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Abstract– In this paper, we study the quasi-exactly solvable problems for two dimensional quantum systems.
By using the Bethe ansatz method, we obtain the general form of the quasi-exactly solvable potential. Then,
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2. THE GENERAL FORM OF QUASI-EXACTLY
SOLVABLE POTENTIAL
For a particle moving in a two dimensional plane,
the Schrödinger equation can be written as

1. INTRODUCTION
In quantum mechanics, the analytical solutions of
Schrödinger equation are important, since they contain all the information of the system considered. In
practice, the exactly solvable problems are very seldom
[1]. Recently, it was found for certain problems, parts
of the energy spectrum can be derived analytically,
while the rest can not be got, they are the quasi-exactly
solvable problems [2–4]. The quasi-exactly solvable
problems occupy an intermediate position between
the exactly solvable and non-solvable systems, they
enlarge the class of exactly solvable problems, and they
deserve special attentions.

⎛ P2
⎞
(1)
+ V (r ) − E ⎟ ψ = 0,
⎜
⎝ 2M
⎠
where M is the mass of the particle, V(r) stands for the
potential, and E is the energy.
We introduce an ansatz of the eigenfunction in
polar coordinates

u(r )
(2)
exp(il θ),
r
where l is the angular momentum quantum number,
then Eq. (1) becomes
ψ(r, θ) =

In the study of quasi-exactly solvable problems, the
construction of quasi-exactly solvable potentials
becomes crucial [5–11]. For two dimensional quantum systems, the general form of the quasi-exactly
solvable potential has not been discussed. In this
paper, we study the quasi-exactly solvable potentials
for two dimensional quantum problems, and try to
give the general form of the quasi-exactly solvable
potential.

⎡ 1 ⎛ d 2 l 2 − 1/4 ⎞
⎤
⎟ + V (r )⎥ u(r ) = Eu(r ). (3)
⎢2M ⎜ − 2 +
2
r
⎣
⎝ dr
⎠
⎦
If Eq. (3) is quasi-exactly solvable, several exactly
solutions can be found. By using the Bethe ansatz
method [12–16] we assume the exact solutions has the
form of

The organization of the paper is as follows. In section II, we discuss the general form of the quasiexactly solvable potential; in section III, we give several examples to obtain the specific forms of quasiexactly solvable potentials; finally, discussions and
conclusions are given in section IV.

n

u(r ) =

∑
i =0

ai r i r

|l | + 1
2

(∫

exp −

)

M pm(r )dr ,

(4)

where pm(r) is a polynomial of degree m. The exact
solutions consist of two parts, polynomials and exponential function, which assure the solutions are finite

1The article is published in the original.
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at the limits r → 0 and r → ∞. Then the quasi-exactly
solvable potential reads

{

}

(5)
V (r ) = 1 [ pm(r )]2 + pm−1(r ) + k ,
2
r
where pm – 1(r) is a polynomials of degree m – 1, and k
is a parameter to be determined. Obviously, the form
of quasi-exactly solvable potential depends on the
polynomial pm(r) and the number n, which is the
degree of the polynomial in the solution. In the following section we take several examples to give the
specific forms of quasi-exactly solvable potentials.
3. EXAMPLES
For simplicity, we choose pm(r) = ar to give the specific forms of the quasi-exactly solvable potential. The
degree of the polynomial pm(r) is one, m = 1, then the
degree of polynomial pm – 1(r) becomes zero, namely,
polynomial pm – 1(r) is a constant, pm – 1(r) = c. From
Eq. (5) one gets the quasi-exactly solvable potential
(6)
V (r ) = 1 a 2r 2 + k ,
2
r
where k is a parameter to be determined, and the constant с is ignored in the potential.
The exact solution of Eq. (3) is

)

(

n

∑

|l |+ 1
2

(

)

(7)
exp − 1 Mar 2 .
2
i =0
It is obvious that the constraint a > 0 should be
imposed in order to keep the wave function finite.
The parameter k depends on the value of n. For
simplicity, we take n = 1 and n = 2 as examples to give
the explicit expressions.
If n = 1
If n = 1, u(r) becomes

u(r ) =

ai r i r

u(r ) = (a0 + a1r )r

|l |+ 1
2

(∫

exp −

)

Mardr .

(8)
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Substituting the solution Eq. (8) into the second order
differential equation Eq. (3) yields
k − 2E = (2| l | + 1)a1 + a − 2| l | − 4
r
Ma0r
M
(9)
2
2a0a/ M + (− 2| l | − 1)a1 /(Ma0 )
.
+
a0 + a1r
Comparing the two sides of Eq. (9), we obtain
(2| l| + 1)a1
k=
,
Ma0
a(| l| + 2)
(10)
,
E=
M
0 = 2a0a/ M + (− 2| l | − 1)a12 /(Ma0 ).
The parameter k depends on the angular momentum
quantum number l and the ratio of the coefficients a1 to
a0. Solving the third equation in Eq. (10), we get

a1
=± a M ;
a0
| l | + 1/2
then the parameter k becomes
k=

(11)

± a(4| l| + 2)

(12)
.
M3
Therefore, for special values of k, a quadratic potential
plus Coulomb potential is a quasi-exactly solvable
potential, and one of its solution can be obtained analytically.
If n = 2
The parameter k will be different from it in Eq. (12),
we explore the specific form of it. When n = 2, u(r)
becomes
4

u(r ) = (a0 + a1r + a2r 2 )r

|l |+ 1
2

(∫

exp −

)

Mardr . (13)

Substituting the solution (13) into Eq. (3), and after
simple calculations, we get

|l| + 1
k − 2E = − 4 a − a (2| l | + 2) + 2a1
2
r
a0M r
M
M
(− 2| l | − 1)(a1 + a2r )a1 /(a0M ) − 2a1ar / M + (4| l | + 4)a2 / M + 4a(a0 + a1r )/ M
.
+
a0 + a1r + a2r 2
Comparing the two sides of Eq. (14), we get the
expressions of the energy and parameter k

(| l| + 3)
,
E =a
M
a
k = (2| l| + 1) 1 .
a0M
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(14)

Obviously, the parameter k depends on the ratio of a1
to a0. The coefficients ai in u(r) can be obtained from
the following equations

a12
a
+ (4| l | + 4) 2 + 4 aa0 = 0,
a0M
M
M
2a a
aa
(− 2| l | − 1) 1 2 − 1 + 4 aa1 = 0.
a0M
M
M

(− 1| l | − 1)
(15)
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Solving the equation, one can easily get
4
a1
M a(4| l| + 3)
,
=±
| l | + 1/2
a0
a2
= a M .
a0 | l| + 1/2
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Then, the parameter k becomes

k=±

2

a(4| l| + 3)
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Therefore, if the parameter a in the potential Eq. (6) is
fixed, only for special parameter k, the second order
differential equation is quasi-exactly solvable. Or
equivalently saying, if k is fixed, only for special values
of a are allowed.
As one knows, k/r can be seen as the effect of Coulomb field, if we choose a = M ω, ω is the frequency
of the harmonic-oscillator potential, then, Eq. (6) can
describe the motion of a hydrogen-like atom in an
electronic harmonic-oscillator potential field, hence,
it is a physical model of quasi-exactly solvable problem. The recent studies shows that the motion of a
charged particle in Coulomb and magnetic fields [17–
22] and the relative motion of two charged particles in
an external oscillator potential [23–25] are all the
physical models of quasi-exactly solvable problems,
the potentials of them can reduce to the basic equation
Eq. (6).
4. CONCLUSION
In this paper, the quasi-exactly solvable problems
for two dimensional quantum systems are studied. By
using the Bethe ansatz method, the general form of
the quasi-exactly solvable potential is obtained, and
several examples are presented to give the specific
forms of them. It shows for special parameters a quadratic potential plus Coulomb potential can be quasiexactly solvable potential, exact solutions of the
Schrödinger equations can be obtained. The physical
models of this quasi-exactly solvable problem are the
motion of electrons in external electric and magnetic
fields. Besides the potential constructed in the examples, many other forms can be constructed by varying
the form of the polynomial pm(r). For example, if pm(r)
is chosen as pm(r) = ar + c, then a quadratic potential
plus Cornell potential br + k/r, V(r) = (a2r2 + br +
k/r)/2, can be quasi-exactly solvable potential for special parameters k.
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