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�àññìîòðèì ñèñòåìó N òîæäåñòâåííûõ áîçîíîâ íàòðåõìåðíîì òîðå T ñî ñòîðîíàìè äëèíû L . Óðàâíåíèåäëÿ ìàòðèöû ïëîòíîñòè, ñîîòâåòñòâóþùåå ýòîé ñèñòåìå,èìååò âèäi���t (x1, y1; . . . ; xN , yN , t) == �bHN (x)� bHN (y)��(x1, y1; . . . ; xN , yN , t). (1)Çäåñü bHN (x) � îïåðàòîð â ïðîñòðàíñòâå �óíêöèéL2(TN ) , êîòîðûé äåéñòâóåò íà � 2 L2(TN ) ñëåäóþùèìîáðàçîì:bHN (x)�(x1, . . . , xN ) == � 	h22m NXi=1 �xi+ NXi=1 NXj=i+1V� 3pN(xi � xj)�!�(x1, . . . , xN ),ãäå �xi � îïåðàòîð Ëàïëàñà, äåéñòâóþùèé íà àðãóìåíòxi 2 T , V (�) � ãëàäêàÿ ÷åòíàÿ �óíêöèÿ íà òîðå T .Ôóíêöèÿ �(x1, y1; . . . ; xN , yN , t) ñèììåòðè÷íà îòíî-ñèòåëüíî ïåðåñòàíîâîê ïåðåìåííûõ xi è xj , à òàêæåîòíîñèòåëüíî ïåðåñòàíîâîê ïåðåìåííûõ yi è yj ïðèëþáûõ i, j = 1, . . . ,N è óäîâëåòâîðÿåò óñëîâèÿì�(x1, y1; . . . ; xN , yN , t) = ��(y1, x1; . . . ; yN , xN , t),Z � � � Z dx1 . . .dxN �(x1, x1; . . . ; xN , xN , t) <1.Êðîìå òîãî, ñëåäóÿ [1℄, áóäåì ñ÷èòàòü, ÷òî �óíê-öèÿ �(x1, y1; . . . ; xN , yN , t) ÿâëÿåòñÿ ÿäðîì ïîëîæèòåëü-íî îïðåäåëåííîãî îïåðàòîðà è ïðåäñòàâëÿåòñÿ â âèäå�(x1, y1; . . . ; xN , yN , t) = Z � � � Z dz1 � � �dzN �� d�(z1, x1; . . . ; zN , xN , t)d(z1, y1; . . . ; zN , yN , t),ãäå d(x1, y1; . . . ; xN , yN , t) � ìàòðèöà ïîëóïëîòíîñòè,ñèììåòðè÷íàÿ �óíêöèÿ ïåðåìåííûõ x è y , êîòîðàÿïðèíàäëåæèò ïðîñòðàíñòâó L2(T2N ) è óäîâëåòâîðÿåòóðàâíåíèþ, àíàëîãè÷íîìó (1):i�d�t (x1, y1; . . . ; xN , yN , t) == �bHN (x)� bHN (y)�d(x1, y1; . . . ; xN , yN , t). (2)

Âñëåäñòâèå ñèììåòðèè �óíêöèè d(x1, y1; . . .. . . ; xN , yN , t) îòíîñèòåëüíî ïåðåìåííûõ x è y îíàòàêæå ñèììåòðè÷íà îòíîñèòåëüíî ïåðåñòàíîâîê ïàðïåðåìåííûõ (xi, yi) è (xj, yj) . Ïîýòîìó, ñëåäóÿ ìîíî-ãðà�èè [2℄, ðàññìîòðèì óðàâíåíèå (2) â ïðåäñòàâëåíèèóëüòðàâòîðè÷íîãî êâàíòîâàíèÿ ïî ïàðàì.Ïðîñòðàíñòâî óëüòðàâòîðè÷íîãî êâàíòîâàíèÿ [3℄â ñëó÷àå áîçîíîâ ïðè êâàíòîâàíèè ïî ïàðàì ïðåäñòàâ-ëÿåò ñîáîé áîçîííîå ïðîñòðàíñòâî Ôîêà FSymm [4℄.Ýëåìåíòàìè ýòîãî ïðîñòðàíñòâà ÿâëÿþòñÿ âåêòîðû âèäà
j	i= 1XM=0 1pM! Z � � � Z dx1 � � �dxM dy1 � � �dyM ��	M(x1, y1; . . . ; xM, yM)bb+(x1, y1; x2, y2) � � �� � �bb+(xM�1, yM1�; xM, yM) j0i, (3)ãäå xi 2 T , j0i � âàêóóìíûé âåêòîð ïðîñòðàí-ñòâà FSymm , îáëàäàþùèé ñâîéñòâîìbb(x1, y1; x2, y2) j0i= 0,bb+(x1, y1; x2, y2) , bb(x1, y1; x2, y2) � îïåðàòîðû ðîæäåíèÿè óíè÷òîæåíèÿ ïàðû ÷àñòèö â FSymm , à �óíêöèè	M(x1, y1; . . . ; xM, yM) 2 L2(T2M) , ñèììåòðè÷íûå îòíîñè-òåëüíî ïåðåñòàíîâîê ïàð ïåðåìåííûõ, óäîâëåòâîðÿþòóñëîâèþ1XM=0 Z � � � Z dx1 � � �dxM dy1 � � �dyM �� j	M(x1, y1; . . . ; xM, yM)j2 <1. (4)Îïåðàòîðû ðîæäåíèÿ è óíè÷òîæåíèÿ ïîä÷èíÿþòñÿ êîì-ìóòàöèîííûì ñîîòíîøåíèÿì�bb(x1, y1; x2, y2),bb+(x01, y01; x02, y02)�� == Æ(x1 � x01)Æ(y1 � y01)Æ(x2 � x02)Æ(y2 � y02),�bb(x1, y1; x2, y2),bb(x01, y01; x02, y02)�� == �bb+(x1, y1; x2, y2),bb+(x01, y01; x02, y02)�� = 0,



ÒÅÎ�ÅÒÈ×ÅÑÊÀß È ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÔÈÇÈÊÀ 39ãäå Æ(x) � äåëüòà-�óíêöèÿ Äèðàêà. Îïåðàòîð ÷èñëà ïàð÷àñòèö â ïðîñòðàíñòâå FSymm èìååò âèäbN = ZZ dx1 dx2 dy1 dy2 bb+(x1, y1; x2, y2)bb(x1, y1; x2, y2).Â ñîîòâåòñòâèè ñ [2℄ îïåðàòîðó bHN ñîîòâåòñòâóåòóëüòðàâòîðè÷íî êâàíòîâàííûé îïåðàòîð �àìèëüòîíà bHñëåäóþùåãî âèäà:bH = 1XN=0 Z � � � Z dx1 dy1 � � �dx2N dy2N 2bb+(x1, y1; x2, y2) � � �
� � � 2bb+(x2N�1, y2N�1; x2N , y2N )�bH2N (x)� bH2N (y)��� Symmx1,...,x2N�1bb(x1, y1; x2, y2) � � � 1bb(x2N�1, y2N�1; x2N , y2N )��

�exp �ZZdu1 dv1 du2 dv2 2bb+(u1, v1;u2, v2)1bb(u1, v1;u2, v2)!,(5)ãäå ÷èñëî íàä îïåðàòîðîì îáîçíà÷àåò ïîðÿäîê äåé-ñòâèÿ [5℄, Symmx1,...,x2M � îïåðàòîð ñèììåòðèçàöèè ïîïåðåìåííûì x1, . . . , x2M .Îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ ïðîñòðàí-ñòâà F , ñîñòîÿùåãî èç âñåõ âåêòîðîâ (3), óäîâëåòâîðÿ-þùèõ (4), íà ïîäïðîñòðàíñòâî FSymm èìååò âèäbE = 1XN=0 Z � � � Z dx1 dy1 � � �dx2N dy2N 2bb+(x1, y1; x2, y2) � � �
� � � 2bb+(x2N�1, y2N�1; x2N , y2N )�� Symmx1,...,x2N�1bb(x1, y1; x2, y2) � � � 1bb(x2N�1, y2N�1; x2N , y2N )��

�exp �ZZdu1 dv1 du2 dv2 2bb+(u1, v1;u2, v2)1bb(u1, v1;u2, v2)!.Óòâåðæäåíèå. Óðàâíåíèå äëÿ ìàòðèöû ïîëóïëîò-íîñòè (2) â ïðåäñòàâëåíèè óëüòðàâòîðè÷íîãî êâàí-òîâàíèÿ èìååò âèäi ��t bE j	(t)i= bH j	(t)i, (6)ãäåj	(t)i= 1XM=0 1pM! Z � � � Z dx1 . . .dxM dy1 � � �dyM �� d(x1, y1; . . . ; xM, yM, t)�� bb+(x1, y1; x2, y2) � � �bb+(xM�1, yM1�; xM, yM) j0i� çàâèñÿùèé îò âðåìåíè t âåêòîð áîçîííîãî �îêîâ-ñêîãî ïðîñòðàíñòâà FSymm , óäîâëåòâîðÿþùèé ñîîò-íîøåíèÿì bN j	(t)i= N2 j	(t)i, bE j	(t)i 6= 0,N � ïðîèçâîëüíîå ÷åòíîå íàòóðàëüíîå ÷èñëî, bEè bH � ñîîòâåòñòâåííî óëüòðàâòîðè÷íî êâàíòîâàí-

íûé åäèíè÷íûé îïåðàòîð è óëüòðàâòîðè÷íî êâàí-òîâàííûé ãàìèëüòîíèàí óðàâíåíèÿ äëÿ ìàòðèöûïîëóïëîòíîñòè â ïðîñòðàíñòâå FSymm .Óòâåðæäåíèå. Ïóñòü âåêòîð j	(t)i 2 FSymm ÿâëÿ-åòñÿ ðåøåíèåì óðàâíåíèÿi ��t bE j	(t)i= bH j	(t)i (7)è óäîâëåòâîðÿåò óñëîâèÿìbN j	(t)i= N2 j	(t)i, bE j	(t)i 6= 0,ãäå N � ïðîèçâîëüíîå ÷åòíîå íàòóðàëüíîå ÷èñëî.Òîãäà �óíêöèÿd(x1, y1; . . . ; xN , yN ) = 1pN ! �� h0��bb(x1, y1; x2, y2) � � �bb(xN�1, yN�1; xN , yN )	(t)i (8)ÿâëÿåòñÿ ñèììåòðè÷íîé îòíîñèòåëüíî ïåðåñòàíîâîêïàð ïåðåìåííûõ è óäîâëåòâîðÿåò óðàâíåíèþ (2).Â ðàáîòàõ Â.Ï. Ìàñëîâà [6, 7℄ áûëî ïîëó÷åíîòîæäåñòâî äëÿ óëüòðàâòîðè÷íî êâàíòîâàííîãî ãàìèëü-òîíèàíà, îòâå÷àþùåãî óðàâíåíèþ Øð¼äèíãåðà. Àíàëî-ãè÷íîå òîæäåñòâî ñïðàâåäëèâî â ñëó÷àå óðàâíåíèÿ äëÿìàòðèöû ïëîòíîñòè.Òåîðåìà. Ñïðàâåäëèâî òîæäåñòâîbH = bEbA, (9)ãäå bA � îïåðàòîð â ïðîñòðàíñòâå óëüòðàâòîðè÷íîãîêâàíòîâàíèÿ FSymm , çàâèñÿùèé îò íàáîðà ïàðàìåò-ðîâ fa, b,�,�g , èìååò âèäbA=� 	h22m Z dx1 dy1 dx2 dy2 bb+(x1, y1; x2, y2)�� (�x1 ��y1 +�x2 ��y2)bb(x1, y1; x2, y2) ++ Z dx1 dy1 dx2 dy2 Symmx1,x2 fagSymmy1,y2 fbg�bb+(x1, y1; x2, y2)��� �V�3pN(x1 � x2)��V� 3pN(y1 � y2)��bb(x1, y1; x2, y2) ++ 2 Z dx1 dy1 � � �dx4 dy4 �� Symmx1,x2,x3,x4f�g Symmy1,y2,y3,y4f�g�bb+(x1, y1; x2, y2)bb+(x3, y3; x4, y4)��� �V� 3pN(x1 � x2)�bb(x1, y3; x4, y4)bb(x2, y1; x3, y2)��V� 3pN(y1 � y2)�bb(x3, y1; x4, y4)bb(x1, y2; x2, y3)�.Îïåðàòîð Symmx1,...,xN fag äåéñòâóåò íà �óíêöèþ, çàâèñÿ-ùóþ îò àðãóìåíòîâ x1, . . . .xN , êàê ¾ñèììåòðèçàòîðñ êîý��èöèåíòàìè¿:Symmx1,...,xN fagf (x1, . . . .xN ) =Xak1...kN f (xk1 , . . . , xkN ),ãäå ñóììèðîâàíèå ïðîèçâîäèòñÿ ïî âñåì ïåðåñòà-íîâêàì ki , ïðèíèìàþùèì çíà÷åíèÿ îò 1 äî N ,à Pak1...kN = 1 .Äîêàçàòåëüñòâî. �àâåíñòâî (9) ñëåäóåò èç êîì-ìóòàöèîííûõ ñîîòíîøåíèé äëÿ îïåðàòîðîâ ðîæäåíèÿè óíè÷òîæåíèÿ è èç âèäà îïåðàòîðîâ bH , bE è bA. �20 ÂÌÓ. Ôèçèêà. Àñòðîíîìèÿ. � 6



40 ÂÌÓ. Ñåðèÿ 3. ÔÈÇÈÊÀ. ÀÑÒ�ÎÍÎÌÈß. 2010. � 6Îïåðàòîð bA èìååò âèäNA"bb+(�)pN , bb(�)pN # ,ãäå A[�+(�),�(�)℄ � ñëåäóþùèé �óíêöèîíàë (íèæåàðãóìåíòû ýòîãî �óíêöèîíàëà áóäåì îïóñêàòü):A=� 	h22m Z dx1 dy1 dx2 dy2�+(x1, y1; x2, y2)�� (�x1 ��y1 +�x2 ��y2)�(x1, y1; x2, y2) ++ Z dx1 dy1 dx2 dy2 Symmx1,x2 fagSymmy1,y2 fbg��+(x1, y1; x2, y2)��� �V� 3pN(x1 � x2)��V�3pN(y1 � y2)���(x1, y1; x2, y2) ++ 2N Z dx1 dy1 � � �dx4 dy4 �� Symmx1,x2,x3,x4f�g Symmy1,y2,y3,y4f�g��+(x1, y1; x2, y2)�+(x3, y3; x4, y4)��� �V� 3pN(x1 � x2)��(x1, y3; x4, y4)�(x2, y1; x3, y2)��V�3pN(y1 � y2)��(x3, y1; x4, y4)�(x1, y2; x2, y3)�.Ôóíêöèè �+(x1, y1; x2, y2), �(x1, y1; x2, y2) 2 L2(T4)ÿâëÿþòñÿ ñèìâîëàìè îïåðàòîðîâ ðîæäåíèÿbb+(x1, y1; x2, y2) è óíè÷òîæåíèÿ bb(x1, y1; x2, y2) ñîîòâåò-ñòâåííî è óäîâëåòâîðÿþò óñëîâèþZ dx1 dy1 dx2 dy2�+(x1, y1; x2, y2)�(x1, y1; x2, y2) = 12.(10)Äàëåå áóäåì ñ÷èòàòü èõ ñèììåòðè÷íûìè îòíîñèòåëüíîïåðåñòàíîâîê ïåðåìåííûõ x1, x2 è ïåðåìåííûõ y1, y2 .Âûáîð îïåðàòîðà bA, êàê è ñîîòâåòñòâóþùåãî åìóñèìâîëà, íåîäíîçíà÷åí. Íèæå áóäåì ðàññìàòðèâàòü ñëó-÷àé �1...N = 1, �1...N = 1, îñòàëüíûå �k1...kN è �k1...kNðàâíû íóëþ. Ïîòåíöèàë âçàèìîäåéñòâèÿ çàâèñèò îò Nòàêèì îáðàçîì, ÷òî ðàäèóñ ïîòåíöèàëà âçàèìîäåéñòâèÿóìåíüøàåòñÿ ñ óâåëè÷åíèåì ÷èñëà ÷àñòèö N , òàê ÷òîâåëè÷èíà NV�3pN(x� y)� â ñëàáîì ñìûñëå ñõîäèòñÿê äåëüòà-�óíêöèè Äèðàêà Æ(x� y) . Â ýòîì ñëó÷àå ïðèN !1 ñèìâîë ïðèìåò âèäAI =� 	h22m Z dx1 dy1 dx2 dy2�+(x1, y1; x2, y2)�� (�x1 ��y1 +�x2 ��y2)�(x1, y1; x2, y2) ++2NZdx1 dy1 � � �dx4 dy4�+(x1, y1; x2, y2)�+(x3, y3; x4, y4)�� �V� 3pN(x1 � x2)��(x1, y3; x4, y4)�(x2, y1; x3, y2)��V�3pN(y1 � y2)��(x3, y1; x4, y4)�(x1, y2; x2, y3)�.Àíàëîã �óíêöèîíàëà AI , âîçíèêàþùèé ïðè óëüòðà-âòîðè÷íîì êâàíòîâàíèè óðàâíåíèÿ Øð¼äèíãåðà, â ðà-áîòå [7℄ íàçâàí èñòèííûì ñèìâîëîì óëüòðàâòîðè÷íîêâàíòîâàííîé çàäà÷è. Ôóíêöèîíàë AI áóäåì íàçûâàòüèñòèííûì ñèìâîëîì óëüòðàâòîðè÷íî êâàíòîâàííîãî ãà-ìèëüòîíèàíà (5) óðàâíåíèÿ äëÿ ìàòðèöû ïîëóïëîòíî-ñòè, èëè ñèìâîëîì Ìàñëîâà.

�àññìîòðèì çàäà÷ó î íàõîæäåíèè àñèìïòîòèêè ðå-øåíèé óðàâíåíèÿ (7) â ïðåäåëå ïðè N !1 . Ñîãëàñ-íî [1, 6, 7℄, ýòà àñèìïòîòèêà îïðåäåëÿåòñÿ ïåðè-îäè÷åñêèìè ðåøåíèÿìè ñîîòâåòñòâóþùåé èñòèííîìóñèìâîëó ñèñòåìû óðàâíåíèé �àìèëüòîíà è ñèñòåìûóðàâíåíèé â âàðèàöèÿõ.Èñòèííîìó ñèìâîëó AI ñîîòâåòñòâóåò ñèñòåìà óðàâ-íåíèé �àìèëüòîíài
�(x1, y1; x2, y2, t) = ÆAIÆ�+(x1, y1; x2, y2, t) ,�i
�+(x1, y1; x2, y2, t) = ÆAIÆ�(x1, y1; x2, y2, t) . (11)
Áóäåì èñêàòü ïåðèîäè÷åñêèå ðåøåíèÿ ñèñòåìû óðàâíå-íèé �àìèëüòîíà â êëàññå ñèììåòðè÷íûõ îòíîñèòåëüíîïåðåñòàíîâîê ïàð ïåðåìåííûõ �óíêöèé âèäà�(x1, y1; x2, y2, t) =p2e�i!t�(x1, x2)��(y1, y2),�+(x1, y1; x2, y2, t) =p2ei!t�+(x1, x2)�+�(y1, y2), (12)
ãäå �(x, y) , �+(x, y) ñèììåòðè÷íû:�(x, y) =�(y, x), �+(x, y) =�+(y, x)è óäîâëåòâîðÿþò óñëîâèþZZ dx dy�+(x, y)�(x, y) = 12. (13)Òåîðåìà. Ïóñòü �óíêöèè �(x, y) , �+(x, y) óäîâëå-òâîðÿþò ñèñòåìå óðàâíåíèé �àìèëüòîíà
�(x, y) =� 	h22m (�x +�y)�(x, y) ++ 2N ZZ dx0 dy0 �V�3pN(x� y)�+V� 3pN(x0 � y0)�����+(x0, y0)�(x, x0)�(y, y0), (14)
�+(x, y) =� 	h22m (�x +�y)�+(x, y) ++ 2N ZZ dx0 dy0 �V�3pN(x� x0)�+V� 3pN(y� y0)�����(x0, y0)�+(x, x0)�+(y, y0).Òîãäà �óíêöèè (12) ÿâëÿþòñÿ ðåøåíèÿìè ñèñòå-ìû (11) ïðè != 0 .Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ïðîâåðÿåòñÿíåïîñðåäñòâåííîé ïîäñòàíîâêîé (12) â ñèñòåìó (11). �Îòìåòèì, ÷òî óðàâíåíèÿ (14) ÿâëÿþòñÿ ñèñòåìîé�àìèëüòîíà äëÿ èñòèííîãî ñèìâîëà
H=� 	h22m ZZ dx dy�+(x, y)(�x +�y)�(x, y) ++ 2N ZZZZ dx1 dy1 dx2 dy2�+(x1, y1)�+(x2, y2)��V� 3pN(x1 � y1)��(x1, x2)�(y1, y2), (15)ðàññìîòðåííîãî â ðàáîòå [7℄.Ñèñòåìà óðàâíåíèé â âàðèàöèÿõ, ñîîòâåòñòâóþùàÿðåøåíèÿì (12) ãàìèëüòîíîâîé ñèñòåìû (11), ñîãëàñ-



ÒÅÎ�ÅÒÈ×ÅÑÊÀß È ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÔÈÇÈÊÀ 41íî [1℄ èìååò âèä� �F(x1, y1; x2, y2) = ZZ du1 dv1 du2 dv2 �� Æ2AIÆ�+(x1, y1; x2, y2) Æ�(u1, v1;u2, v2) F(u1, v1;u2, v2) ++ Æ2AIÆ�+(x1, y1; x2, y2) Æ�+(u1, v1;u2, v2) G(u1, v1;u2, v2)!,�G(x1, y1; x2, y2) = ZZ du1 dv1 du2 dv2 � (16)� Æ2AIÆ�(x1, y1; x2, y2) Æ�(u1, v1;u2, v2) F(u1, v1;u2, v2) ++ Æ2AIÆ�(x1, y1; x2, y2) Æ�+(u1, v1;u2, v2) G(u1, v1;u2, v2)!.Òåîðåìà. Ïóñòü �óíêöèè F�(x1, x2) , G�(x1, x2) óäî-âëåòâîðÿþò ñèñòåìå óðàâíåíèé â âàðèàöèÿõ(
� �)F�(x, y) =� 	h22m (�x +�y)F�(x, y) ++N ZZ dx0 dy0 �V�3pN(x� y)�+V� 3pN(x0 � y0)���� �G�(x0, y0)�(x, x0)�(y, y0) ++�+(x0, y0)F�(x, x0)�(y, y0) ++�(x0, y0)�(x, x0)F�(y, y0)�,(
+ �)G�(x, y) =� 	h22m(�x +�y)G�(x, y) ++N ZZ dx0 dy0 �V�3pN(x� y)�+V� 3pN(x0 � y0)���� �F�(x0, y0)�+(x, x0)�+(y, y0) ++�+(x0, y0)G�(x, x0)�+(y, y0) ++�(x0, y0)�+(x, x0)G�(y, y0)�,
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