¨«¨ ä®à¬ã«®© �à¨  ¢ ¤¢ã¬¥à®¬á«ãç ¥: @@t ZSU dS � IL(W � n) dl = 0: (5)�¤¥áì S | ¯«®é ¤ì ª®âà®«ì®© ïç¥©ª¨, L |ª®âãà ïç¥©ª¨, n | ¢¥èïï ®à¬ «ì ª ª®âãàã.� «¥¥ ª ¯¥à¢®¬ã á« £ ¥¬®¬ã ¢ (5) ¯à¨¬¥¨¬ä®à¬ã«ã áà¥¤¥£® § ç¥¨ï, ¯®«ãç¨¬@ �U@t = 1S IL(W � n) dl; (6)£¤¥ �U = 1S ISUdS | áà¥¤¥¥ § ç¥¨¥ áª®à®áâ¨ U¢ æ¥âà¥ à áç¥â®© ïç¥©ª¨ S . � «¥¥ ®¡®§ ç¨¬ �Uç¥à¥§ U .�¯¯à®ªá¨¬¨àã¥¬ ª®âãàë© ¨â¥£à « á«¥¤ãî-é¨¬ ®¡à §®¬:IL (W � n) dl =Xk �Wx(Pk+1=2)nx(Pk+1=2)++Wy(Pk+1=2)ny(Pk+1=2)�Lk: (7)�¤¥áì § ç¥¨ï ¯®â®ª®¢ Wx;Wy ¨ ¯à®¥ªæ¨© ®à¬ -«¥© nx; ny ¢ëç¨á«ïîâáï ¢ â®çª å Pk+1=2 ®âà¥§ª®¢Lk = L(Pk; Pk+1) , á®áâ ¢«ïîé¨å ª®âãà L .

�â ª, ¯®«ãç¨¬ à §®áâãî ä®à¬ã«ã ¤«ï ¬¥â®¤ ª®¥ç®£® ®¡ê¥¬ :Ûi = Ui � �tS Xk �Wx(Pk+1=2)nx(Pk+1=2)++Wy(Pk+1=2)ny(Pk+1=2)�Lk: (8)�à¨ à áç¥â¥ ¯® ä®à¬ã«¥ (8) ¯®âà¥¡ãîâáï § ç¥-¨ï ç áâëå ¯à®¨§¢®¤ëå ¯® x ¨ y ®â ¯«®â®áâ¨,áª®à®áâ¨, ¤ ¢«¥¨ï ¢ â®çª å Pk+1=2 ®âà¥§ª®¢ Lk .� ç¥¨ï £ §®¤¨ ¬¨ç¥áª¨å ¢¥«¨ç¨ ¢ á¥à¥¤¨ å®âà¥§ª®¢ ®¯à¥¤¥«ïîâáï ª ª áà¥¤¨¥ ¬¥¦¤ã § ç¥¨-ï¬¨   ª®æ å. � áá¬®âà¨¬ á¯®á®¡ë ¤«ï ¢ëà ¦¥¨ï¯à®¨§¢®¤ëå. �¡à â¨¬áï ª à¨á. 3 ¨ à áá¬®âà¨¬,  -¯à¨¬¥à, ç¥âëà¥åã£®«ì¨ª M0; P1;M2; P2 . � áá¬®â-à¨¬ ¢¥«¨ç¨ã f , ®¯à¥¤¥«¥ãî ¢ ¢¥àè¨ å ç¥âë-à¥åã£®«ì¨ª  ¨  ©¤¥¬ ¥¥ ç áâë¥ ¯à®¨§¢®¤ë¥ @f@x ;@f@y ¢ â®çª¥ P3=2 .
���������	
��¨á. 3. �®âãà ¤«ï ¢ëç¨á«¥¨ï ç áâëå ¯à®¨§¢®¤ëå� áâë¥ ¯à®¨§¢®¤ë¥ ¬®¦® ¨áª âì ¤¢ã¬ï á¯®á®-¡ ¬¨: ¨á¯®«ì§ãï ä®à¬ã«ë �à¨  (9){(10), â. ¥ ç¥à¥§¨â¥£à « ¯® ª®âãàã 0123;@f@x = 1S Z@S fnx dl; (9)@f@y = 1S Z@S fny dl; (10)¨ ¨á¯®«ì§ãï ¯à®¨§¢®¤ë¥ ¯®  ¯à ¢«¥¨ï¬ l1; l2(11){(12): @f@l1 = @f@x @x@l1 + @f@y @y@l1 ; (11)@f@l2 = @f@x @x@l2 + @f@y @y@l2 : (12)� áªàë¢ ï ¨â¥£à «ë ¢ ä®à¬ã« å (9){(10) ¯®  «®£¨¨ á (7) ¨ à¥è ï á¨áâ¥¬ã (11){(12) ®â®á¨-â¥«ì® @f@x ; @f@y , ¬®¦® ¯®ª § âì, çâ® íâ¨ á¯®á®¡ëíª¢¨¢ «¥âë. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ä®à¬ã«ã, ¢ë-à ¦ îéãî ¯à®¨§¢®¤ãî ¢ P3=2 ç¥à¥§ ª®®à¤¨ âëã§«®¢ ª®âãà  0123 ¨ § ç¥¨ï äãªæ¨¨ ¢ íâ¨å



�¥áâ¨ª �®áª®¢áª®£® ã¨¢¥àá¨â¥â . �¥à¨ï 3. �¨§¨ª . �áâà®®¬¨ï. 2005. ò4 17ã§« å:@f@x = (f2 � f0)(y3 � y1) + (f1 � f3)(y2 � y0)2� ; (13)@f@y = (f2 � f0)(x1 � x3) + (f1 � f3)(x0 � x2)2� ; (14)£¤¥ � | ¯«®é ¤ì ç¥âëà¥åã£®«ì¨ª  0123 .� «¥¥, ¢ëà §¨¢ ª®¬¯®¥âë ¢¥ªâ®à  W ç¥à¥§£ §®¤¨ ¬¨ç¥áª¨¥ ¢¥«¨ç¨ë ¨ ç áâë¥ ¯à®¨§¢®¤ë¥,¬®¦¥¬ à¥è¨âì á¨áâ¥¬ã (8) ®â®á¨â¥«ì® �;u; p . �®-®â¢¥âáâ¢ãîé ï à §®áâ ï áå¥¬  ¯à¨¢¥¤¥  ¢ ¯à¨-«®¦¥¨¨.� ª ç¥áâ¢¥ ¯à¨¬¥à  à áç¥â  à áá¬®âà¨¬ § ¤ çã® à á¯ ¤¥ á¨«ì®£® à §àë¢  ¢ ¤¢ã¬¥à®¬ á«ãç ¥.�«¥¢  ®â à §àë¢  � = 8; p = 480 , á¯à ¢  � = 1;p = 1 . � ç¥¨ï ¤àã£¨å ¢¥«¨ç¨: u = 0;  = 5=3;Pr = Sc = 1; � = 0:5 (á¬. ¯à¨«®¦¥¨¥). � £ ¯®¢à¥¬¥¨ �t = 0:002 , £à ä¨ª¨ ¯à¨¢¥¤¥ë ¤«ï ¬®-¬¥â  ¢à¥¬¥¨ t = 4 . �«ï áà ¢¥¨ï á ®¤®¬¥àë¬à¥è¥¨¥¬ íâ®© § ¤ ç¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì á¥ç¥¨¥¢¤®«ì ®á¨ x . �  à¨á. 4, 5 ¨§®¡à ¦¥ë £à ä¨ª¨¯«®â®áâ¨ ¨ ¤ ¢«¥¨ï.
���������	
��¨á. 4. � á¯à¥¤¥«¥¨¥ ¯«®â®áâ¨
���������	
�����¨á. 5. � á¯à¥¤¥«¥¨¥ ¤ ¢«¥¨ï�à®¢¥¤¥ë¥ à áç¥âë ¯®ª §ë¢ îâ, çâ® ¯à¨ á£ã-é¥¨¨ á¥âª¨ à¥è¥¨¥ ¤¢ã¬¥à®© § ¤ ç¨ áâà¥¬¨âáïª  ¢â®¬®¤¥«ì®¬ã à¥è¥¨î.

�à¨«®¦¥¨¥� á¯¨è¥¬ à §®áâãî áå¥¬ã (8):�̂i = �i � �tS Xk �jxk+1=2nxk+1=2 + jyk+1=2nyk+1=2�Lk;ûxi = 1̂�i��iuxi � �tS Xk �h�xxk+1=2 � jxk+1=2uxk+1=2 � pi��nxk+1=2 + h�xyk+1=2 � jxk+1=2uyk+1=2inyk+1=2�Lk�;ûyi = 1̂�i��iuyi � �tS Xk �h�yxk+1=2 � jyk+1=2uxk+1=2inxk+1=2++ h�yyk+1=2 � jyk+1=2uyk+1=2 � pinyk+1=2�Lk�;Êi =Ei + �tS Xk ���xxk+1=2uxk+1=2 +�xyk+1=2uyk+1=2��qxk+1=2 � Ek+1=2 + pk+1=2�k+1=2 jxk+1=2�nxk+1=2++��yxk+1=2uxk+1=2 +�yyk+1=2uyk+1=2 � qyk+1=2��Ek+1=2 + pk+1=2�k+1=2 jyk+1=2�nyk+1=2�Lk;p̂i = ( � 1)�Êi � �̂i (ûxi )2 + (ûyi )22 � :�¤¥áì ¨¤¥ªá i | ®¬¥à ã§«  á¥âª¨, k | ®¬¥à ã§«  ª®âãà  L ,�k = �PKk=0 Lk;k+1K � pk�k��1=2 ; �k = pk Sc �k;�k+1=2 = �k + �k+12 ; pk+1=2 = pk + pk+12 ;uk+1=2 = uk +uk+12 ;�k+1=2 = �k + �k+12 ; �k+1=2 = �k + �k+12 ;Ek+1=2 = �k+1=2 (uxk+1=2)2 + (uyk+1=2)22 + 1 � 1pk+1=2;wxk+1=2 = �k+1=2�k+1=2 "� @@x�(ux)2�k+1=2++� @@y�uxuy�k+1=2 +�@p@x�k+1=2# ;wyk+1=2 = �k+1=2�k+1=2 "� @@x�uxuy�k+1=2++� @@y �(uy)2�k+1=2 +�@p@y�k+1=2# ;jxmk+1=2 = �k+1=2(uxi �wxi ); jymk+1=2 = �k+1=2(uyi �wyi );�xxnsk+1=2 = �k+1=2 "43 �@ux@x �k+1=2 � 23 �@uy@y �k+1=2# ;9 ���, ä¨§¨ª ,  áâà®®¬¨ï, ò4
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qxk+1=2 =��k+1=2Pr  � 1 � @@x p��k+1=2���k+1=2�k+1=2uxk+1=2� 1 � 1�uxk+1=2� @@x p��k+1=2++uyk+1=2� @@y p��k+1=2�+ pk+1=2�uxk+1=2� @@x 1��k+1=2++uyk+1=2� @@y 1��k+1=2��;qyk+1=2 =��k+1=2Pr  � 1 � @@y p��k+1=2���k+1=2�k+1=2uyk+1=2� 1 � 1�uxk+1=2� @@x p��k+1=2++uyk+1=2� @@y p��k+1=2�+ pk+1=2�uxk+1=2� @@x 1��k+1=2++uyk+1=2� @@y 1��k+1=2��:�¤¥áì K | ç¨á«® ã§«®¢ ¢ ª®âãà¥ L , Pr | ç¨á«® �à ¤â«ï,Sc | ç¨á«® �¬¨¤â ,  | ¯®ª § â¥«ì  ¤¨ ¡ âë, � | à¥£ã«ï-à¨§ â®à [0; 1] .�¢â®àë ¡« £®¤ àë �. �. �®¯®¢ã §  á®âàã¤¨ç¥-áâ¢®.�¨â¥à âãà 1. �¥à¥â®¢ �.�. � â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥ â¥ç¥¨©¦¨¤ª®áâ¨ ¨ £ §    ®á®¢¥ ª¢ §¨£¨¤à®¤¨ ¬¨ç¥áª¨å ¨ ª¢ -§¨£ §®¤¨ ¬¨ç¥áª¨å ãà ¢¥¨©. �¢¥àì, 2000.2. �«¨§ à®¢  �.�., �¥à¥â®¢ �.�. // �ãà. ¢ëç¨á«. ¬ â¥¬.¨ ¬ â¥¬. ä¨§. 2001. 41, ò2. C. 239.3. �®¯®¢ �.�., �®«ïª®¢ �.�. // � â¥¬. ¬®¤¥«¨à®¢ ¨¥. 2002.14, ò6. C. 25.4. � ¬ àáª¨© �.�. �¥®à¨ï à §®áâëå áå¥¬. �., 1989.5. �ã¤àï¢æ¥¢ �.�. �ãàá ¬ â¥¬ â¨ç¥áª®£®   «¨§ . �. 2, M.,1981.6. �®¦¤¥áâ¢¥áª¨© �.�., �¥ª® �.�. �¨áâ¥¬ë ª¢ §¨«¨¥©-ëå ãà ¢¥¨©. �., 1978. �®áâã¯¨«  ¢ p¥¤ ªæ¨î16.06.04


