
ÂÌÓ. Ñåðèÿ 3. ÔÈÇÈÊÀ. ÀÑÒ�ÎÍÎÌÈß. 2009. � 2 17Ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ àíòèñèììåòðè÷åñêèõ ðåøåíèéN-÷àñòè÷íîãî óðàâíåíèÿ Øð¼äèíãåðàÄ.Ñ. �îëèêîâÌîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà, �èçè÷åñêèé �àêóëüòåò,êà�åäðà êâàíòîâîé ñòàòèñòèêè è òåîðèè ïîëÿ. �îññèÿ, 119991, Ìîñêâà, Ëåíèíñêèå ãîðû, ä. 1, ñòð. 2.E-mail: dmitriy.golikov�gmail.om�àññìîòðåíû óðàâíåíèÿ, îïèñûâàþùèå ìàòåìàòè÷åñêóþ ìîäåëü ñèñòåìû �åðìèîíîâ. Ïðåäñòàâëåíîîáùåå ðåøåíèå ýòîé ñèñòåìû óðàâíåíèé ÷åðåç íå÷åòíóþ �óíêöèþ. Èññëåäîâàíà ñèñòåìà óðàâíåíèéâ âàðèàöèÿõ, ïîëó÷åíû óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ñïåêòðà. Äëÿ ÷àñòíîãî ðåøåíèÿ íàéäåíû ñîáñòâåí-íûå çíà÷åíèÿ óðàâíåíèé â âàðèàöèÿõ.PACS: 67.10.Fj.Êëþ÷åâûå ñëîâà: êâàíòîâàÿ ñòàòèñòèêà, êâàíòîâàÿ ìîäåëüíàÿ ñèñòåìà, óëüòðàâòîðè÷íîå êâàíòîâàíèå, óðàâíå-íèÿ â âàðèàöèÿõ, ýíåðãåòè÷åñêèé ñïåêòð âîçáóæäåíèé, Ôåðìè-÷àñòèöû.Ñòàòüÿ ïîñòóïèëà 24.01.2008, ïîäïèñàíà â ïå÷àòü 01.07.2008.Â çíàìåíèòîé ðàáîòå àêàäåìèêà Í.Í. Áîãîëþáîâà[1℄ ðàññìîòðåí N-÷àñòè÷íûé ãàìèëüòîíèàí ñî ñëàáûìâçàèìîäåéñòâèåì V (jri � rjj) ìåæäó ÷àñòèöàìè i è jäëÿ ñëó÷àÿ ñèììåòðè÷åñêèõ ðåøåíèé. Îñíîâíîå óñëîâèåÍ.Í. Áîãîëþáîâà ZV (r) dr3 > 0îçíà÷àåò, ÷òî â ðàññìàòðèâàåìîì âçàèìîäåéñòâèè â ñðåä-íåì ïðåâàëèðóåò îòòàëêèâàíèå. Åñëè æåZV (r) dr3 < 0,òî ñèñòåìà îêàçûâàåòñÿ íåóñòîé÷èâîé. Â [2℄ îñóùåñòâëåíïåðåõîä â ïîòåíöèàëå âçàèìîäåéñòâèÿ ê Æ -�óíêöèè, ÷òîñîîòâåòñòâóåò òåðìîäèíàìè÷åñêîìó ïðåäåëó.Êàê èçâåñòíî, ïðè ñáëèæåíèè ÷àñòèö â He3 è â He4ïðîèñõîäèò îòòàëêèâàíèå, à ïðè îòäàëåíèè èõ äðóã îòäðóãà � ïðèòÿæåíèå. Ìû ïîñòðîèì ìîäåëü äëÿ ñëó÷àÿ,êîãäà ZV (r) dr3 = 0, (1)ò. å. â ñðåäíåì íåò íè ïðèòÿæåíèÿ, íè îòòàëêèâàíèÿ,è ðàññìîòðèì àíòèñèììåòðè÷åñêèé ñëó÷àé, êîòîðûé, êàêèçâåñòíî, ñîîòâåòñòâóåò He3 .�àññìîòðèì ñèñòåìó �åðìèîíîâ íà òðåõìåðíîì òîðå Tñî ñòîðîíàìè L1 , L2 è L2 . Ñëåäóÿ ñîîáðàæåíèÿì òåðìî-äèíàìè÷åñêîãî ïðåäåëà, àíàëîãè÷íî èçëîæåííîìó â [2℄,â êà÷åñòâå ïîòåíöèàëà âçàèìîäåéñòâèÿ, îáëàäàþùåãîñâîéñòâîì (1), ìîæíî ïîëó÷èòüV (x, y) =V0�x Æ(x� y), (2)ãäå x, y 2 T � êîîðäèíàòû ÷àñòèö, Æ(x � y) � äåëü-òà-�óíêöèÿ Äèðàêà, �x � îïåðàòîð Ëàïëàñà, äåéñòâó-þùèé ïî àðãóìåíòó x .Àñèìïòîòèêà ñåðèé ñîáñòâåííûõ çíà÷åíèé ñèñòåìûN òîæäåñòâåííûõ �åðìèîíîâ â ïðåäåëå ïðè N !1îïðåäåëÿåòñÿ ðåøåíèÿìè ñëåäóþùåé ñèñòåìû óðàâíå-íèé [3℄:� 	h22m (�x ��y)G(x, y)�� Z dz�V (x, z)�V (y, z)�eR(x, z)R(z, y) = 0,

� 	h22m (�x +�y)R(x, y)�� Z dz�V (x, z)R(x, z)G(z, y)+V (y, z)R(z, y)G(z, x)�== 
R(x, y),� 	h22m (�x +�y)eR(x, y)�� Z dz�V (x, z)eR(x, z)G(y, z)+V (y, z)eR(z, y)G(x, z)�== 
eR(x, y). (3)Çäåñü m � ìàññà ÷àñòèö, 	h � ïîñòîÿííàÿ Ïëàíêà, 
 �äåéñòâèòåëüíîå ÷èñëî. Ôóíêöèè G(x, y), R(x, y), eR(x, y)çàäàíû íà L2(T 2), êðîìå òîãî, â ñëó÷àå �åðìèîíîâ�óíêöèè R(x, y), eR(x, y) àíòèñèììåòðè÷íû îòíîñèòåëüíîïåðåñòàíîâîê ïåðåìåííûõ x è y .Ó÷èòûâàÿ âèä ïîòåíöèàëà (2), ïîëó÷èì� 	h22m (�x ��y)G(x, y)��V0��z(eR(x, z)R(z, y))jz=x ��z(eR(x, z)R(z, y))jz=y� = 0,� 	h22m (�x +�y)R(x, y)��V0��z(G(z, y)R(x, z))jz=x +�z(G(z, x)R(z, y))jz=y� == 
R(x, y),� 	h22m (�x +�y)eR(x, y)��V0��z(G(y, z)eR(x, z))jz=x +�z(G(x, z)eR(z, y))jz=y� == 
eR(x, y). (4)Óðàâíåíèÿ (4) äîïóñêàþò ïîäñòàíîâêóG(x, y) = 1L1L22 e�ik(x�y)Xl Gleil(x�y),eR(x, y) = 1L1L22 e�ik(x+y)Xl eRleil(x�y), (5)R(x, y) = 1L1L22 eik(x+y)Xl Rleil(x�y),9 ÂÌÓ. Ôèçèêà. Àñòðîíîìèÿ. � 2



18 ÂÌÓ. Ñåðèÿ 3. ÔÈÇÈÊÀ. ÀÑÒ�ÎÍÎÌÈß. 2009. � 2ãäå k , l � òðåõìåðíûå âåêòîðû âèäà2��n1L1 , n2L2 , n3L2� , (6)n1 , n2 , n3 � öåëûå ÷èñëà. Â ñèëó àíòèñèììåòðèè�óíêöèé R(x, y) è eR(x, y) äîëæíû âûïîëíÿòüñÿ óñëîâèÿRl =�R�l , eRl =�eR�l . (7)Ïîñëå ïîäñòàíîâêè (5) â (4) ïîëó÷èì óðàâíåíèÿerRl � reRl = 0,
eRl = 	h2m (k2 + l2)eRl + 2V0ler(Gl +G�l),
Rl = 	h2m (k2 + l2)Rl + 2V0lr(Gl +G�l), (8)ãäå r , er � ñëåäóþùèå âåêòîðû:r = 1L1L22 Xl lRl , er = 1L1L22 Xl leRl . (9)Îáùåå ðåøåíèå ñèñòåìû óðàâíåíèé (8) èìååò âèäRl =� 2V0lr(Gl +G�l)	h2(k2 + l2)/m�
 , eRl =� 2V0ler(Gl +G�l)	h2(k2 + l2)/m�
 .(10)Ïîäñòàíîâêà (10) â ñîîòíîøåíèÿ (9) ïðèâîäèò ê ðàâåí-ñòâàì r =� 4V0L1L22 Xl (r, l) lGl	h2(k2 + l2)/m�
 ,er =� 4V0L1L22 Xl (er, l) lGl	h2(k2 + l2)/m�
 , (11)ãäå ñêîáêàìè (�, �) îòìå÷åíî ñêàëÿðíîå ïðîèçâåäåíèåâåêòîðîâ. Êàæäîå èç ýòèõ óðàâíåíèé ïðåäñòàâëÿåò ñîáîéîäíîðîäíóþ ñèñòåìó òðåõ óðàâíåíèé îòíîñèòåëüíî êîì-ïîíåíò âåêòîðà r è êîìïîíåíò âåêòîðà er .Çàìåòèì, ÷òî â îäíîìåðíîì ñëó÷àå óñëîâèÿ (11) ïðå-âðàùàþòñÿ â ðàâåíñòâî� 4V0L1L22 Xl l2Gl	h2(k2 + l2)/m�
 = 1.Óðàâíåíèÿ (8) ìîæíî ïðåäñòàâèòü â âèäå[Al ,Ll℄ = 0. (12)Ìàòðèöû Ll è Al èìåþò âèäLl = e"l �V e�lV�l �e"�l! , Al = Gl eRl�Rl �G�l! , (13)ãäå e"l = 	h22m (k1 � l)2 � 
2 , �l = 2lr, e�l = 2ler, (14)à r , er âûðàæàþòñÿ �îðìóëîé (9).�àññìîòðèì ðåøåíèÿ óðàâíåíèÿ (12) âèäàAl = f (Ll). (15)Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû Ll ðàâíûe��l =�	h2m kl � �l ,

ãäå �l =�q"2l �V 2e�l�l .Èç (15) äëÿ ìàòðèö (13) ñëåäóåò:Gl = �l + "l2�l f (e�+l ) + �l � "l2�l f (e��l ),G�l =��l � "l2�l f (e�+l )� �l + "l2�l f (e��l ), (16)Rl = V�l2�l �f (e��l )� f (e�+l )�, eRl = V e�l2�l �f (e��l )� f (e�+l )�,ãäå "l = e"l +e"�l2 = 	h22m�k21 + l2�� 
2 .Ïîäñòàíîâêà Rl è eRl âèäà (16) â âûðàæåíèÿ (9) ïðèâîäèòê óðàâíåíèÿìr = V02L1L22 Xl l�l�l �f (e��l )� f (e�+l )�,er = V02L1L22 Xl le�l�l �f (e��l )� f (e�+l )�, (17)ñîâïàäàþùèìè â ñèëó (16) ñ óðàâíåíèÿìè (11). Â îäíî-ìåðíîì ñëó÷àå ýòè óðàâíåíèÿ ñâîäÿòñÿ ê óñëîâèþV0L1L22 Xl l2�l �f (e��l )� f (e�+l )� = 1. (18)Ôóíêöèÿ f (x) íå ñîâñåì ïðîèçâîëüíà. Èç óñëîâèéàíòèñèììåòðèè (7), ðàâåíñòâàGl �G�l =�(G�l �G�(�l))ñëåäóåò, ÷òî äëÿ f (x) äîëæíû âûïîëíÿòüñÿ ñîîòíîøåíèÿf  �	h2m kl + �l!� f  �	h2m kl � �l!== f  	h2m kl + �l!� f  	h2m kl � �l! ,f  �	h2m kl + �l!+ f  �	h2m kl � �l!==�f  	h2m kl + �l!� f  	h2m kl ��l! .Ñêëàäûâàÿ è âû÷èòàÿ ýòè óðàâíåíèÿ, ïîëó÷èìf  �	h2m kl + �l!=�f  	h2m kl ��l! ,f  �	h2m kl � �l!=�f  	h2m kl + �l! .Ýòèì óñëîâèÿì äëÿ ëþáûõ çíà÷åíèé k óäîâëåòâîðÿþòíå÷åòíûå �óíêöèè f (�) =�f (��).Â ñëó÷àå êîãäà k= 0, â ñèëó (16)Gl =G�l.Òàêèì îáðàçîì, ðåøåíèÿ (16) îïðåäåëÿþòñÿ íå÷åòíîé�óíêöèåé f (�) è ïàðàìåòðàìè r , er , óäîâëåòâîðÿþùèìèóðàâíåíèÿì (18).



ÒÅÎ�ÅÒÈ×ÅÑÊÀß È ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÔÈÇÈÊÀ 19�àññìîòðèì ñèñòåìó óðàâíåíèé â âàðèàöèÿõ [4℄, îòâå-÷àþùóþ óðàâíåíèÿì (3):� �ÆG(x, y) = 	h22m (�x ��y)ÆG(x, y)++ Z dz (V (x, z)�V (y, z))�eR(x, z)ÆR(z, y) ++ ÆeR(x, z)R(z, y)�,(
� �)ÆR(x, y) = � 	h22m (�x +�y)! ÆR(x, y)�� Z dzV (x, z)(R(x, z)ÆG(z, y)+ ÆR(x, z)G(z, y))�� Z dzV (y, z)(R(z, y)ÆG(z, x)+ ÆR(z, y)G(z, x)),(
+ �)ÆeR(x, y) = � 	h22m (�x +�y)! ÆeR(x, y)�� Z dzV (x, z)�eR(x, z)ÆG(y, z)+ ÆeR(x, z)G(y, z)��� Z dzV (y, z)�eR(z, y)ÆG(x, z) + ÆeR(z, y)G(x, z)�.
(19)

�åøåíèå ýòèõ óðàâíåíèé â ñëó÷àå ïîòåíöèàëà (2) áóäåìèñêàòü â âèäåÆG(x, y) = 1L1L22 e�ik1(x�y)Xpq ÆGpqeipx+iqy,ÆeR(x, y) = 1L1L22 e�ik1(x+y)Xpq ÆeRleipx+iqy,ÆR(x, y) = 1L1L22 eik1(x+y)Xpq ÆRpqeipx+iqy. (20)
Â ñèëó àíòèñèììåòðèè �óíêöèé ÆR(x, y), ÆeR(x, y) äîëæ-íû âûïîëíÿòüñÿ ñîîòíîøåíèÿÆRpq =�ÆRqp, ÆeRpq =�ÆeRqp.Ïîäñòàíîâêà (20) â óðàâíåíèÿ (19) ïðèâîäèò ê óðàâíå-íèÿì�e"p�e"�q � ��ÆGpq �V0e�pÆRpq �V0�qÆeRpq ��V0(p� q)�RqBp+q + eRpAp+q�= 0,�e"�p +e"�q + ��ÆRpq �V0�pÆGpq +V0�qÆGqp ++V0(p� q)(G�p +G�q)Ap+q = 0,�e"p +e"q � ��ÆeRpq �V0e�pÆGqp +V0e�qÆGpq ++V0(p� q)(Gp +Gq)Bp+q = 0, (21)
ãäåAk = 1L1L22 Xs sÆRk�s,s, Bk = 1L1L22 Xs sÆeRk�s,s, (22)ñóììèðîâàíèå ïðîèçâîäèòñÿ ïî âñåì âåêòîðàì s âèäà (6),à �l , e�l îïðåäåëåíû ñîîòíîøåíèÿìè (14).

Óðàâíåíèÿ (21) ïîñëå ïîäñòàíîâêè ÆGpq , ÆGqp ìîæíîïðèâåñòè ê âèäóÆGpq = V0e"p �e"�q � � �� �e�pÆRpq + �qÆeRpq + (p� q)RqBp+q + (p� q)eRpAp+q�,�e"�p +e"�q + ��ÆRpq +V0(p� q)(G�p +G�q)Ap+q �� V 20 �pe"p �e"�q � � �� �e�pÆRpq + �qÆeRpq + (p� q)RqBp+q + (p� q)eRpAp+q��� V 20 �qe"q �e"�p� � �� �e�qÆRpq +�pÆeRpq + (p� q)RpBp+q + (p� q)eRqAp+q� = 0,�e"p +e"q � ��ÆeRpq +V0(p� q)(Gp +Gq)Bp+q ++ V 20 e�qe"p �e"�q � � �� �e�pÆRpq + �qÆeRpq + (p� q)RqBp+q + (p� q)eRpAp+q�++ V 20 e�pe"q �e"�p � � �� �e�qÆRpq +�pÆeRpq + (p� q)RpBp+q + (p� q)eRqAp+q� = 0.(23)Èç óðàâíåíèé (23) ñëåäóåò, ÷òî ÆRpq , ÆeRpq âûðàæàþòñÿ÷åðåç Ap+q , Bp+q ñëåäóþùèì îáðàçîì:ÆRpq = �p,qAp+q + �p,qBp+q,ÆeRpq = �p,qAp+q + �p,qBp+q, (24)ãäå�p,q = M4,p,qDp,q V0(p� q)�� V0�peRpe"p �e"�q � � + V0�qeRqe"q �e"�p � � �G�p�G�q!++ M2,p,qDp,q V 20 (p� q) e�qeRpe"p �e"�q � � + e�peRqe"q �e"�p � �!,�p,q = M4,p,qDp,q V 20 (p� q)� �pRqe"p �e"�q � � + �qRpe"q �e"�p� ��++M2,p,qDp,q V0(p�q)� V0e�qRqe"p �e"�q � � + V0e�pRpe"q �e"�p � � +Gp +Gq�,�p,q =�M1,p,qDp,q V 20 (p� q) e�qeRpe"p �e"�q � � + e�peRqe"q �e"�p � �!��M3,p,qDp,q V0(p�q) V0�peRpe"p�e"�q�� + V0�qeRqe"q�e"�p�� �G�p �G�q!,�p,q =�M1,p,qDp,q V0(p� q)��� V0e�qRqe"p �e"�q � � + V0e�pRpe"q �e"�p� � +Gp +Gq��� M3,p,qDp,q V 20 (p� q)� �pRqe"p �e"�q � � + �qRpe"q �e"�p � ��, (25)Dp,q =M1,p,qM4,p,q �M2,p,qM3,p,q, (26)10 ÂÌÓ. Ôèçèêà. Àñòðîíîìèÿ. � 2



20 ÂÌÓ. Ñåðèÿ 3. ÔÈÇÈÊÀ. ÀÑÒ�ÎÍÎÌÈß. 2009. � 2M1,p,q = e"�p +e"�q + �� V 20 �pe�pe"p �e"�q � � � V 20 �qe�qe"q �e"�p� � ,M2,p,q =� V 20 �p�qe"p �e"�q �� � V 20 �p�qe"q �e"�p� � ,M3,p,q = V 20 e�pe�qe"p�e"�q � � + V 20 e�pe�qe"q �e"�p� � ,M4,p,q = e"p +e"q � �+ V 20 �qe�qe"p �e"�q � � + V 20 �pe�pe"q �e"�p� � .Ïîäñòàíîâêà (24) â (22) ïðèâîäèò ê îäíîðîäíîé ñèñòåìåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî êîìïîíåíò âåêòîðîâAp , Bp Ap = 1L1L22 Xs s((�p�s,s,Ap) + (�p�s,s,Bp)),Bp = 1L1L22 Xs s((�p�s,s,Ap) + (�p�s,s,Bp)), (27)ãäå ñêîáêàìè îòìå÷åíî ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ.Ñèñòåìà ëèíåéíûõ óðàâíåíèé (21) èìååò ðåøåíèÿÆG(l)p,q , ÆR(l)p,q , ÆeR(l)p,q , îáëàäàþùèå ñâîéñòâîìÆG(l)p,q = ÆR(l)p,q = ÆeR(l)p,q = 0 ïðè p+ q 6= l. (28)Äëÿ ðåøåíèé (28) èìåþò ìåñòî ñîîòíîøåíèÿAk = 0, Bk = 0 ïðè k 6= l.Ñëåäîâàòåëüíî, äëÿ ýòèõ ðåøåíèé áåñêîíå÷íàÿ ñèñòåìàóðàâíåíèé (27) ñâîäèòñÿ ê îäíîðîäíîé ñèñòåìå äâóõâåêòîðíûõ óðàâíåíèé ïðè k= l . �àâåíñòâî íóëþ ñîîòâåò-ñòâóþùåãî äåòåðìèíàíòà ïðåäñòàâëÿåò ñîáîé óðàâíåíèåäëÿ îïðåäåëåíèÿ ñïåêòðà.×àñòíîå ðåøåíèåÑèñòåìà óðàâíåíèé (8) èìååò ðåøåíèåGp = Æp,0, Rp = eRp = 0.Ïîäñòàíîâêà ýòîãî ðåøåíèÿ â óðàâíåíèÿ (21) äëÿ ðåøå-íèé óðàâíåíèé â âàðèàöèÿõ (28) ñ ó÷åòîì (22)Al = 1L1L22 lÆR0,l , Bl = 1L1L22 lÆeR0,lïðèâîäèò ê ñèñòåìå ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíîA1,l , B1,l , êîòîðàÿ ìîæåò áûòü çàïèñàíà â âèäåQlXl = 0,

ãäå Ql =0BB�e"�l +e"0 + �� V0l2L1L22 00 e"l +e"0 � �� V0l2L1L221CCA ,Xl = A1,lB1,l! .Èç óñëîâèÿ ðàâåíñòâà íóëþ äåòåðìèíàíòà ìàòðèöû QldetQl =�e"�l +e"0 + �� V0l2L1L22��e"l +e"0 � �� V0l2L1L22�= 0íàõîäèì ñîîòâåòñòâóþùèé ñïåêòð êâàçè÷àñòèö�1,l = e"l +e"0 � V0l2L1L22 , �2,l =�e"�l �e"0 + V0l2L1L22 .Ó÷èòûâàÿ, ÷òî e"l = 	h22m (k� l)2 � 
2 ,ïîëó÷èì �1,l = 	h2l(l � 2k)2m + 	h2k2m �
� V0l2L1L22 ,�2,l =�	h2l(l + 2k)2m � 	h2k2m +
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