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Abstract—The measurement errors of dispersions of sea surface slopes using spacecraft lidar were analyzed.
The errors caused by deviations of the actual wave field from the Gaussian isotropic surface were considered.
It is revealed that the unaccounted deviations of slope distributions from the Gaussian distribution lead to a
systematic underestimation of the calculated slope dispersion by approximately 11–14%. In addition, it is
revealed that the anisotropy of slopes during their dispersion calculation using the data of vertical laser sensing from space vehicle can be neglected.
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INTRODUCTION
The water-to-air boundary roughness determines
any process in which acoustic or electromagnetic
waves interact with the sea surface; it affects the intensity of the atmosphere-ocean exchange processes. The
sea surface slopes relate to the main parameters that
characterize the roughness.
One of the most promising methods for studying
the characteristics of the sea surface is the method of
laser sensing. One can distinguish two trends in this
method. The first trend (detecting spots of light) is
used when the sensing is carried out from a small
height (of approximately 10 m) and the diameter of a
laser spot on the surface is several millimeters [1, 2].
The surface areas whose slope satisfies the condition
of reflection of the laser beam into a photodetector
aperture periodically enter into the illuminated region
[3]. The photodetector output signal is a pulse
sequence of varying durations and amplitudes, by
which the sea surface characteristics are calculated [4].
During sensing from a great height (from a space
vehicle) the diameter of the spot on the sea surface is a
few dozen meters [5]. The area under laser illumination contains a large number of elements that satisfy
the specular reflection condition. In this case, the calculations of the sea surface characteristics are carried
out based on the models built for the analysis of signals
of space-based optical scanners [6–8].

A general disadvantage of the calculations of statistical estimations of sea surface slopes by the laser sensing data is that they make it possible to obtain the statistical estimations of the slopes only within a priori
built models [9]. Generally, it is assumed that the
slope distribution is Gaussian and isotropic [10, 11].
The goal of this work was an analysis of the errors due
to these assumptions into the calculation of the dispersion of sea surface slopes during laser sensing from a
spacecraft.
1. SPECULAR LIGHT REFLECTION
FROM THE SEA SURFACE
The signal recorded at the spacecraft as a result of
the reflection of sunlight from the sea surface is related
with the statistical distribution of its slopes. The specular reflection of sunlight from the sea surface is
described by a bidirectional reflection direction function, which defines the ratio of the brightness of the
radiation that is reflected secularly by the surface Ir(θr,
ϕ) to the solar radiation flux density Hs(θs, ϕ = 0) [7].

πI r (θ r , ϕ)
H s (θ s , ϕ = 0) cos θ s
(1)
πFw (β)
=
(
ξ
,
ξ
),
P
x
y
4 cos θ s cos θv cos θ 4β
where θs and θr are the zenith angles of incident sunbeams and the beams reflected in the direction of the
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Estimates of coefficients С22, С04 and С40.
С22

Ref. 15

Ref. 7

Ref. 20

0.12 ± 0.06

0.12 ± 0.03

0.17 ± 0.27

С04

0.23 ± 0.41

0.4 ± 0.1

0.43 ± 0.46

С40

0.40 ± 0.23

0.3 ± 0.05

0.33 ± 0.43

spacecraft; Fw(β) is the Fresnel reflection coefficient
for seawater; P(ξx, ξy) is the two-dimensional probability distribution function of orthogonal components
of sea surface slopes ξx and ξy; and β is the slope angle
of the sea surface defined by the condition tanβ =
ξ 2x + ξ 2y . Here, the angle β = 1 arccos(cos θ s cos θv +
2
sin θ s sin θv sin ϕ) .
The specular reflection condition is of the form
θs = θv, ϕ = π. With the fulfillment of these conditions
Eq. (1) can be used for analyzing the laser-sensing data
of the sea surface. If the lidar beam is directed vertically downward, then θs = θv = β = 0. Using the
R function assumes that the laser pulse duration is sufficiently large and at the same time a contribution to
the reflected signal is made by all surface elements that
satisfy the specular-reflection condition. If the duration of the laser pulse is short then the reflections from
the surface elements located near the crest and near
the trough occur at different points in time. In this
case, it is necessary to take the distribution of reflecting elements by height into account [12].
When interpreting the results of laser sensing of the
sea surface it is usually assumed that the two-dimensional slope distribution is isotropic and Gaussian [5,
11]. Under this assumption, it was obtained [10] that

R=−

⎛ tan 2 β ⎞
Fw (β)
exp
,
⎜−
2
4
2 ⎟
4πσ cos β
⎝ 2σ ⎠

(2)

where

σ 2 = σ 2x + σ 2y ;

(3)

σ 2x and σ 2y are the dispersions of orthogonal components of slopes, which are assumed to be equal. If the
sensing is carried out by laser into the nadir, assuming
that β ≈ 0, we obtain tanβ ≈ 1, cosβ ≈ 1 and it follows
from Eq. (1) that
R = Fw (0)/(4πσ 2 ).
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2. DEVIATIONS OF SEA SURFACE SLOPE
DISTRIBUTIONS FROM THE GAUSSIAN
DISTRIBUTION
It was revealed by mathematical modeling that
interwave interactions, dynamic effects of waves with
longer wavelengths on shorter waves, and a number of
other physical mechanisms lead to the deviation of the
distribution of the characteristics of surface waves
from a Gaussian distribution [13, 14]. This area is
determined by the conditions |ξc/σc| < 2.5 and
|ξu/σu| < 2.5 [15], which are always fulfilled during vertical laser sensing.
Field studies performed using various types of
equipment revealed that the coefficients С22, С04, and
С40 do not depend on wind speed. The magnitudes of
these coefficients obtained as a result of processing
aerial photographs [15] and processing the data of
space-based optical scanners [7] in experiments carried out in marine environments with laser slope
meters [20] are presented in the table.
In all of these experiments the average values of
coefficients С22, С04, and С40 are positive. This means
that the estimates of the dispersion σ2 obtained by
expression (4) according to the laser-sensing data have
a systematic error corresponding to underestimation
of its values. The average error magnitude calculated
for the above average values of coefficients С22, С04,
and С40 is in the range of 11–14%.

3. THE ANISOTROPIES
OF SEA SURFACE SLOPES
The angular distribution of slopes according to
direction is not isotropic. The dispersion of slopes oriented in the wind direction is higher than the dispersion in the transverse direction. The three-dimensionality index, which is equal to the ratio of the standard
values of the slopes in the transverse σc and longitudinal σu directions, is used as a rule as the parameter that
characterizes the anisotropy of the slopes [21]
γ = σ c / σ u.
The parameter γ approaches zero for the waves with
a long crest, while for waves with short crests it
approaches unity.
We analyze the influence of the slope anisotropy
on the reflection characteristics during laser sensing.
We first convert expression (5) from Cartesian to polar
coordinates. For this, we represent two orthogonal
components of the slopes in the form
ξ c = ξ m sin ϕ,

(4)

Full-scale measurements revealed that the slope
field of the sea surface is not Gaussian and is not isotropic. We estimate the errors due to the calculation of
the slope dispersion within the framework of the isotropic Gaussian field model.
Vol. 72
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ξ u = ξ m cos ϕ,

where ξm = ξ u2 + ξ 2c is the slope module and ϕ =
arctan(ξ c / ξ u ) is the azimuth angle. For the probability distribution function, the condition of transition to
the new variables of other physical mechanisms leads
to deviation of the distributions of the characteristics
No. 4
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of surface waves from a Gaussian distribution [13, 14].
Experimental studies performed under field conditions confirmed that the distribution of slopes is quasiGaussian [7, 15, 16]. To describe the probability distribution function of such distributions the approximations based on the Gram-Charlier series are used
[17].
The two-dimensional probability distribution
function built for longitudinal ξu and transverse ξc
slope components relative to the wind-speed vector
was described by the model [15]

⎡
⎛ξ ⎞ ⎛ξ ⎞
P (ξ c , ξ u ) = PG (ξ c , ξ u ) ⎢1 − 1 C 21H 2 ⎜ c ⎟ H 1 ⎜ u ⎟
2
⎣
⎝ σc ⎠ ⎝ σu ⎠
⎛ξ ⎞
⎛ξ ⎞
(5)
+ 1 C 22H 2 ⎜ c ⎟ H 2 ⎜ u ⎟
4
⎝ σc ⎠
⎝ σu ⎠
⎛ξ ⎞
⎛
⎛ξ ⎞
⎛ ξ ⎞⎞⎤
− 1 C 03H 3 ⎜ u ⎟ + 1 ⎜C 04 H 4 ⎜ u ⎟ + C 40 H 4 ⎜ c ⎟⎟⎥ ,
6
⎝ σ u ⎠ 24 ⎝
⎝ σu ⎠
⎝ σ c ⎠⎠⎦
2
2
1 exp ⎛ − 1 ⎛ ξ c + ξ u ⎞⎞ is the
where PG (ξ c , ξ u ) =
⎜ ⎜ 2
2 ⎟⎟
2πσ cσ u
⎝ 2 ⎝ σ c σ u ⎠⎠
Gaussian distribution, σ u2 and σ 2c are the dispersions

of longitudinal and transverse slope components, and
Hi are the Chebyshov–Hermite polynomials of the ith
order. The first index of coefficient Cij corresponds to
the transverse slope component and the second index
corresponds to the longitudinal slope component.
We estimate the errors in the determination of the
dispersion of sea surface slopes caused by the calculations under the assumption that the distribution of
slopes is Gaussian. During laser sensing the reflection
in the spacecraft direction creates facets, whose orientation is close to horizontal; one can suppose that ξu =
ξc = 0. The H1 and H3 polynomials are odd functions,
so at low incidence angles the contribution of terms
proportional to these polynomials can be neglected.
The H2 and H4 polynomials are even functions. Taking
the fact into account that H2(0) = –1 and H4(0) = 3,
for ξu ≈ ξc ≈ 0 we obtain

C + C 40 ⎤
C
.
P (ξ c , ξ u ) ≈ PG (ξ c , ξ u ) ⎡1 + 22 + 04
⎢⎣
⎥⎦
4
8
It should be noted that expression (5) correctly
describes the probability distribution function of the
sea surface slopes only in a bounded domain [18, 19].
p(ξ m, ϕ) =

∂(ξ c , ξ u )
P (ξ c , ξ u ),
∂(ξ m, ϕ)

∂(ξ c , ξ u )
= ξ m is the Jacobian determinant.
∂(ξ m, ϕ)
If the components of the slopes are oriented along
and across the wind direction, expression (3) can be
written in the form σ2 = (1 + γ 2 )σ u2 . We introduce the
normalization ξ m = ξ m / σ . From expression (5)
where

neglecting the terms proportional to polynomials Hi
with odd indices i we obtain

⎡
p(ξ m, ϕ) = pG ϕ(ξ m, ϕ) ⎢1 + 1 C 22H 2
⎣ 4

⎛ ξ sin ϕ ⎞
⎛ ξ cos ϕ ⎞
(6)
× ⎜ m −2 −0.5 ⎟ H 2 ⎜ m 2 −0.5 ⎟
⎝ (1 + γ ) ⎠
⎝ (1 + γ ) ⎠
⎛
⎛ ξ cos ϕ ⎞
⎛ ξ sin ϕ ⎞⎞⎤
+ 1 ⎜C 04 H 4 ⎜ m 2 −0.5 ⎟ + C 40 H 4 ⎜ m −2 −0.5 ⎟⎟⎥ ,
24 ⎝
⎝ (1 + γ ) ⎠
⎝ (1 + γ ) ⎠⎠⎦
where pGϕ(ξm, ϕ) is the distribution corresponding to
the case where the components ξu and ξc are distributed according to the Gaussian law.
The beam reflected from the sea surface enters the
photodetector aperture of lidar if the module of the
slope ξm is less than some critical value ξm0 regardless
of the orientation of the slope ϕ. We exclude in expression (6) the dependence on ϕ and integrated p(ξm, ϕ)
over all directions pm(ξm) =

∫

2π

0

p(ξ m, ϕ)d ϕ .

Let the slope components be distributed according
to the Gaussian law. In the case of γ = 0, which corresponds to a two-dimensional wave field, the probability distribution function of the slope module corresponds to the distribution of the module of a random
variable distributed according to the normal law with
zero mathematical expectation

⎛ ξ 2 ⎞
pmG (ξ m, γ = 0) = − 2 exp ⎜ − m ⎟ .
2πσ
⎝ 2⎠
When γ = 1 the module slope ξ m conforms to the
Rayleigh distribution
pmG (ξ m, γ = 1) = 2ξ m exp ⎡⎣−ξ m ⎤⎦ .
Here, the subscript (G) indicates that the distribution
of the slope module was obtained for the case where
the slope components are distributed according to the
Gaussian law. If the two-dimensional slope distribution is described by expression (5), then the corresponding distribution of the slope module is denoted
by the subscript N.
According to measurement data in the field conditions using a laser slope meter [16], the values of the
three-dimensional index are within 0.66 < γ < 0.95
with the average value of γ = 0.8. The dependences of
the γ parameter on the wind speed was not observed.
According to the measurements with optical scanners
[7], the γ parameter changes from γ = 0.9 at a wind
speed of 3 m/s, to γ = 0.8 at the wind speed of 15 m/s.
The effect of changes of the three-dimension index on
the probability distribution function of sea surface
slopes is shown in Fig. 1. When the slope components
ξu and ξc are distributed according to the Gaussian
law, three models were built corresponding to the twodimensional (γ = 0) and isotropic (γ = 1) fields of
slopes, as well as to the wave field, for which γ = 0.66,
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Fig. 1. The models of probability distribution function of the sea surface slope module.

that corresponds to the lower boundary of the
observed values of γ parameter [16]. It is seen that with
the reduction of the γ parameter the probability distribution function pmG (ξ m, γ) in the region of small values ξm increases.
In addition, it was revealed that for the isotropic
slope field the deviations of the slope components ξu
and ξc from the Gaussian distribution in the region of
small values of ξm lead to increasing the probability
distribution function pmG (ξ m, γ) (see Fig. 1). The calculations were performed for γ = 0.8, which corresponds to the average magnitude of the three-dimensionality index.
4. QUANTITATIVE ESTIMATES
During vertical sensing the laser beam reflected
from the sea surface enters the photodetector aperture
ξ m 0
0.06

if the slope module ξm does not exceed a certain critical value ξm0. The amplitude recorded for the spacecraft signal is directly proportional to the probability

(7)
ξ m ≤ ξ m0 .
As the dispersion of the slopes depends on the wind
speed, the different values of ξm0 will correspond to the
same value of ξ m0 . The laser beam is narrow. Thus, the
half-width of the laser beam of the lidar of the
CALIOP (Cloud-Aerosol Lidar with Orthogonal
Polarization) type installed on the CALIPSO spacecraft [5] is 5 × 10–5 rad. Accordingly, during vertical
sensing the critical value of the slope module equals
5 × 10–5 rad. Sensing from CALIPSO was carried out
at the incidence angle 5 × 10–3 rad (or = 0.3°). In this
case the critical value of the slope module is defined by
the expression arctan(ξm0) = 5.42 × 10–3 rad.
Changes of the ξ m0 parameter with increasing wind
speed W when arctan(ξm0) = 5.42 × 10–3 rad are shown
in Fig. 2. The regression dependencies of the slope
component dispersions on the wind speed obtained in
[7] are used for the calculation,

σ u2 = 10 −3 + 3.16 × 10 −3W ± 5 × 10 −4,
σ c2 = 3 × 10 −3 + 1.85 × 10 −3W ± 5 × 10 −4.
When varying the wind speed within 1–15 m/s
the values ξ m0 vary from 0.055 to 0.019 if ξm0 = 5.42 ×
10–3 and from 5.3 × 10–3 to 1.8 × 10–4 if ξm0 = 5 × 10–5.
To quantitatively estimate the effects caused by the
fact that the field of short surface waves is not isotropic, we introduce the parameter

0.04

0.02

0

5

10

15
W, m/s

Fig. 2. The dependence of parameter ξ m0 on the wind
speed W for the conditions of CALIOP lidar sensing.
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ε(γ) = FG (γ)/ FG (γ = 1),
where F is the probability that the slope module ξm satisfies condition (7).
It is seen from Fig. 3 that in the region of small
module slope values corresponding to the mentioned
values of ξ m0 the probability distribution function can
No. 4
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average and compared with the error due to the nonGaussian nature of the distributions of slopes can be
neglected.

0.20

p mG( ξ m, γ )
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Fig. 3. The changes of the probability distribution function
of sea surface slope module pmG (ξ m, γ) in the region of
small values of parameter ξ m .
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CONCLUSIONS
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