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SOLUTION ASYMPTOTICS FOR NONLINEAR DISSIPATIVE
EQUATIONS AT LARGE z AND ¢

P. I. Naumkin

An asymptotic representation is obtained at large z and t for the solution to
Cauchy’s problem for the following nonlinear dissipative equatious: the Korte-
weg-de Vries-Burgers equation, the Kolmogorov-Petrovskii-Piskunov equation.
the Ott-Sudan-Ostrovskii equation, and the Burgers equation with linear damp-
ing.

The study of asymptotic behavior for ¢ — oo of solutions to varicus nonlinear evolution equations
attracts the major attention of investigators. For instance, in [1] the so-called problem on the decay of a
step-like solution to the Kolmogorov-Petrovskii-Piskunov (KPP) equation was considered:
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(also see the survey in [2]), L. e.. the calculation of the asyprotics at large times was sfudied [ar the solutions
to Cauchy’s problem satisfying the following boundary conditions:

u(z, t) — 1 for r — —co and u(z, t) — 0 for r — +o0.

The asymptotic behavior for t — a¢ of solutions to Cauchy’s problem for the Burgers equation
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can be determined by means of the Hepf-Cole substitution [3. 4],
The recently discovered method of inverse scattering problem makes it possible ro caleulate the asymp-
toties for £ — 2o of solutions to the Norteweg-de Vrles {KdV) equation (see [5. §]):
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All these results are closely related to Egs. (1)-(3) and become mapplicable if the latter are arbitrarily
perturbed. For example, the Hopf-Cole substitution is inapplicable for the Burgers equation with linear
damping:
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and the asymptotics of solutions to the Korteweg-de Vries-Burgers (KdVB) equation
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and the Ott-Sudan-Ostrovskii equation {7, 3]
o a
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where H(w) i3 the Hilbert transform, canunot be calculated using the inverse scattering problem method.
And. finally. the asymptetics of solutions to the KPP equation (1) has not yet been considered for the case
when u(z, t) — 0 as ¢ — £ 2.
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The above equations (1)—{6) are special cases of the following model equation:
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u,+(5-1—';-)2+K(u)=0, (n

where s = 0, 1,

K(w) = o / dpexpipz} K(2)E(p, 1),
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and u(p, t) = / exp{—ipzr}lu(z, t)dz is the Fourier transform of the function u{x,t). Equation (7) is

applicable for deseribing a broad class of wave processes in dissipative and dispersive media and includes
many local and nonlocal equations {see the survey [9]). In the case of Eqs. (1)~(6} the symbol L'(p) of the
operator has the form

K@) =+ oI’ + o(p), 8)

where X 2 0, w(p} = ={(ia/3)p, a > 0.6 = 2 for Egs. (1), (2), {4), and {5). and & = { for Eq. (6). In [i0 {1
the following uniform asymptotics with respect to & = £/tY%, t — 2o, for solutions 1o Caucly s probien for
Eq. {7) was obtained:
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where A 2 0, 8 > 0, £ > 0, and - are some constants determined explicitly by the symbal A(p) ad the
Fourier image of the initial function. Relation (9) does not clarify the solution asymptotics for £ and ¢ tending
to infinity simultaneously (£ — oc, t — c0) because the principal term in (9) tends to zero as & — ¢, and
the dependence of the remainder on £ i1s not written out explicitly.

We have the following

Theorem 1. Let (i) the symbol K(p) of the operator K be represented in the form (3) for p € R1\D.
where @(p) € CHR\D), and p(p) satisfies the inequality
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end let {ii) the Fourier image ’ﬁ(p) of the initial perturbation T(x) belong to CY(Ry) and satisfy the mequality
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where 0 < ¢ < c,e> 0 saconstant, ¢ >0, a 20, A 20, ¢ >0, m{p) = min{l: ip)). and M(p) =
max({1; |pi}; moreover, if A =0, then let 6 € (0, 1 + 25), and if A > 0, then let 4 € (0. ¢).

Then fort — oc and § = tlw.ifls — oG the asymptotic representation
u(z, t) = &0 W exp{ =M} B + O(E™F +1=#/%y) {1}

holds, where B = AL(1+4 8)sin{7d/2), 4 > 0, and A is the same as in (9).
In particular, for the solutions to Eq. (6) formulas (%) and (10) imply for all £ € B, and ¢ — 2o the

relation 4 |
(2.8 = D ( 1+ O( 1 ) )
For Egs. (1), (2), (4), and (5) we have 6 = 2, and the principal term in (10) vanishes. To calculate the

asymptotics in these cases one has to require that the Fourier image of the initial perturbation should be
analytic. We have
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Theorem 2. Let (i) the symbol K(p) of the vperator K in Eq. (7) have the form of (8) with p(p) =
—iap®/3, wherea 20,8 =2, A2 0fors=1, and A > 0 for s = 0; and let (i) the Fourier image U(p) of
the initial perturbation (z) be analytic in the region n =Imp 2 d = —1/a and satisfy the inequality

d'% _
’ d;:p) < eM~%(p)exp{bu(p)}, 1=0,1,

where b >0, 0 < 2 € ¢, ¢ €0 is a constant, and u(p) = n°(1 + an/3).
Then fort — oo the following asymptotic formulas hold: (i) for y = 2/t > d we heve

u(z, 1) = A(io) exp{-vt} + O(exp{-vt}t="), (11)

T
tv1+ay

where o =

Vi+tey-1
a

(1) for y = d we have

A= 32 dayy.
andu_z\+3a2((;+ay) 1- 5 ),

r( _;.) exp{~—At — t/3a%} . o( exp{~At — t/3a”} ):

u{z.t) = A(id) (V3an)iis 172

and (W) for y < d we have

2
u(z,t) = */E%E exp{—xt} > AGid+ (-1)'8)

=1

x exp{ (-1'i( T - %aﬁat) }+ Oexp{—xt}=14), (13)

v=l-ay

The function A(p) is expressed e?{plicitly in terms of the symbol K{p) and the Fourier image of the
initial perturbation.

Theorem 2 describes the asymptotics of the solution to the KdVB equation (5}. In the case a = 0. L.e..
for Eqs. {1}, {2}, and (4), we obiain, as a consequence of Theorem 2,

Theorem 3. Let (1) the symbol be K(p) = A+ p?, where A2 0 fors =1 and X > 0 for s = (:
and let (ii) the Fourier image U(p) of the initial perturbation t(z) be analytic throughout the compler plane
and satisfy the ineguality (n = Imp):

wherex:;\+yd—§d3 and 3 =

d'%(p)
dpl

< eM™8(pyexp{bn®}, {=0,1,

where 0 < 2K c,c>0, and b > { are some constants.
Then fort — oo and © — £0o0 the uniform asymptotic representation

u(a:,t):A(%)\/?exp{—/\t—yzt/fl}-i-(?(g—pz%i) o (14)

with respect to y = (z/t) € Ry holds.
Note that asymptotic expressions (9) and (10) do not depend on the explicit form of the conservative
part Im A'(p) of the symbol K'(p). And the character of the asymptotic formulas (11)-(14) for z and ¢

tending to infinity simultaneously (z — oo, t ~» 0o} appreciably depends on the conservative part Im K'(p)
as well as on the dissipative part Re K'(p) of the symbel K{p).
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