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RENORMALIZATION IN TERMS OF THE OBSERVABLES

D. A. Slavnov

A procedure is described that makes it possible to express uniquely all obscrv-
able guantities in terms of several base quantities. The result does not depend
on the applied renormalization scheme.

The standard scheme for calculating observable quantities in quantum field theory within the framework
of the perturbative method consists in the following. Appropriate Green’s functions are calculated in terms
of bare parameters of the theory using a regularization. Then a renormalization scheme is applied. The bare
parameters are expressed in terms of renormalized parameters and renormalization constants. The singular
parts (with respect to the regularization parameter) of the renormalization constants are determined uniyuely.
In the nonsingular parts there appears arbitrariness, which is eliminated by imposing sotne constenints on
Green's functions. However, Green’s functions are related to the observable quantities only mrireetly, As o
result, the relationship between different observables turns out to be intricate and dependent on the applied
renormalization scheme.

We propose a method in which, within the framework of a fixed model. all ohservables are uniguely
expressed (according to perturbation theory) in terms of a set of base observables. The idea of the method
was to a large extent suggested by Ref. [1]. An observable is taken to mean a quantity that has a numerical
value, for instance, a scattering cross-section for certain momenta. The same cross-section for some othef
mormenta will be regarded as another observable. Moreover, an observable must indeed be a measurable
quantity, in particular, it must be infrared-stable. Therefore the cross-section should probably be inclusive
with respect to the final states and, in some cases, with respect to the initial states as well.

We consider a renormalizable model whose dynamics is deterrnined by a Lagrangian depending on a
single bare coupling constant ng and a single bare mass mg. The generalization o the case of a greaver
number of seed constants is trivial. We introduce a certain regularization. Dencte by u the regularization
parameter. We shall assume that the passage to the limit for g — ¢ corresponds ta the regularization
removal.

According to the standard rules of quanfum fleld theory, an cbservable @ can be represented as a
perturbation theory series:

Q = Qo(mo) + apQ1(mq, ) + a5 Q2(me, p) + ... . {1

As is well known, for expression {1) to admit of the passage to the limit for g — o iv s necessary that
ag and mg should depend on u in a definite way:

ag = a+a?Zy(m, @) +a’Zy(m, 0 + ..
me =m+a¥ym p)+ o Yolm g)+ ...

[

where o and m are, respectively, the so-called renormalized coupiing constant and mass and Z; and Y; are
the renormalization constants. Usually « is fixed as the value of a definite Green’s function for some values
of the momenta and m is fixed as a pole of a two-point Green's function. However, Green’s functions are
not cbservable quantities. Their values depend on the calculatipn method (the renormalization scheme, the
choice of the gauge, etc.). Therefore it is not surprising that, having taken some nonuniquely determined
quantities as fundamental ones (@ and ), we can subsequently encounter nonunigueness in the calculation
results.

We follow a different way. Let us take two independent observables A and M as base quantities. It is
convenient to select them so that in their expansions (1) the relations

Aa(mg) = 0. Ailmg, p) = 1, My(mg) = my
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hold. After that the observable A is regarded as a renormalized coupling constant (a} and the observable
M is regarded as a conditionally renormalized mass {m}. Thus, we have

ag + ada(mo, g) + . - .,
mg + Qgﬂ/f]_(m(], p) + Qgﬂr’fg(mo, /J.) + ...

[+1

(3)

m

On solving these equations with respect to oy and mp we obtain celations (2} with renormaiization

constants
Zalm, g}y = —Aa(m. p),

Yi{m, ) = =M (m. u), (4

Ya(m, p) = My(m, glds(m, g) + -

B

-dg— Il(m p) = Malon. u).

Substituting representations (2) into expansion (1) we obtain for the chservable @ the expansion

4 (m, #) OQo(m i
dm dm

%M'}'Eg{m‘ W) = 0im e m g 1 - ... D

]
Jin- 4

Yol p)

;

If the expressions for Z2, Y1, and ¥5 1 (4) are now substituted mto {3}, then, by virtue of the repor-
malizability of the model. each sum in the square brackets ou the right-lad sule o (5 will adioir of the
passage to the limut for g — oc, the result of the passage not depending on the regulacizarion method.

We have used no specific renormalization scheme at all. Therefore expression (5} gives an absolutely
unique expansion of the ohservable @ with respect to the coupling constant «. There arises a reasonable
question: has the nonuniqueness disappeared? Actually it.is still present here because the form of expan-
sion (5) does of course depend on the choice of the observables A and M as base quantities. But this
nonunigueness is of a purely physical origin. It is clear that no mathematical contrivances can help to avoid
it.

Of course, the speed of convergence of series {5) may depend on the choice of ohservabies as base ones.
but in any case the expansion is unique.

Since the renormalization procedure has not been used some individual terms in square bracksrs in (5).
cenerally speaking, do not admiv of the passage to the linur for g — 2. This s meonvenient e conceer.:
calculations, and therefore use can be made of a certain renormalization procedure. \We shall show that all
these procedures vield the same result.

It is well known that any renormalization procedure compatible with the causality and uuitarity con-
ditions is equivalent [2] to the Bogolyubov-Parasvuk R-operation with: a definire choice of the final connterr-
erms {3]. We calculate the observables @, A, and M using an R-operation with fixed counterterins. Then,
confining ourselves to the second-order approximation of perturbation theory, we can rewrite (1) and (3} as

Q) = Qo(mh) + b Gr(mp) + (ah)*@alm}) ()
Al

A=a=a}+(ay) alml),

M=m=my+ aaﬁl(mg) + [afj)g;—\-fg{mf)).

=1
—

In (6) and (7) the expressions ag and mj are finite constants, and the functions Q;, 4,. and M, admit of
the procedure of regularization removal. We shall assume that in (6) and {7) the regularization has already
been removed,

The application of the R-operation with some other counterterms results in new expressious for the
functions C-j,-‘ J,. and M., However, by virtue of the renormalizability of the model, the introduction of new
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counterterms into the R-operation can be compensated for by a finite renormalization aj — af, mj — my.
Hence, the result of the new R-operation on the observable @} can be written as

Q = Qolm{) + a3 Gu(mg) + (o) Ga(mf) + AQ(mf). (8)
and for the charge and the mass we similarly write

of + (@)  da(mf) + 2A(mp), (9)
m = my + of My(my) + (af)* Ma(my) + AM (m])).

¥

The origin of the remainder terms Aé. Ad and AM of the third order relative to ap s due to the fact that
in {6) and (7} the perturbation theory series are truncated.

Relation {9} will be regarded as a system of equations for determining o and m{, whose solution is
then subssituted into {3). Then {8) and (9) will differ from {6) and (7) only in thas the unknowns af, and
myg are denoted as g and g and the remainder terms appear. [t is clear that the change in she notation
of the intermediate quantities of, and mj cannot affect the final expression for @ in terms of & and m, and
the remainder terms can change (J only in the third-srder appreximation with respect to o, Bat in this
example we are interested in the quantity ¢ ouly up to the second order with respect 1o a, and up to that
order everything is determined quite uniquely.

The presented argument may seem to imply that no consrraints are imposed on the admissibie renarmal-
ization schemes, so that, for example, in a model possessing a cerfain synmumetry obe can use renorinalizations
that would break the symmetry. In reality this is only partly true. In our previous argument we macle an
extensive use of the renormalizability property of the theory. Therefore only those rencrmalization scliemes
are admissible which do not violate this property. That is, the admussible renormalizations are those that
are equivalent to redifinition of 2 finite number of bare constants of the model. To exclude these constants
from the final results 1t suffices to fix the same number of independent base observables. However, it is
often possible to confine oneself to a smaller number of base observables. For exampie, in gauge theories the
property of gauge invariance provides a stable equality of some coupling constants (. g.. the equality of the
quark-gluon and gluon-gluon coupling constants in quantum chromodynamics). Assaome that we manazed
to invent a normalization that preserves the renormalizability of the theery but vielates the gauge invari-
ance. In this case the coupling constants are renormalized independently, and to exclude them from the fnal
result it is necessary to introduce the corresponding number of base observables. Hlowever, we know that for
this model there exist renormalizations preserving the gauge invariance. As the two schemes preserve the
renormalizability of the theory, we see that. first, the final result is gauge invariant under a renormalization
which s not gauge invariant. Second, since for a gauge invariant renormalization it suffices to fix a smaller
number of base observables. in the application of a noninvariant renormalization the dependence of the final
results on excessive base observables can be excluded by regarding them as the corresponding functions of
the independent ohservahles.

The freedom of choice of renormalization schemes is in fact even greater. The presented pronf of the
equivalence of different schenies implies that if we are interested in the final resuit up to a certain order of
perturbation theory, we need only use a renormalization scheme ensuring the renormalizability of the theory
up to this order. The result will be the same as in the application of a renormalization scheme preserving
the renormalizability of the theory i all orders of perturbation theory and poxsessing all the necessary
SVIINELries.

In particular, it follows that to obtain a symmetric resuls it suffices that, in principle, there shonld exist
a symmetric renormalization in the model. But it can be unknown to us, and use can be made of any other
scheme satisfying the rencrmalizability condition up to the required order. The symmetry of the resuit up
to this order will be guaranteed automatically.

All that has been said about the admissible renormalization schemes also refers to the adimissible
regularization shemes. Recall that formula {5) makes it possible to obtain the final result without using
any renormalization scheme. The admissible regularization schemes are those that can be reproduced hy
redefining the bare constants of the theory and introducing into them the dependence cn the regularization
parameter.
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