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It is s h o w n t h a t s t a b i l i t y of r o t a t i o n a l l y s y m m e t r i c a l p e r t u r b a t i o n s of a flow 
of an i d e a l f l u i d in a r o u n d p i p e i m p l i e s that the v e l o c i t i e s of a s y m m e t r i c a l 
p e r t u r b a t i o n s are b o u n d e d . 

It is k n o w n t h a t S q u i r e ' s t h e o r e m that s t a b i l i t y of t w o - d i m e n s i o n a l p e r t u r b a t i o n s 
g u a r a n t e e s s t a b i l i t y of t h r e e - d i m e n s i o n a l p e r t u r b a t i o n s Is v a l i d for a p l a n e - p a r a l l e l flow 
of a v i s c o u s f l u i d . F o r p l a n e - p a r a l l e l f l o w s of an i d e a l f l u i d , S q u i r e ' s t h e o r e m h o l d s 
only in a g r e a t l y w e a k e n e d form: s t a b i l i t y of t w o - d i m e n s i o n a l p e r t u r b a t i o n s i m p l i e s only 
b o u n d s on t h e v e l o c i t i e s of t h r e e - d i m e n s i o n a l p e r t u r b a t i o n s , and the v o r t i c i t y i n c r e a s e s 
w i t h t i m e [ 1 , 2 ] . 

If w e go f r o m p l a n e - p a r a l l e l f l o w s to m o r e g e n e r a l f l o w s , for e x a m p l e , a f l o w in a ; 
r o u n d p i p e or b e t w e e n c y l i n d e r s , S q u i r e ' s t h e o r e m f a i l s a l t o g e t h e r for the v i s c o u s f l u i d . 
T h u s , it Is k n o w n that a C o u e t t e flow b e t w e e n c y l i n d e r s loses s t a b i l i t y p r e c i s e l y in the 
t h i r d d i m e n s i o n , w h i l e t w o - d i m e n s i o n a l p e r t u r b a t i o n s are a l w a y s s t a b l e . F o r a r o u n d p i p e , 
t h e r e is g o o d r e a s o n to b e l i e v e that r o t a t i o n a l l y s y m m e t r i c a l p e r t u r b a t i o n s (the a n a l o g of 
the t w o - d i m e n s i o n a l p e r t u r b a t i o n s in this c a s e ) a r e a l w a y s s t a b l e , b u t t h e e f f o r t s of 
i n v e s t i g a t o r s w i t h r e s p e c t to a s y m m e t r i c a l p e r t u r b a t i o n s have b e e n d i r e c t e d to t h e con-
s t r u c t i o n of e x a m p l e s of i n s t a b i l i t y [3]> B u t if w e go from the v i s c o u s to the i d e a l 
f l u i d , t h e w e a k e n e d v e r s i o n of S q u i r e ' s t h e o r e m t h a t o b t a i n e d for p l a n e - p a r a l l e l f l o w s is 
a l s o p r e s e r v e d for the r o u n d p i p e . If s t a b i l i t y of s y m m e t r i c a l p e r t u r b a t i o n s is p r o v e n , 
the v e l o c i t i e s of u n s y m m e t r i c a l p e r t u r b a t i o n s are a l s o ' l i m i t e d . T h i s is t h e g i s t of t h e 
p r e s e n t p a p e r . T h e m e t h o d w i l l be f u l l y a n a l o g o u s to t h a t d e v e l o p e d in [ 2 ] . 

W e w r i t e the l i n e a r i z e d e q u a t i o n s of m o t i o n in the c y l i n d r i c a l c o o r d i n a t e s r , 8 , z , 
d i r e c t i n g the Oz a x i s a l o n g the axis of the p i p e . We s h a l l u s e u for t h e r a d i a l v e l o c i t y 
c o m p o n e n t , v for t h e c o m p o n e n t in t h e d i r e c t i o n of i n c r e a s i n g p o l a r a n g l e 0 , a n d w for the 
c o m p o n e n t on O z . W e h a v e 

du , де, ди_ 1_ _£p_ 

dt ' dz p dr 

dv , dv 1_ dp] 
~dT dz ~ p гдв 

—— ~ W — uW' = — — ЛЕ-, (1) 
(Jt dz pdz 

— ^ (ru) 0 
т or ^ "ТэсГ "ИГ~" ' 

dW 

dr 
W' 

H e r e W ( r ) is the v e l o c i t y of the m a i n s t r e a m at the b o u n d a r y u n d e r t h e c o n d i t i o n 
u ( r Q ) = 0 . W e s h a l l c o n s i d e r p e r t u r b a t i o n s that d e p e n d h a r m o n i c a l l y on t h e c o o r d i n a t e s 

9 , z as ехр[г'(п0 + £,г)] . W e h a v e for the a m p l i t u d e f u n c t i o n s 

ut }- ikWu == —pr/p, 

vt -f ikWv = — inpj'rp, ( 2 ) 

wt ikWw + W'u = —ikp/p, 

(.ru)rjr -I- inv/r -;• ikw = 0. 

We c o n v e r t to e q u a t i o n s for' the a m p l i t u d e f u n c t i o n s of the v o r t i c i t y c o m p o n e n t s : 
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pi = inwjr — iko, p 2 = iku — wr. ^ 3 ) 

D i f f e r e n t i a t i n g t h e s e e x p r e s s i o n s w i t h r e s p e c t to t a n d a p p l y i n g ( 2 ) , w e g e t 

(-J- + 4W7) Pi + W'u = 0, 

ikW^j p 3 -f- ikW'v = 0. 
A c e r t a i n l i n e a r c o m b i n a t i o n o f t h e v o r t i c i t y c o m p o n e n t s is e x p r e s s e d i n t e r m s o f u: 

. 2nkr , s 
ikrpo — mp3 — — p, == (ru).. + / r- \ 

™ n
2
 + ft

2
/-

2 V J r r
 ( 5) 

• "" — k2r2 (ru)r 1 , 9 , , о „. 
~ -11- (fl ~h k2r2) U. 

n
2
 -j- ft

2
/-

2
 г г

 v
 ' 

W e c h o o s e t h e c o r r e s p o n d i n g l i n e a r c o m b i n a t i o n o f E q s . ( 4 ) : 

la» / L ' /t* + fcV2 r r K J ( 6 ) 

L \ r j n* + k2r* J 

It is c o n v e n i e n t to e n d o w t h e o p e r a t o r on r t h a t a p p e a r s in t h e f i r s t b r a c k e t s w i t h s e l f -
a d j o i n t f o r m b y s u b s t i t u t i o n of v a r i a b l e s . F o r t h i s p u r p o s e w e p u t 

W e o b t a i n an e q u a t i o n for £ 

u = a(r) I, a(r)V(ri2 -f k2r2)jr3. ( 7 ) 

~ -r t W ) (|rr - q> (л) s) - ikcl = 0, ( 8 ) 

w h e r e 

2n2k2(6n2 5) 

-f 3r2fc4 (4л2 « - 1) j 

a n d 

c ( r ) = r / J£_V + = ^ + . (10 ) 
w \ r ) r(/i2 + ft2/-2) г (я2 -f k-r) 

It is o b v i o u s t h a t q>(r) is p o s i t i v e f o r a l l n a n d k . A s f o r c ( r ) , w e s h a l l h e n c e f o r t h 
a s s u m e t h a t it Is n o n v a n i s h i n g . T h i s c o n d i t i o n is f u l l y e q u i v a l e n t to R a y l e i g h ' s c o n d i -
t i o n of t h e a b s e n c e of i n f l e c t i o n p o i n t s on t h e v e l o c i t y p r o f i l e in t h e p l a n e - p a r a l l e l 
c a s e , w h i c h g u a r a n t e e s s t a b i l i t y of t w o - d i m e n s i o n a l p e r t u r b a t i o n s . F o r t h e p a r a b o l i c p r o -
f i l e of g r e a t e s t i n t e r e s t 

W=Wa(rl~r>) 

w e h a v e 

с (r) = 4W0n2/(n2 -f- k2r2). (11) 

A t n = 0 ( r o t a t i o n a l l y s y m m e t r i c a l p e r t u r b a t i o n s ) , c(r)==0. F o r t h e o t h e r n w e h a v e c ( r ) < 
< 0 . F o r s y m m e t r i c a l p e r t u r b a t i o n s , t h e s i t u a t i o n is t h e s a m e as f o r t h e p l a n e - p a r a l l e l 
C o u e t t e f l o w : E q . (8) d e g e n e r a t e s 

( ~ ~ r i k W } ( t r r - c p 0 « O . ( 1 2 ) 

f r o m w h i c h 
S„-cp(r)g = /(r)e-™<. 
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T h u s , in—чф(г)| is b o u n d e d for a l l t and is u n i f o r m w i t h r e s p e c t to r . It is e a s i l y s ^ e n 
that С is also b o u n d e d . F o r a s y m m e t r i c a l p e r t u r b a t i o n s , w h e n с ̂  0 , w e o b t a i n the c o n s e r -
v a t i o n law 

^ { ^ Г + ^ Г + ^ ^ - Я ^ - О . (13) 

w h e r e К is an a r b i t r a r y constant (this law can be v e r i f i e d d i r e c t l y ) . T h e i n t e g r a l In 
(13) is a f u n c t i o n only of the single v a r i a b l e t and d/dt is the o r d i n a r y d e r i v a t i v e of aj 
f u n c t i o n of one v a r i a b l e . T h e constant К can b e so chosen that (W—K)/c>0. H e n c e follows; 
b o u n d e d n e s s in the rms v a l u e s !/l/<p, | r and <p£. We o b t a i n f r o m the first e q u a t i o n of (4) 
and f r o m (8) : 

( i - + Ш ) I k c 9 1 + ^ « " - Ф 0 ] = 

from w h i c h 

= (14) 

T h e r e f o r e p^ is b o u n d e d in the r o o t - m e a n - s q a r e by the same c o n s t a n t for a l l t (it is as-

sumed at a l l times that the i n i t i a l p e r t u r b a t i o n s are b o u n d e d in the same s e n s e ) . N o w 

from и~г-*/>| 

° = f« Mr ~ *2Pl J ~ [kr (r~4)r - nr9l] (15) 

and b o u n d e d n e s s of g/jAp~|/r and in the rms i m p l i e s b o u n d e d n e s s of the i n t e g r a l s ; 

[\u\2 rdr, j| v\*rdr, jf| w\*rdr ( l 6 ) 

0 0 0 

by the same c o n s t a n t , w h i c h is i n d e p e n d e n t of t (if t h e s e i n t e g r a l s e x i s t e d at t = 0 ) , 
Q . E . D . The l i n e a r i n c r e a s e of v o r t i c i t y is e s t a b l i s h e d in the same w a y as in [2]. It fol 
lows f r o m the fact that a l t h o u g h the q u a n t i t i e s of the form f(r)e~ihWt are l i m i t e d , t h e i r 
d e r i v a t i v e s . w i t h r e s p e c t to r i n c r e a s e linearly w i t h t . 
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