
FOCUSING EFFECTS FOR LASING PROCESSES ON FIFTH-ORDER 

NONLINEAR SUSCEPTIBILITY IN ISOTROPIC MEDIA 

A . N. D u b o v i k 

Vestnik M o s k o v s k o g o U n i v e r s i t e t a . F i z i k a , 
V o l . 3 2 , No. 4 , pp. 8 2 - 9 4 , 1977 

UDC 535.343 

F r e q u e n c y m i x i n g in f o c u s e d b e a m s on a f i f t h - o r d e r n o n l i n e a r s u s c e p t i b i l i t y in 
i s o t r o p i c m e d i a is d i s c u s s e d t h e o r e t i c a l l y . A d e t a i l e d i n v e s t i g a t i o n is m a d e of 
the b e h a v i o r of f o c u s i n g f u n c t i o n s , a n a l y t i c a l s o l u t i o n s are f o u n d , a n d c o n d i -
t i o n s u n d e r w h i c h t h e s e s o l u t i o n s are v a l i d are a s c e r t a i n e d . P o w e r o p t i m i z a t i o n 
in f o c u s i n g is d i s c u s s e d for a l l p r o c e s s e s i n v o l v e d . C a s c a d e p r o c e s s e s in f o c u s e d 
b e a m s are d i s c u s s e d c u r s o r i l y . 

F o c u s i n g of l a s e r b e a m s is an e f f e c t i v e w a y to e n h a n c e c o n v e r s i o n e f f i c i e n c y in n o n -
l i n e a r i n t e r a c t i o n s , a n d t h i s is p a r t i c u l a r l y c r u c i a l for p h a s e m i s m a t h c i n g p r o c e s s e s w h e n 
p h a s e - l o c k c o n d i t i o n s are i m p o s s i b l e to m a i n t a i n or are f r a u g h t w i t h g r e a t e x p e r i m e n t a l 
d i f f i c u l t i e s . It s h o u l d be n o t e d t h a t b e a m f o c u s i n g at the e n t e r of a n o n l i n e a r m e d i u m 
is the only a v a i l a b l e w a y , in i n v e s t i g a t i o n s of g a s e o u s m e d i a , to a v o i d b r e a k d o w n of c e l l 
w i n d o w s w h i l e at the same time p r o d u c i n g the r e q u i r e d p o w e r d e n s i t y . 

C o n v e r s i o n e f f i c i e n c y in f o c u s i n g is e n h a n c e d b y r a i s i n g p u m p p o w e r d e n s i t y w i t h 
s i m u l t a n e o u s p a r t i a l or c o m p l e t e (vector s y n c h r o n i s m ) c o m p e n s a t i o n of p h a s e m i s m a t c h v i a 
the n o n c o l l i n e a r i t y of the i n t e r a c t i o n in the f o c u s e d b e a m . The e f f e c t of f o c u s i n g ' i s 
d e t e r m i n e d first a n d f o r e m o s t by the d e g r e e of f o c u s i n g , i . e . , by t h e r a t i o of t h e l e n g t h 
of the n o n l i n e a r m e d i u m to the c o n f o c a l p a r a m e t e r . The e f f e c t of f o c u s i n g c o n t r a s t s q u i t e 
s h a r p l y in the l i m i t i n g c a s e s of l o o s e and tight f o c u s i n g , w h e n this r a t i o is r e s p e c t i v e l y 
m u c h s m a l l e r t h a n or m u c h l a r g e r t h a n u n i t y . In the g e n e r a l c a s e , a f u n c t i o n t a k i n g i n t o 
a c c o u n t the e f f e c t of f o c u s i n g on the e f f e c t i v e n e s s of some p r o c e s s d e p e n d s on a l a r g e 
a r r a y of p a r a m e t e r s . In e a c h s p e c i f i c case it is i m p o r t a n t to k n o w the o p t i m u m f o c u s i n g 
c o n d i t i o n s in o r d e r to a t t a i n m a x i m u m c o n v e r s i o n e f f i c i e n c y . B u t a n a l y s i s of the b e h a v i o r 
of t h e f u n c t i o n a i m e d at a s c e r t a i n i n g t h e s e c o n d i t i o n s is p o s s i b l e only for the a b o v e lim-
i t i n g c a s e s w h e n a n a l y t i c a l s o l u t i o n s can b e f o u n d for t h e f u n c t i o n , and, in a l l r e m a i n i n g 
c a s e s c o m p u t e r n u m e r i c a l c a l c u l a t i o n s a r e the o n l y o p t i o n a v a i l a b l e . 

The o v e r w h e l m i n g m a j o r i t y of i n v e s t i g a t i o n s c a r r i e d out in n o n l i n e a r o p t i c s at the 
p r e s e n t time i n v o l v e s p r o c e s s e s o c c u r r i n g o n s e c o n d - o r d e r and t h i r d - o r d e r n o n l i n e a r sus-
c e p t i b i l i t i e s , b u t in r e c e n t y e a r s i n t e r e s t in r e s e a r c h on m a n y - q u a n t u m i n t e r a c t i o n s o n 
h i g h e r (than t h i r d - o r d e r ) n o n l i n e a r s u s c e p t i b i l i t i e s h a s b e e n on t h e i n c r e a s e for a n u m b e r 
of r e a s o n s . F o c u s i n g e f f e c t s for p r o c e s s e s o c c u r r i n g on l o w e r - o r d e r n o n l i n e a r i t i e s h a v e 
b e e n s t u d i e d in d e t a i l i n the l i t e r a t u r e [ 1 - 6 ] . The g e n e r a t i o n of h i g h e r - o r d e r h a r m o n i c s 
in f o c u s e d b e a m s h a s a l s o b e e n s t u d i e d [ 6 , 7 ] . In p a r t i c u l a r , c l o s e a t t e n t i o n has b e e n 
g i v e n [7] to the t r e a t m e n t of c a s c a d e p r o c e s s e s (see also [8]) in f i f t h - h a r m o n i c g e n e r a -
t i o n a n d the p r o b l e m has b e e n s o l v e d n u m e r i c a l l y for t h e case of t h r e e c o u p l e d w a v e s in 
a n i s o t r o p i c m e d i u m ; the r e s u l t s so o b t a i n e d a r g u e for the f e a s i b i l i t y o f e f f i c i e n t con-
v e r s i o n to t h e f i f t h h a r m o n i c . C o n v e r s i o n e f f i c i e n c y e v a l u a t i o n s for s o m e m a n y - q u a n t u m 
p r o c e s s e s a r e a l s o c i t e d in [ 9 ] . F i n a l l y , we t a k e n o t e of t h e first e x p e r i m e n t a l r e s e a r c h 
w o r k [ 1 0 , 1 1 ] d o n e on p r o c e s s e s o c c u r r i n g o n h i g h e r - o r d e r n o n l i n e a r i t i e s . 

This a r t i c l e p r e s e n t s r e s u l t s o f a t h e o r e t i c a l i n v e s t i g a t i o n of f r e q u e n c y m i x i n g p r o -
c e s s e s o c c u r r i n g i n f o c u s e d b e a m s o n a f i f t h - o r d e r n o n l i n e a r s u s c e p t i b i l i t y . N o n r e s o n a n c e , 
s t a t i o n a r y ( q u a s i s t a t i o n a r y ) m i x i n g p r o c e s s e s in an i s o t r o p i c m e d i u m are d i s c u s s e d . E x -
p r e s s i o n s for the p o w e r of the r a d i a t i o n g e n e r a t e d are d e r i v e d i n the p r e s p e c i f i e d - f i e l d 
a p p r o x i m a t i o n . The b e h a v i o r o f the f o c u s i n g f u n c t i o n s is a n a l y z e d in d e t a i l , a n d a n a l y -
t i c a l s o l u t i o n s are f o u n d in the l i m i t i n g c a s e s o f loose a n d t i g h t f o c u s i n g , w h i l e t h e 
r a n g e of a p p l i c a b i l i t y of t h e a n a l y t i c a l s o l u t i o n s is d i s c u s s e d . R e s u l t s of c o m p u t e r 
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n u m e r i c a l i n t e g r a t i o n o f the f o c u s i n g f u n c t i o n s a r e p l o t t e d g r a p h i c a l l y in s o m e i n s t a n c e s . 
P o w e r o p t i m i z a t i o n is d i s c u s s e d f o r a l l t y p e s o f p r o c e s s e s i n v o l v e d . T h e t h e o r y of c a s c a d e 
p r o c e s s e s in f o c u s e d b e a m s is d i s c u s s e d b r i e f l y . 

T H E O R Y 

F r e q u e n c y m i x i n g o n a f i f t h - o r d e r n o n l i n e a r s u s c e p t i b i l i t y is a s i x - p h o t o n p r o c e s s a n d 
is c h a r a c t e r i z e d in g e n e r a l by t h e i n t e r a c t i o n of f i v e d i s t i n c t p u m p f i e l d s of f r e q u e n c y : 
ш (n = 1 , • .., 5) e x c i t i n g n o n l i n e a r p o l a r i z a t i o n w a v e s of f r e q u e n c i e s <06='0)i±c0ft±c0i±©m±(03, : 

(i, к, I, m , p = 1 , 5) in t h e m e d i u m . W i t h no l o s s in g e n e r a l i t y , w e c a n r e s t r i c t 
the d i s c u s s i o n in w h a t f o l l o w s to t h e f o l l o w i n g f r e q u e n c y - n o n d e g e n e r a t e i n t e r a c t i o n s : 

+ <°2 + <°3 +
 Ю
4 + M 5 (1. 1 ) 

(Oj + <02 + <fl3 + co4 — (06 (1 2) 

Щ + (02 + ©3 — C04 — © 5 > (1 3) 

<°1 +
 Ш
2 — ®3 ®4 — (1 .4) 

—<°3 ® 4 (1 .5) 

w h i c h r e p r e s e n t a l l m o d e s o f i n t e r a c t i o n s o c c u r r i n g in f r e q u e n c y m i x i n g o n f i f t h - o r d e r 
s u s c e p t i b i l i t i e s . (Here a n d in w h a t f o l l o w s , t h e t y p e of p r o c e s s is i n d i c a t e d b y t h e 
s e c o n d d i g i t in t h e n u m e r a t i o n of t h e e x p r e s s s i o n s . ) A l l of t h e r e m a i n i n g p a r t i a l l y or 
t o t a l l y f r e q u e n c y - d e g e n e r a t e i n t e r a c t i o n s c o n s t i t u t e p a r t i c u l a r c a s e s o f i n t e r a c t i o n s ( 1 ) . 

It is a l s o a s s u m e d b e l o w t h a t the c o n v e r s i o n p r o c e s s is s t a t i o n a r y a n d n o n r e s o n a n t , 
a n d the p u m p f i e l d s a r e a s s u m e d to b e s p e c i f i e d f u n c t i o n s o f t h e c o o r d i n a t e s ( s p e c i f i e d -
f i e l d a p p r o x i m a t i o n ) . 

W e s h a l l a s s u m e t h a t p u m p i n g c o m p r i s e s l o w e r - o r d e r G a u s s i a n b e a m s p r o p a g a t i n g d o w n 
the z - a x i s , w i t h f i e l d a m p l i t u d e s E n a n d w a v e v e c t o r s к : a l l of t h e b e a m s a r e f o c u s e d 

n O n ' 
w i t h t h e s a m e c o n f o c a l r a t i o a n d s a m e p o s i t i o n of t h e b e a m - w a i s t r e g i o n ( b e a m f o c i ) along; 
t h e z - a x i s . T h e t o t a l p u m p f i e l d in t h e m e d i u m is r e p r e s e n t a b l e i n t h i s c a s e in t h e f o r m 

E (r. t) = \ £ {E„ (r) + El (r) i * }, ( 2 ) 

n.-1 

2 
w h e r e b = ^ n W Q n is the c o n f o c a l f o c u s i n g r a t i o (here W g n a r e t h e b e a m r a d i i i n t h e f o c a l 

p l a n e ) , f is t h e p o s i t i o n of t h e f o c a l p l a n e a l o n g t h e z - a x i s , a n d |=2 (z—f) /b i s a d i m e n -
s i o n l e s s n o r m a l i z e d c o o r d i n a t e . 

In t h e g e n e r a l c a s e of e l l i p t i c a l p o l a r i z a t i o n of t h e v e c t o r s E n Q , t h e r e l a t i o n s h i p 

b e t w e e n n o n l i n e a r p o l a r i z a t i o n of t h e m e d i u m at f r e q u e n c y Wg a n d t h e p u m p f i e l d s Is e x -

p r e s s e d in t e r m s of a l l o f t h e n o n l i n e a r s u s c e p t i b i l i t y t e n s o r c o m p o n e n t s a n d is e x c e e d i n g -

ly c u m b e r s o m e Г W e s h a l l a s s u m e t h a t a l l o f t h e p u m p f i e l d s a r e l i n e a r l y p o l a r i z e d i n one 

d i r e c t i o n ( s a y , a l o n g t h e x - a x i s ) . In t h i s c a s e t h e v e c t o r i a l n a t u r e o f t h e f i e l d s c a n b e 

n e g l e c t e d , a n d w e c a n s t a t e t h e n o n l i n e a r p o l a r i z a t i o n o f t h e m e d i u m i n s c a l a r f o r m 

w h e r e (r) is e q u a l , in the c a s e of a n i n t e r a c t i o n of t h e f i r s t t y p e ( f r e q u e n c y a d d i t i o n ) , 
to 

5 

= Л ^ ' ю П а д - ( 5 . 1 ) 

n=1 

H e r e N is t h e d e n s i t y o f t h e n o n l i n e a r m e d i u m , Х^(а)6)^Ххххххх(а6) is t h e s u s c e p t i b i l i t y o f 
f i f t h o r d e r c a l c u l a t e d p e r a t o m . T h e f o r m u l a s f o r t h e r e m a i n i n g m o d e s of i n t e r a c t i o n s a r e 
a n a l o g o u s , w i t h £„(r) r e p l a c e d by££(r) , f o r e a c h n e g a t i v e f r e q u e n c y ш . 
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F o r d e f i n i t e n e s s , w e s h a l l a s s u m e t h a t t h e n o n l i n e a r m e d i u m o c c u p i e s t h e h a l f s p a c e 
z > 0 , a n d t h a t t h e h a l f s p a c e z < 0 is a v a c u u m . 

W i t h t h i s in m i n d , w e o b t a i n , f r o m E q s . (3) a n d ( 5 ) , 

5 

2 - N4i5)(a>.) 1 
n=1 

(k"-ik'l) (X* + г/2) 
ь (l + 

(6) 

X exp (t'fe' z) exp В (г), 

(z) = {1 w h e n z > 0 o r 0 w h e n z < 0 } , a n d t h e n o n l i n e a r 

p o l a r i z a t i o n w a v e v e c t o r k ' a n d t h e t e r m W (?) f o r t h e s e i n t e r a c t i o n m o d e s t a k e o n t h e f o r m 

w h e r e k ' = k ^ + k 2 + k ^ + k ^ + k ^ , 

k' = 

kl + k2 + ks + ki+kb^k" -il) (7 .1) 

К + кг + k3 + — k6 (l+t£)- 3 (7 2) 

k1 + k2 + ks-ki-ks; fl7(g) = (l+i|)- 2(l (7 3) 

ki - k4 (l + tS)-1 (1 -it)-* (7 4) 

К 1 h • ^g ( 1 -Ф- 3 (7 .5) 

T h e t r u n c a t e d w a v e e q u a t i o n f o r t h e s l o w a m p l i t u d e of t h e f i e l d of t h e w a v e g e n e r a t e d 

Л6(г) t a k e s t h e f o r m [ 1 2 ] : 

2Ut, d A l ( r ) + Aj_A,(r) = - 4яAlo(r) 
az 

(8) 

w h e r e a n d к a r e t h e w a v e v e c t o r of t h e w a v e g e n e r a t e d in v a c u u m a n d t h e w a v e v e c t o r 
60 б 

of t h e w a v e g e n e r a t e d in t h e m e d i u m , A x is t h e t r a n s v e r s e L a p l a c i a n . T h e s o l u t i o n o f E q . 
(8) c a n b e f o u n d e i t h e r w i t h t h e a i d o f t h e G r e e n ' s f u n c t i o n [ 1 , 3 ] o r b y t h e s p e c t r a l 
m e t h o d [ 2 , 5 , 6 ] . W h e n | A & | < £ e , k', w e h a v e f o r £e(r) = Л6(г)е'М: 

kLb 
z к, A-'/>.» 

—Б 

P 2 

(9) 

(.k"-ik'l')H (1,1') 
e ьщ i,r> 

w h e r e 2 : is t h e d i m e n s i o n l e s s n o r m a l i z e d c o o r d i n a t e o f t h e b e a m f o c u s ( b e a m - w a i s t 
ь 

r e g i o n ) , Ak—k6—k' is t h e m i s m a t c h o f t h e w a v e v e c t o r s of t h e w a v e g e n e r a t e d a n d of t h e n o n -
l i n e a r p o l a r i z a t i o n of t h e m e d i u m : 

H{\, I') l + l'a 

k"-ik' I' (10) 

If w e p u t 1=2(L—f)/b, w h e r e L is t h e l e n g t h o f t h e n o n l i n e a r m e d i u m , t h e n E q . (9) f u l l y 
d e t e r m i n e s t h e f i e l d of t h e w a v e g e n e r a t e d i n t h e z = L p l a n e u p o n e m e r g e n c e f r o m t h e n o n -
l i n e a r m e d i u m . In t h a t c a s e t h e p o w e r Pg of t h e r a d i a t i o n g e n e r a t e d w i l l b e d e t e r m i n e d b y 
t h e e x p r e s s i o n 

P 6 = (4,504-Ю-?) 
b4gk 

F,(bbk,±, -L, 
' \ L ' L ' k ' ) 

(11) 

n1n2n3nin5 

H e r e n . a r e t h e r e f r a c t i o n i n d i c e s o f t h e w a v e s i n t h e m e d i u m a n d t h e p o w e r s o f a l l t h e 
w a v e s a r e e x p r e s s e d in w a t t s , w h i l e t h e r e m a i n i n g q u a n t i t i e s a r e e x p r e s s e d i n t h e C G S E 

s y s t e m . T h e d i m e n s i o n l e s s f u n c t i o n s F . (bAk,-,-L,—) t a k e i n t o a c c o u n t f o c u s i n g e f f e c t s 
J L L k' 

a n d e x h i b i t t h e f o r m ( s u b s c r i p t j d e n o t i n g t h e t y p e of p r o c e s s ) : 

F (bAk, ± , J-, = — f 2n R d R x 
' \ L L k J nb J 

(19) 
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-itf-V-1) 0 2 
(k'-ik'i')H(i M) 

R? 
• e bH (12) 

In t h e c a s e o f p a r t i a l l y o r c o m p l e t e l y f r e q u e n c y - d e g e n e r a t e p r o c e s s e s , t h e n u m e r i c a l 
c o e f f i c i e n t i n E q . (11) w i l l b e d i f f e r e n t . T h i s c o e f f i c i e n t c a n b e r e p r e s e n t e d i n t h e f o r m 

_ q 2 
( 8 . 0 0 7 * 1 0 )a , w h e r e a is t h e n u m e r i c a l c o e f f i c i e n t i n t h e e x p r e s s i o n of t y p e 5 f o r t h e 
c o r r e s p o n d i n g p r o c e s s . In p a r t i c u l a r , w h e n a f i f t h h a r m o n i c i s g e n e r a t e d , a = 1 / 1 6 a n d 
t h e n u m e r i c a l c o e f f i c i e n t i n E q . (11) is 3 . 1 2 8 - 1 0 

- 1 1 

I N V E S T I G A T I O N OF F U N C T I O N S F . ( bAk, — 
J l 

k" 

F o r m u l a s (12) c a n b e t r e a t e d m o s t c o n v e n i e n t l y a s d e p e n d e n c e s o n t h e p a r a m e t e r ЬДк 
at f i x e d v a l u e s o f t h e r e m a i n i n g p a r a m e t e r s . T h e g e n e r a l n a t u r e of t h i s d e p e n d e n c e is de-
t e r m i n e d b y t h e s i z e o f t h e f o c u s i n g p a r a m e t e r L / b h e l d f i x e d , a n d d i f f e r s s u b s t a n t i a l l y 
in t h e l i m i t i n g c a s e s o f l o o s e a n d t i g h t f o c u s i n g . In t h o s e c a s e s , E q s . ( 1 2 ) l e n d t h e m -
s e l v e s t o s i m p l i f i c a t i o n a n d a n a l y t i c a l s o l u t i o n s c a n b e f o u n d . 

A t t h e o u t s e t , w e c o n s i d e r t h e l o o s e f o c u s i n g c a s e (b~>L) w h i c h , g e n e r a l l y s p e a k i n g , 
a l w a y s o c c u r s e v e n i n u n f o c u s e d b e a m s , b e c a u s e o f b e a m d i v e r g e n c e . I n t h a t c a s e F^ is 

r e p r e s e n t a b l e i n t h e f o r m 

i- H i ] - ( 1 3 ) 

w h e r e 

k" 
Г + 

( 1 4 . 1 ) 

( 1 4 . 2 ) 

( 1 4 . 3 ) 

( 1 4 . 4 ) 

( 1 4 . 5 ) 

R e c a l l i n g t h a t 1, t e r m s l i n e a r i n E, a n d a r e r e t a i n e d e v e r y w h e r e i n t h e d e r i v a t i o n 

of E q . ( 1 3 ) . C l e a r l y , w e s e e f r o m E q . ( 1 3 ) , i n t h i s a p p r o x i m a t i o n t h e p o s i t i o n of t h e 

b e a m f o c u s d o e s n o t a f f e c t t h e v a l u e o f F.. (of c o u r s e , w i t h i n t h e f r a m e w o r k of t h e approxi-

m a t i o n , i . e . , w h e n / < b ) . E s t i m a t e s s h o w t h a t E q s . ( 1 3 ) a r e v a l i d w h e n - - -p-<0,1 • 

In t h e c a s e o f t i g h t f o c u s i n g a t t h e c e n t e r of t h e n o n l i n e a r m e d i u m (-£-=0,5; 

£ = |-*оо), w e c a n s t a t e 

b\k 

a n d h e n c e , u t i l i z i n g r e s i d u e t h e o r y , w e a r r i v e at 

( 1 5 ) 

Fj. (bAk; 0 ; 0 , 5 ; 1 » 
PI^Va», Ak<0, 

0, Ak>0 

я* 

16 (•f+'У 

F2 (bAk; 0 ; 0 , 5 ; = 

JJfrA* l )
2
_ 2 ]

2
+ 4 } V * , A k < 0 

4я* e~"Aklr, Ak>0 

( W 

( 1 6 . 1 ) 

(16.2) 
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я* 

Fa [bAk-, 0; 0,5; А" ) = 

— Г (6ДА— 1) (-£- + l) - 2 ] V \ A f t < 0 
(16.3) 

я2 
fcAfe / к" Л,. 

Ak>0 

F t [bAk; 0; 0,5; -f-J = 

я» . 
( к" \* (—+ 1) 

•e6^, Д £ < 0 

я» 

•(-MM1 

(16.4) 

+ е- 6", Д £ > 0 , 

Fb [bAk; 0; 0,5; = 

0, ДЛ<0 

— l ) _г]' + 4 - 8е ~ ~ t " ' I j W " , Ak>0. 
(16.5) 

In t i g h t f o c u s i n g onto t h e e n t r a n c e (f=0) or e x i t (f=L) b o u n d a r y of the m e d i u m , one of 
the l i m i t s of the i n t e g r a l in E q . (15) g o e s to z e r o , so t h a t 

Fj [bAk, 0. 0, -£-) = Ft. (bAk, 0, 1, = 

= ±.Fr[bAk-, 0; 0,5; + F h 

w h e r e F ! is t h e c o n t r i b u t i o n m a d e by t h e i m a g i n a r y p a r t of the i n t e g r a l . In p a r t i c u l a r , 
J 

for the f r e q u e n c y a d d i t i o n p r o c e s s we h a v e 

1 Г/ bAk \« к: ( bM\ 

- w - [ \ — ) e i E t \ — — ) + 

(17-1) 2 
1 Г/ bAk Д» — - , 

~36~ [ 2 / 6 2 K(-bAk) + 

The m a x i m u m v a l u e of Fl = 0 . 3 1 5 3 at bAk=— 2,44. H e r e E . (x), Ё. (x) are t h e i n t e g r a l e x p o n e n 
J 1 1 

t i a l f u n c t i o n s . The f o r m u l a s for t h e r e m a i n i n g Fj c o n t a i n s i m i l a r , but m o r e c u m b e r s o m e , 

f u n c t i o n s , and n e e d not be c i t e d h e r e . 

W h e n the f o c u s of the b e a m s is d i s p l a c e d f r o m the b o u n d a r y of t h e m e d i u m t o w a r d t h e 
c e n t e r of the m e d i u m , the c o n t r i b u t i o n m a d e by t h e i m a g i n a r y p a r t of the i n t e g r a l , odd 
w i t h r e s p e c t to E,1 , d e c l i n e s to zero in short o r d e r , w h i l e t h e c o n t r i b u t i o n m a d e by the 
r e a l p a r t of t h e i n t e g r a l t e n d s r a p i d l y to the v a l u e of F^ (bAk; 0; 0 . 5 ; k " / k ' ) . In p h y s 

c a l t e r m s , the e x p l a n a t i o n is that t h e b a s i c c o n t r i b u t i o n m a d e to t h e a m p l i t u d e of t h e 
f i e l d g e n e r a t e d is that m a d e by t h e r e g i o n n e a r t h e f o c u s of t h e b e a m s w i t h a h i g h p u m p 
f i e l d i n t e n s i t y , t h e d i m e n s i o n s of the r e g i o n are r e l a t i v e l y m o d e s t , and as l o n g as it is 
a c c o m m o d a t e d e n t i r e l y w i t h i n the cell Fj r e m a i n w e a k l y d e p e n d e n t on t h e p o s i t i o n of the 
b e a m s ' f o c u s and e q u a l t h e i r v a l u e for f o c u s i n g at the c e n t e r of the m e d i u m . E s t i m a t e s 
s h o w 

t h a t the d i f f e r e n c e f r o m E q s . (16) d o e s not e x c e e d one p e r c e n t for any v a l u e of ЬДк, 

p r o v i d e d -^-b<f<-y-(L~b). 
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F i g . 1 P i g . 2 

P i g . 1. Р1(ЬЛк, b / L , 1 / 2 , 1 ) as a f u n c t i o n of ЬДк for: 1) b / L = 3 , 2 ) b / L = 2 , 

3 ) b / L = 1 , 4) b / L = 0.5 a n d 5 ) b / L = 1 / 3 . 

F i g . 2 . F 2 ( b A k , 1 , 1 / 2 , k " / k ' ) as a f u n c t i o n of ЬДк for: 1) k " / k ' = 1 . 2 ; 2 ) 

к"/к' = 1 . 5 ; 3) k " / k ' = 2; 4) k " / k ' = 3 a n d 5 ) k " / k ' = 5 . 

F i g . 3 . F 2 ( b A k , 1 / 3 , 1 / 2 , k " / k ' ) as a f u n c t i o n of ЬДк for k " / k ' . N o t a t i o n same 

as in F i g . 2 . 

F i g . P^(ЬДк, 1 , 1 / 2 , k " / k ' ) as a f u n c t i o n of ЬДк for k " / k ' . N o t a t i o n same 

as in F i g . 2 . 

T h e c o n d i t i o n for v a l i d i t y of E q s . (16) can b e e s t i m a t e d m o s t s i m p l y for the f u n c t i o n 

F 1 ( f r e q u e n c y a d d i t i o n ) . In t h i s case к' = k" a n d t h e t r a n s i t i o n f r o m the e x a c t e x p r e s -

s i o n (12) to t h e a p p r o x i m a t e e x p r e s s i o n (15) i n v o l v e s n o m o r e t h a n a r e p l a c e m e n t of the 

f i n i t e l i m i t s £ = $ by i n f i n i t e l i m i t s . The e r r o r in the v a l u e of F ^ i n c u r r e d in t h a t re-

p l a c e m e n t s a t i s f i e s at any v a l u e of ЬДк the i n e q u a l i t y 

X {F1(bAk; 0; 0,5; l)}1'2. 
(18) 

F o r a l l the r e m a i n i n g f u n c t i o n s , at k ' i- k " , t h e c o n v e r s i o n t o (15) i n v o l v e s , in a d d i t i o n 
to s u b s t i t u t i o n of l i m i t s , p a s s a g e to t h e limit u n d e r t h e i n t e g r a l s i g n in E q . (12) as 
g->-oo, a n d an a d d i t i o n a l c o n s t r a i n t is i m p o s e d on t h e v a l i d i t y of t h i s c o n v e r s i o n . In 
t h e s e c a s e s we can r e s o r t to the f o l l o w i n g a p p r o x i m a t e e s t i m a t e : for any v a l u e of b-Ak we 
h a v e 

1/2 

(19) 

W e i n f e r f r o m f o r m u l a s (18) a n d (19) t h a t E q s . (16) can b e u s e d t o g o o d a d v a n t a g e r i g h t up 
to (к' /к") ( L / b ) = 3 , w h e r e u p o n Д^Х.0,06 for a l l v a l u e s of bAk. 
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as а 

5 . (ЬДк, 1 / 3 , 1 / 2 , k " / k ' ) 

f u n c t i o n of ЬДк for k " / k ' . 
N o t a t i o n same as in F i g . 2 . 

S i m i l a r g r a p h s a p p e a r in F i g . 4 a n d F i g . 5 

POWER O P T I M I Z A T I O N IN FOCUSING 

At v a l u e s of t h e f o c u s i n g p a r a m e t e r ЦЬ~ 1, 
a p p r o x i m a t i o n s (13) a n d (16) are u n a c c e p t a b l e , 
a n d the only r e c o u r s e open is to c o m p u t e r 
n u m e r i c a l c a l c u l a t i o n s of E q . ( 1 2 ) . G r a p h s 
of the d e p e n d e n c e of f u n c t i o n F.^ on t h e p a r -
a m e t e r ЬДк for f o c u s i n g at the c e n t e r of the 
m e d i u m are p l o t t e d in F i g . 1 for v a l u e s of the 
f o c u s i n g p a r a m e t e r L/b = 1 / 3 , 1 / 2 , 1 , 2 , 3; 
n o t e t h a t w h e n L/b = 3 the d i f f e r e n c e f r o m 
v a l u e s c o m p u t e d u s i n g E q . ( 1 6 . 1 ) a g r e e q u i t e 
c l o s e l y w i t h the e s t i m a t e (18) at a n y ЬДк 
v a l u e . G r a p h s of F 2 as a f u n c t i o n of bAk are 

p l o t t e d in F i g . 2 and F i g . 3 for f o c u s i n g at 
the c e n t e r of the m e d i u m in the cases Ljb=1 
a n d L/b=3, if k"/k'' = 1 . 2 , 1 . 5 , 2 . 0 , 3 . 0 , 5 - 0 . 

for the f u n c t i o n Fo-

u n d e r c o n d i t i o n s w h e r e the e f f e c t e x e r t e d by l i m i t i n g f a c t o r s ( a b s o r p t i o n , s e l f - f o c u s -
i n g , s a t u r a t i o n , b r e a k d o w n ) can be s a f e l y n e g l e c t e d , E q . (11) is v a l i d for the p o w e r a n d 

^ [ ^ ( П - ^ т М ^ T - T - T-)-

If the v a l u e s of Pn, x(5> a n d k " / k ' c a n be a s s i g n e d , t h e n p o w e r o p t i m i z a t i o n r e d u c e s to 
o p t i m i z a t i o n of the r a t i o N2b~2Fj as the p a r a m e t e r s N, Aft, b,-~ a n d f / L are a l l o w e d to v a r y . 

Let us c o n s i d e r some c h a r a c t e r i s t i c p a t t e r n s . 

1. F r o m the r e s u l t s of the p r e c e d i n g s e c t i o n , w e i n f e r t h a t the m o s t e f f i c i e n t f o c u s -
ing in any case w i l l o c c u r w h e n 

^/L<//L<-f (1- t). 

F o c u s i n g is c o n s i d e r e d o p t i m a l w h e n at the c e n t e r of the n o n l i n e a r m e d i u m ^f = S = 

2. M i s m a t c h of t h e wave v e c t o r s Дк in l i q u i d a n d g a s e o u s m e d i a can b e v a r i e d i n d e -
p e n d e n t l y of t h e d e n s i t y N v i a the i n t r o d u c t i o n of b u f f e r i n g i m p u r i t i e s to a l t e r t h e r e -
f r a c t i o n i n d i c e s w i t h o u t a f f e c t i n g the n o n l i n e a r p r o p e r t i e s of the m e d i u m . In t h a t c a s e 
the d e p e n d e n c e on N w i l l be o b v i o u s , a n d it w i l l b e s u f f i c i e n t to vary Дк w i t h b h e l d 
f i x e d in o r d e r to o p t i m i z e f u n c t i o n P . . 

J 

If n o s p e c i a l m e a s u r e s are t a k e n t o v a r y Дк, t h e n Afc~JV a n d the v a l u e of the p r o d u c t 
(b&k)2F} w i l l h a v e to be o p t i m i z e d by a l l o w i n g Дк to v a r y w i t h b h e l d f i x e d , w h e r e u p o n the 
o p t i m u m w a v e v e c t o r m i s m a t c h (Дк) . w i l l a l s o d e t e r m i n e the o p t i m u m d e n s i t y N , of the 
m e d i u m . P p 

3- W h i l e the v a l u e of Дк is h e l d f i x e d , the o p t i m u m v a l u e of t h e c o n f o c a l p a r a m e t e r 
b can be d e t e r m i n e d f r o m the m a x i m i z a t i o n c o n d i t i o n f o r (bAk)~2Fj. 

W h e n Aft^O, p o w e r o p t i m i z a t i o n is p o s s i b l e in the limit as £>-»-0 only in t h e case of 
p r o c e s s e s 6)e=coi+02+co3+m+<a>5 a n d «6=o)i—a>2—©з—№4—«5. The p o w e r i n c r e a s e s w i t h o u t b o u n d as 
the c o n f o c a l p a r a m e t e r is d e c r e a s e d , f o r a l l the r e m a i n i n g t y p e s of p r o c e s s e s at A A ^ O (and 
if Дк is i n d e p e n d e n t of N , t h e same h o l d s for A f t = 0 a l s o ) . In t h e s e c a s e s , p o w e r o p t i m i z a -
t i o n r e d u c e s to an i n i t i a l a s s i g n m e n t of m i n i m u m b v a l u e at w h i c h a l l of the l i m i t i n g 
p r o c e s s e s can be s a f e l y n e g l e c t e d , w i t h f u r t h e r o p t i m i z a t i o n b a s e d on v a r y i n g Дк (see sec-
t i o n 2). 

T h e s e l e c t i o n of o p t i m u m c o n d i t i o n s is s i m p l i f i e d in t h o s e c a s e s w h e r e a n a l y t i c a l 
s o l u t i o n s a r e v a l i d for t h e f u n c t i o n s F . . 

J 

In the loose f o c u s i n g case ^ -p—^-<10-^ , w e i n f e r f r o m f o r m u l a (13) t h a t Pe~fr-4slnc2 • 
m ' ) T"]' S i n c e t h e v a l u e o f t h e c o n f o c a l p a r a m e t e r is a l w a y s f i n i t e (b = k w 2 ) in t h e 
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c a s e o f c o n f i n e d b e a m s , e v e n if u n f o c u s e d , s y n c h r o n o u s o p e r a t i o n i n s u c h b e a m s is a c h i e v e d 
a t s o m e s m a l l m i s m a t c h o f t h e w a v e v e c t o r s Дк ^ = - 2 m . / b , a n d t h i s c o n d i t i o n g o e s o v e r 

o p t j 
i n t o t h e c o n d i t i o n A k o p t = 0 f o r t h e c a s e o f an i n f i n i t e p l a n e w a v e in t h e l i m i t a s b-*~oo. 

In t h e t i g h t f o c u s i n g c a s e , E q s . (16) a r e v a l i d w i t h s u f f i c i e n t a c c u r a c y a l l t h e w a y 
t o ( k ' / k " ) ( L / b ) 2 3 . C o n s i d e r h e r e t h e o p t i m i z a t i o n c o n d i t i o n s f o r t h e f r e q u e n c y a d d i t i o n 
p r o c e s s . W i t h АкфО h e l d f i x e d , a n d b a l l o w e d t o v a r y (see s e c t i o n 3 ) , p o w e r is o p t i m i z e d 
at bAk——A. W i t h b h e l d f i x e d a n d Дк a l l o w e d t o v a r y (see s e c t i o n 2 ) , p o w e r is o p t i m i z e d 
a t 6 , p r o v i d e d Дк is a p a r a m e t e r i n d e p e n d e n t of N , a n d at bAk=—8 w h e n Ak~N. 

N o t e f u r t h e r t h a t a l l t h e f o c u s i n g e f f e c t s w e r e d i s c u s s e d f o r t h e c a s e w h e r e t h e c o n -
f o c a l p a r a m e t e r s b n a n d t h e p o s i t i o n s o f t h e b e a m f o c i f a r e i d e n t i c a l f o r a l l o f t h e p u m p 

b e a m s . T h i s c h o i c e is n o t a c o i n c i d e n c e . I n d i s c u s s i n g t h e g e n e r a l c a s e w h e r e t h e b n a n d 

fn d i f f e r f o r a l l t h e b e a m s , w e c a n s h o w t h a t t h e f o c u s i n g f u n c t i o n s b e c o m e m a x i m i z e d a s 

bn-+b a n d as fn-*f , o t h e r t h i n g s b e i n g e q u a l , a n d t h e s a m e g o e s f o r t h e p o w e r . W e d o n o t 
p r e s e n t h e r e a n y g e n e r a l f o r m u l a s f o r t h e f u n c t i o n s F ̂  , g i v e n t h e i r c u m b e r s o m e n e s s . A s a n 

e x a m p l e , w e c o n s i d e r t h e c a s e of l o o s e f o c u s i n g w h e n t h e p o s i t i o n s of t h e f o c i a r e i d e n t i -
c a l (fn—f), b u t t h e c o n f o c a l p a r a m e t e r s b d i f f e r ; p u t t i n g bn=b/fin, w h e r e 6 = m a x { 6 „ } a n d p „ ^ l , 
w e o b t a i n 

3 

w h e r e 

5 5 

= + ( 2 0 ) 

n=l 

It is r e a d i l y s e e n t h a t E q . ( 2 0 ) i s m a x i m i z e d a n d c o i n c i d e s w i t h E q . ( 1 3 ) w h e n p n = l . 
In t h e t i g h t f o c u s i n g c a s e , d i s c r e p a n c i e s b e t w e e n t h e v a l u e s of b n a n d f n r e s u l t i n a 

s h i f t o f t h e p o l e s of t h e i n t e g r a n d t o w a r d l a r g e r v a l u e s o n t h e i m a g i n a r y a x i s , w h i c h i n 
t u r n m e a n s a d e c r e a s e i n t h e P . . T h e a b o v e i m p o s e s s t r i n g e n t r e q u i r e m e n t s o n t h e s e l e c -

J 
t i o n of t h e c o n f o c a l p a r a m e t e r s a n d on m a t c h i n g o f t h e f o c i of t h e b e a m s . E s t i m a t e s s h o w 
t h a t f o r m i s m a t c h e s Abn, Af n<0,05 b , c o n v e r s i o n e f f i c i e n c y l o s s is n o t g r e a t e r t h a n 205?. 

T R E A T M E N T OF C A S C A D E P R O C E S S E S 

In t h e c a s e o f s i x - p h o t o n i n t e r a c t i o n s In a n i s o t r o p i c m e d i u m it i s v e r y c h a r a c t e r i s -
t i c t h a t , s i m u l t a n e o u s l y w i t h t h e d i r e c t p r o c e s s at w o r k o n t h e n o n l i n e a r s u s c e p t i b i l i t y 
(5) 

X , g e n e r a t i o n of a f i e l d of f r e q u e n c y Шг is b r o u g h t a b o u t b y a w h o l e s e r i e s of c a s c a d e 
( 3 ) 

p r o c e s s e s on a t h i r d - o r d e r n o n l i n e a r s u s c e p t i b i l i t y x [ 8 ] . F o r e x a m p l e , in t h e c a s e 
of t h e i n t e r a c t i o n <o 6=coi-|-fi)2+юз—the f o l l o w i n g c a s c a d e p r o c e s s e s a r e p o s s i b l e 

<*>!+ © 2 + (03->-(Ds, (0S —Ю4 —©в-^^в. 

© l + ®2 — 0 ) 4 - > t 0 s , C03 + (0S — ( D 6 - * < 0 e , 

% — (04 СОБ ->СоГ. ®2 + <°3 + <°s -»-<B'e 

a n d s o o n . In t h e p r e s p e c i f i e d - f i e l d a p p r o x i m a t i o n , d e a l i n g w i t h e a c h c a s c a d e p r o c e s s 
l e a d s t o s o l u t i o n o f a s y s t e m o f t w o t r u n c a t e d e q u a t i o n s f o r t h e s l o w a m p l i t u d e s o f t h e 
f i e l d s As(r) a n d A

(
!'(r) o f r e s p e c t i v e f r e q u e n c i e s o)g a n d o)g: 

2iks-^L +• AJA(r) = - 4n1&P s(r)e^V , 

(>
 ( 2 1 ) 

2ik. ^ L + A± Д
5>
 (r) = - 4Я& Ff (r) • 

dz 

A f o r m u l a f o r ^ ' ( r ) c a n b e d e r i v e d in e x p l i c i t f o r m f r o m t h e s o l u t i o n o f t h e f i r s t e q u a t i o n , 
a n d t h i s m a k e s it p o s s i b l e t o s o l v e t h e s e c o n d e q u a t i o n a s w e l l . If p u m p i n g is s p e c i f i e d 
in f o r m ( 2 ) , t h e s o l u t i o n f o r t h e f i e l d Eg

0
(r) = Д^е*»

2
 e x c i t e d i n c a s c a d e f a s h i o n c a n b e r e p -

r e s e n t e d , i n t h e c a s e o f n o n d e g e n e r a t e i n t e r a c t i o n s ( 1 ) , in t h e f o r m 
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Ef (г) = - 4- я* 4 т 2 " ^ I *(3> М <"«>] *** х 

4 RsK« 

х П * „ о / ( ш , т - т - Т-' х ) ' 

(12) 

(ft / Й" ^s \ 

bAk, bAks,—, —, —Г, -г- J - — L L k ks J 

* 2 

О - ' Г ) 

Х- f dg" ; г 

&ДА- _ , R} 
( 2 3 ) 

МГ. Г)<МГ. r. I) 

w i t h t h e n o t a t i o n 

1 , {V-k"s)-Hk'-k's)t' 
<i + s") 

(Г. Г. 5) = — * " H r " - = k > -

H e r e к , к' a r e t h e w a v e v e c t o r s of t h e f i e l d a n d of t h e n o n l i n e a r p o l a r i z a t i o n of t h e 
s ' s 

m e d i u m of f r e q u e n c y o)g a n d = kt + kf + ke. F o r Q,(%"), e q u a t i o n s 

Q s(r) = 0 - ' V ) 

( i + » T ) - 2 . ®s = « » + • / + ч . 

(1+6" 2)- 1. <0, = <0„ 

(1 — il")-2, cos — щ <0/ <oe. 
a r e v a l i d [ 5 ] 

T h e e x p r e s s i o n s f o r Qks>(|')are s i m i l a r w h e n t h e c o r r e s p o n d i n g f r e q u e n c y c o n s t r a i n t s a r e 
f u l f i l l e d f o r ci)6=<Ds±©m±(i>p. In t h e c a s e of c a s c a d e a d d i t i o n o f f r e q u e n c i e s ©i+toj+wr-^ois, 
«s+<om+(oP-»-a)6j E q . (23) s i m p l i f i e s a p p r e c i a b l y ; in t h i s c a s e w e h a v e к' = к", к' = k" a n d 

4-; 1; l) - (1 + ^ e x p [-jgfe-] fc 

£ - r ^ V - a e , • _ г < £ " - ! ' -

J. <1 + *Г>» J 6 О-НЕ")* 

( 2 4 ) 

In t h e t i g h t f o c u s i n g c a s e , w i t h f o c u s i n g at t h e c e n t e r of t h e n o n l i n e a r m e d i u m (|, £-»-oo), 
t h e d o u b l e i n t e g r a l / f t=Re/ f t+iIm/ f t is 

Re 4 = 

Л»Л = 

bAk 

-y- Aks(Ak — Aks)e 2 , Ak<Aks< 0 

0, Afc s<Afc<0; Afc<0, Aks > 0; Ak > 0, Aks — arbitrary 

bAk 

•J- b2e 2
 J ДА* — 2AkAks + 2Aks (Ak — Aks) In | A f e

~
A f t

* | ]. 

Ak < 0, Aks — arbitrary 

0, A A > 0 , ДА.— любое 

A s a f u n c t i o n of t w o v a r i a b l e s bAk, bAks, Re/* h a s a n a b s o l u t e m a x i m u m at bAk=2bAke=—4; Im 

h a s an a b s o l u t e m a x i m u m at M f c s =—4 ; bAks——0,333, a n d a n a b s o l u t e m i n i m u m at bAk=—4, bAks=—3,667, 
e q u a l i n a b s o l u t e v a l u e . 
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In the c a s e o f t h e c a s c a d e p r o c e s s e s ®i±<Dj±<Dr->-®s, Ют±<оР—<os-wo6 (with t h e f r e q u e n c y u>s 

s u b t r a c t e d i n t h e s e c o n d s t a g e ) , 

e 2 , (ks — iksg), Qs(l"), Hs(l', I') 

h a v e to b e r e p l a c e d in E q . ( 2 3 ) b y t h e i r c o m p l e x c o n j u g a t e s , a n d a m i n u s s i g n m u s t b e p r e - : 
f i x e d t o t h e e n t i r e e x p r e s s i o n ; t h e n 

I (l + 1'ГГ
2
. ®e = ®т+Юр—®s 

I (1 + 6 ®e = ©m — 

T h e t o t a l f i e l d g e n e r a t e d E6(r) at f r e q u e n c y u)g c a n b e s t a t e d in t h e f o r m 

£e(r) = £e(r) + V£6
>
(r) = Re£

:
e+/Im£

r
e ) w h e r e E q . (9) is v a l i d f o r E6(r) a n d s u m m a t i o n o v e r s e n c o m -

S ( S ) 
p a s s e s a l l p o s s i b l e c a s c a d e p r o c e s s e s ( 2 2 ) . N o t e t h a t t h e v a l u e of E g can be o f t h e 

s a m e o r d e r of m a g n i t u d e as t h e v a l u e of Eg [ 8 ] , a n d in s o m e i n s t a n c e s c a n e v e n e x c e e d t h a t 

v a l u e , a s f o r e x a m p l e w h e n a f i f t h - o r d e r h a r m o n i c is g e n e r a t e d u n d e r t w o - p h o t o n r e s o n a n c e 
c o n d i t i o n s . In t h a t c a s e t h e p r e s e n c e of d o u b l e r e s o n a n c e g a i n is t y p i c a l of t h e c a s c a d e 
p r o c e s s co+<o + co-v3to, ©+<ft+3to-^5co. D i s c u s s i o n of r e s o n a n c e p r o c e s s e s g o e s b e y o n d t h e s c o p e o f 
t h e p r e s e n t a r t i c l e a n d w i l l b e p u b l i s h e d s u b s e q u e n t l y . 

In s u m m a r y , t h e a r t i c l e d i s c u s s e s c h a r a c t e r i s t i c f e a t u r e s o f f r e q u e n c y s h i f t i n f o -
c u s e d b e a m s o n a f i f t h - o r d e r n o n l i n e a r s u s c e p t i b i l i t y , w i t h d e r i v a t i o n of s o m e r e s u l t s a n d 
d r a w i n g o f s o m e i n f e r e n c e s . C o m p a r i s o n w i t h s i m i l a r r e s u l t s a r r i v e d at f o r p r o c e s s e s o c -
c u r r i n g o n l o w e r - o r d e r n o n l i n e a r i t i e s [ 1 - 6 ] s h o w s t h a t f o c u s i n g e f f i c i e n c y is e n h a n c e d 
w i t h i n c r e a s i n g o r d e r of t h e n o n l i n e a r p r o c e s s , w h i l e t h e d e p e n d e n c e o f t h e p o w e r o u t p u t o n 
t h e c o n f o c a l p a r a m e t e r b e c o m e s m o r e p r o n o u n c e d , a n d t h e b a s i c c o n t r i b u t i o n to l a s e r a c t i o n 
in t i g h t f o c u s i n g is m a d e b y t h e s h o r t e s t r e g i o n of a l l n e a r the f o c u s o f t h e b e a m s . W h e n 
n >_ 3j w h e r e n is t h e o r d e r of t h e n o n l i n e a r s u s c e p t i b i l i t y , t h e l e n g t h o f t h i s r e g i o n 

L e f f !)2 • I n c o n t r a s t to [ 5 ] , it is d e m o n s t r a t e d i n t h i s p a p e r t h a t i n l o o s e 

f o c u s i n g ( E q . ( 1 3 ) ) c o n v e r s i o n e f f i c i e n c y d e p e n d s on t h e r a t i o k " / k ' ; t h i s c o n c l u s i o n h o l d s 
g o o d f o r p r o c e s s e s a t w o r k o n t h i r d - o r d e r s u s c e p t i b i l i t i e s , as d i s c u s s e d b y B j o r k l u n d [ 5 ] . 
N o t e t h a t a n a l y t i c a l s o l u t i o n s of t y p e ( 1 6 ) , v a l i d w h e n t h e l e n g t h o f t h e n o n l i n e a r m e d i u m : 

( 3 ) 
L >. L g ^ ~ 10 k " b / k ' , c a n be a r r i v e d at f o r t h o s e p r o c e s s e s in the h a r d f o c u s i n g c a s e . 

W e p r e s e n t a c o n c r e t e e s t i m a t e of t h e p o w e r of t h e f i f t h h a r m o n i c of r a d i a t i o n e m i t t e d 
b y a n e o d y m i u m - d o p e d l a s e r in s o d i u m v a p o r . C a l c u l a t i o n s y i e l d x < S )~10~ 4 4 C G S E u n i t s -cm^, 

—1 — 3 
Л& 7,2-10~17 N cm . A s s i g n i n g t h e v a l u e s JV~5-10 1 6 c m , />i~108 W , a n d b ~ 3 c m 

(bAk~—11), a n d c e l l l e n g t h L ^ . 10 cm f r o m E q s . (11) a n d ( 1 6 . 1 ) , w e o b t a i n Р6(5ю) 1 0 ^ W . 

T h e a u t h o r is i n d e b t e d to S . A . A k h m a n o v a n d K . N . D r a b o v i c h for t h e i r k i n d s u p p o r t 
a n d s u s t a i n e d i n t e r e s t i n t h e w o r k a n d a l s o to S . G . G r e b e n y u k f o r k i n d a s s i s t a n c e in 
c o m p u t e r p r o g r a m m i n g a n d c a l c u l a t i o n s . 
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