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SOLUTION ASYMPTOTICS FOR NONLINEAR DISSIPATIVE 

EQUATIONS AT LARGE a: AND t 

P. I. Naumkin 

A11 asyn1ptotic representation is obtai11ed at large x and t for the ~olntiou to 
Cauchy:s problem for the following nonlinear dissipative equation~: the l(orte­
weg-de Vries-Burgers equation, the Kolmogorov-Petrovskii-Piskunov ccp1ation. 
the Ott-Sudan-Ostrovskii equatio11~ and the Burgers equation with linear lla1np­
ing. 

The study of asymptotic behavior for t - oo of solutions to various nonlinear evolution equations 
Dttract-s the 1najor attention of investigators. For instance. in [l] the so-called problen1 on r )1<: decay of a 
step-like solution f.o the I'\:oln1o;:orov-Petrovskii-Pisknnov (I{PP) equation \\'cis considered: 

11r+u:2+t1-1/.r.r=O {l) 

(also see the survey in [2]), i.e .. the calculation 1)f the asy1nptoti..:s at 1::1.r,g;e tin1e.-:; \\"i'!S .-:<l11di._,d rc.1· rl1<~ ::;o!urion,:; 
to Cauchy's problem satisfying the follo\ving boundary conditions; 

u(.r, t) - 1 for x - -co and u(x, t) - 0 for x - +:o. 

The asymptotic behavior for t - oc of solutions to Cauchy's problem for the Burgers equ::ttion 

(2) 

can bi; detennined by 1ne~1ns of the Hopf-("ole substitution ::1. 4}. 
1-he recently discovered n1er.hod of 111verse scattering problern 111akes it possih!e r,) c;.1lc1Liat.e l he e1syn1p­

totics fort - x of solutions to the I\ortewe;;-Je \!ries (I\:d\.) equatiou (see [;J_ f)]): 

(:l I 

_-\ll these results are closely related to Eqs
7 
(1)~(3) and becon1e inapplicable if the latter are arbitrarily 

perturbed. For example, the Hopf-Cole substitution is inapplicable for the Burgers equation \vith linear 
darnping;: 

Ut + (11;;-) 2 + ,\u - U;;-,r = 0. 'II 

and the asyn1ptotics of solutions to the I\orte\veg-de \'ries-I3urg:ers (h~.d\'B) equation 

(0) 

and the Ott-Sudan-Ostrovskii equation [7, S} 

o a 
u, + (ux)- + H(ux) + 3uxxx = 0, ( G) 

\Yhere H(u) is the Hilbert transform. cannot be calculated using the inverse scattering problern n1ethod. 
:\.nd. finally. the asyn1ptotics of solutions to the l\:PP equation ( 1) has not yet been considered for the case 
\\-hen 11(.r. tl - 0 a~ x - ±x. 
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The above equations (1)-(6) are special cases of the following model equation: 

( 
8'u ) 2 

u, + ox' +K(u) = 0, (7) 

wheres= 01 1, 
00 

K(u) = 2~-r j dpexp{ipx}K(p)u(p, t), 
-oo 

"' 
and il(p, t) = j exp{-ipx)u(x, t)dx is the Fourier transform of the function u(x. t). Equation (7) is 

-00 

applicable for describing a broad class of wave processes in dissipative and dispersive n1edia au<l includes 
many local and nonlocal equations (see the survey [9)). In the case of Eqs. (1)-(6) the symbol I\(p) of the 
operator has the form 

K(p) =,\+[pf' + <p(p), (8) 

where,\) 0, cp(p) = -(ia/3)p3 , a;;. 0. 5 = 2 for Eqs. (1). (2), (4), and (5) and 6 = l for Eq. (6) ln i!O l l1 

the follo\\'ing uniforn1 asymptotics \Vith respect to~= x/t 118 , t - :c, for solution:; to C'aucliy·:; pr0hi.-':11 i-, ,r 
Eq. (7) was obtained: 

"' ; j ( exp(-.\t\' u(x, t)=Aexp{-,\t)t- 1 
·' cos(p~)exp{-p8 )dp+O tl/J+µ J J-

o 

\vhere /\ ~ 0, 6 > 0. µ > 0, and ~-l are son1e constants determined explicitly by tl1e sy1nli~::,! /\_.l/Ji a1td t1H: 
Fourier image of the initial function. Relation ( 9) does not clarify the solution asymptotics for~ ;_:u1J t tending 
to infinity simultaneously(~ ....... co, t----;. oo) because the principal term in (9) tends to zero as~ - :x:.. and 
the dependence of the remainder Oil e jg IlOt \Vritten OUt explicitly. 

We have the following 
Theorem 1. Let (i) the symbol K(p) of the operator K be represented m the form (8) for p E Rt \0. 

where <p(p) E C4(R1 \0), and <p(p) satisfies the inequality 

I d':~,P) I ~ c1m'-l+•(p)Ma(p), 0 ~ 1. ~ 4, 

and let (ii) the Fourier image "fr(p) of the initial perturbation U(x) belong to C4 (R1 ) and sallsflJ tlie u1i:r111allt!J 

0 ~ 1 ~ 4, 

where 0 < e < c, c > 0 is a constant. c1 > 01 er ~ 0, ,\ ~ 0, u > 0, 1n(p) == inin( l: iPi ). 11n,f .\l(p) 
ma.x(l; Ip[); moreover, if,\= 0, then let 5 E (0, 1+2s), and if,\> 0, tken let 8 E (0. x). 

Then fort - ·xi and.;= tl~!'i - cc the asymptotic representation 

u(x, t) = c'- 1 1- 1
/·

5 exp{-,\t}(B + O(~-µ + 1-µI' )) i lu1 

holds, where B = Af(l + 8) sin( 11"8 /2), µ. > 0, and A is the same as in (9). 
In particular, for the solutions to Eq. (6) formulas (9) and (10) imply for all x E R 1 and t ~ "° the 

relation 

u(x,t) = t(1+1x/t)') ( 1+0( I)) 
For Eqs. (1), (2), (4), and (5) we have 8 = 2, and the principal term in (10) vanishes. To calculate the 
asymptotics in these cases one has to require that the Fourier image of the initial perturbation should be 
analytic. \·Ve have 
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Theorem 2. Let {i) the symbol K(p) of the operator K in Eq. (7) have the form of (8) with l"(P) = 
-iap3/3, where a;;. 0, 6 = 2, A;;. 0 for s = 1, and A> 0 for s = O; and let (ii) the Fourier image 'il(p) of 
the initial perturbation u(x) be analytic in the region ry =Imp;;. d = -1/a and satisfy the inequality 

l = 0, 1, 

where b > 0, 0 < €,,;; c, c,,;; 0 is a constant, and µ(p) = ry 2 (1 + a71/3). 
Then fort - cc the following asymptotic formulas hold: (i) for y = x/t > d we hat•e 

h 
vr+aY'-1 

wereu== 
a 

(ii) for y = d we have 

u(x, t) = A(irr) exp{-vt}J ~ + O(exp{-vt)t- 3
/

4
), 

t 1 + ay 

2 ( 312 3ay) and v =A+ - (1 + ay) - 1- - ; 
3a2 · 2 

. r ( t) exp{-.:lt - t/3a
2

} . ( exp{-.:lt _ t/3a') ) . 
u(x,t)=A(id) 0 13 

-rO 11 , · 
(v3at) 1 t · 

and (iii) for y < d we have 

2 

u(x,t) =/!it exp{-xt} t;tA(id+(-1)1;1) 

x exp{ (-1)1i( i- ~a/33t)} +O(exp{-xt}t-•i•), 

2 v'-1 - ay 
where x =A+ yd - :Jd3 and ;1 = a > 0. 

( 11) 

( l"! 

( 13) 

The function A(p) is expressed explicitly in terms of the symbol f{(p) and the Fourier irnage oft.he 
initial perturbation. 

Theorem 2 describes the asymptotics of the solution to the !{d\lB equacion ( 5). In che case ri = 0. 1. e .. 
for Eqs. ( 1), (2), and ( 4), we obtain, as a consequence of Theorem 2, 

Theorem 3. Let (i) the symbol be K(p) =A+ p2
, where A;;. 0 for s = 1 and >. > 0 for s = 0: 

and let (ii) the Fourier image fi(p) of the initial perturbation U(x) be analytic throughout the co1nplex pln11e 
and satisfy the inequality (ry =Imp): 

,~ 

ldu(p)[ • '} -;jp/ .;;.:M- (p)exp{b71 , 

iDhere 0 < : ~ c, c > 0, and b > 0 are som.e constants. 

I= 0, 1, 

Then fort - oo and x - ±oo the unzfonn asymptotic representation 

( iy) {i , ( exp{-.:lt}) 
u(x, t) =A 2 Vt exp{-,\t - y·t/4} + 0 t 3 / 4 

with respect toy= (x/t) E R1 holds. 

(14) 

Note that asymptotic expressions (9) and (10) do not depend on the explicit form of the conservative 
part ImK(p) of the symbol K(p). And the character of the asymptotic formulas (11)-(14) for x and t 
tending to infinity simultaneously (x - cc, t - oo) appreciably depends on the conservative part ImK(p) 
as well as on the dissipative part ReK(p) of the symbol K(p). 
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