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RENORMALIZATION IN TERMS OF THE OBSERVABLES 

D. A. Slavnov 

A procedure is described that makes it possible to express uniquely all observ~ 
able quantities in terms of several base quantities. The result <loes not depe1ul 
on the applied renormalization scheme. 

The standard scheme for calculating observable quantities in quantum field theory \Vi thin the fra1ne\\·ork 
of the perturbative method consists in the following. Appropriate Green's functions are calculated in tern1s 
of bare parameters of the theory using a regularization. Then a renormalization schen1e is applied. 1'he hn.r1' 
paran1eters are expressed in terms of renormalized parameters and renorn1alization con:staur.s. 'l"he si11g,1il.ir 
parts (with respect to the regularization parameter) of the renormalization constants are deterinined uniquely. 
In the nonsingular parts there appears arbitrariness, \Vhich is eliminated by irnposing: :;;oine c0Hstr:1inr:;; .:,n 

Green's functions. Ifo\vever. Green's functions are related to the observable quantities 1Jn!y i11,l1r•'rtly .\_-. .1 
result, the relationship bet\veen different observables turns out to be intricate and dependent •_111 the :ip[,11<_,,_1 
renormalization scheme. 

\Ve propose a method in \vhich, \vithin the frame,vork of a fixed model. all observables :.ir(~ nnirpt•'ly 
expressed (according to perturbation theory) in terms of a set of base observables. The idea oft he u1etltod 
was to a large extent suggested by Ref. [l]. An observable is taken to mean a quantity that has a numemal 
value, for instance, a scattering crosg.-section for certain momenta. The same cross-section for son1e othet 
momenta will be regarded as another observable. Moreover, an observable must indeed be a nleasurQ.ble 
quantity, in particular, it must be infrared-stable. Therefore the cross-section should probably be inclusive 
\Vith respect to the final states and, in some cases, with respect to the initial states as \\·ell. 

YVe consider a renormalizable model •vhose dynamics is deterrnined by a Lagrangian dependin8; on a 
single bare coupling constant no and a single bare mass m 0 . The generalizat~on to the case of a .g;re:,ter 
number of seed constants is trivial. VVe introduce a certain regularization. Denote by p the reg:11\arization 
paran1eter. \Ve shall assume that the passage to the limit forµ - x corresponds to ;11\7 r1'.'..!,1il21t·iznri·~>11 
removal. 

A .. ccording to the standard rules of quantum field theory, an observable Q can be repre:";.entcd a:' a 
perturbation theory series: 

Q = Qo(mo) + <>0Q1(mo, µ) + a~Q2(mo, µ) +. i l I 

A.sis \vell known, for expression (1) to admit of the passage to the limit forµ - oc it is uec,':-;,:;ary that. 
no and mo should depend on µ. in a definite \Vay: 

oa = e>+a2Z,(m, µ)+a 3 Z1 (m, µ) +. 

mo= m + al-i(m. µ) + e> 2l"2(m. µ) +. 
:! I 

where a and m are, respectively, the so-called renormalized coupling constant ~nd n1ass and Zi and }'-i are 
the renormalization constants. Usually a is fixed as the value of a definite Green's function for son1e values 
of the momenta and mis fixed as a pole of a two-point Green's function. However, Green's functions are 
not observable quantities. Their values depend on the calcula.ti9n method (the renormalization schen1e, tl1e 
choice· of the gauge, etc.). Therefore it is not surprising that, having taken some nonuniquely deterrnined 
quantities as fundamental ones (a and m), we can subsequently encounter nonuniqueness in the calculation 
results. 

\·Ve follo\V a different way. Let us take two independent observables A and Af as base quantities. It is 
convenient to select them so that in their expansions ( 1) the relations 

.-lo( mo)= 0. 
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hold. After that the observable .4. is regarded as a renormalized coupling constant 
A1 is regarded as a conditionally renormalized mass (m). Thus, \Ve have 

(a) and the observable 

a= ao + a:ijA2(mo, µ) + ... , 
m =mo+ aoM1(mo, µ) + a6lvI2(mo, µ) +. 

(3) 

On solving these equations \Vith respect to ao and mo \Ve obtain relations (2) \vith renormalization 
constants 

Z2(m. µ) = -.·l2(m. 11), 

Y1(m. µ) = -Jfi(m. 11). (.\) 
1 {J .., 

Y,(m, µ) = .\fi(m, µ)A,(m, µ) +;; -1). .\I[(m. µ) - .\12(""·· 1<J . 
.:. ni 

Substituting representations (2) into expansion ( 1) \Ve obta:in for the obse1·vable Q the expansion 

[ 
bQo(m, µ) ] 

Q = Qo(m) +ct Q1(m, µ) + om Y1(m, µ) 

bQo(m. µI _ 
p) + .· 'i::.,:(17!. 11) 

drn 
l 

11)Z'2(ni. pl ~. 

If the expressions for Z2 . 1·1 , anJ 1'2 in(-:!:) are IlO\V swbstituted into (.5). tli.;11. hy \'irt11e of tlie renor­
n1alizability of the n1odel. each sun1 in the :::qua re brackets on t!t1~ rig!it-liaud ~1ilL· •_if\.; 1 1-'"tll :1d111it 'Jr t !i,~ 

passage to the linlit for µ - x. the result of the passage uot depending on th~: re;1.1L1riz:t11011 tiler bud. 
\\.'e have used no specific renorn1alization scheme at all. Thetefore expi-es:;ioa (:))gives an absolutely 

unique expansion of the observable Q \vith respect to the coupling constant o:. There arises a reasonable 
question: has the nonuniqueness disappeared? Actually it is still present here because the form of expan­
sion (5) does of course depend on the choice of the observables A and lvl as base quantities. But this 
nonuniqueness is of a purely physical origin. It is clear that no mathematical contrivances can help to avoid 
it. 

Of course, the speed of convergence of series (.S) may depend on the choice of observables as ba-se ones. 
but in any case the expansion is unique. 

Since the renormalization procedure has not been used ·some individun,l terrn:3 in s11nore hrack•~r:=; in ( ?i l. 
:;enerally speaking. do not ::i.dn1it of the p::t.:35-1,:f~ t.o the linut for JJ - x. Thi~ is 1110:011\·'-'>niPnt f,)l" ·>J1ti:r,,r, 

calculations, and therefore use can be rnade of a certain renorrnalizatioll procedure. \\"e ~h:ill sltow that :di 
these procedures yield the sarne result. 

It is \Yell known thiit any renortualization procedure i.:otnpatible \Vith the causality aad ut1it'lrity con­
ditions is equivalent ['2] to the Bog;olyubov-Parasyuk R-operation \Vith a definire choice of the A.na! co11ntPn­
errns [:3]. \Ve calculate the observables Q, .4., and .\I using an R-operation \vith fixed countertern1s. Th"tl 
confining ourselves to the second-order approximation of perturbation theory. \Ve can re\vrite (1) and (:3) as 

:ind 

,I f I 3 -1 ( ' ·"'=a= a0 + (a0 J .- 2 m 0 ), 

.\I= 1n = 1n~ + a~jJ1(m~) + (n~) 3 J/'.!(1n~). I,- J 

In (6) and (7) the expressions nQ and 1nQ are finite constants. and the functions Qi, .-1.1, auJ .\[1 aclrnit of 
the procedure of regularization removal. \Ve shall assume that in {6) and (7) the regularization has already 
been removed. 

The application of the R-operation \vith so1ne other counterterrns results in ne\v expressions for the 
functions Qi . . ::fj. and .1fi. llo\\'e\·er, by virtue of the renormalizability of the n1odel, the introduction of ne\V 
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counterterms into the R-operation can be compensated for by a finite renormalization ab - a~ 1 mb - mb. 
Hence, the result of the new R-operation on the observable Q can be \Vtitten as 

(S) 

and for the charge and the mass \Ve similarly \vrite 

(D) 

The origin of the re1nainder terms tJ.Q, ~.4, and D.Af of the third order relative to a~ is due to the fact that 
in (6) and (7) the perturbation theory series are truncated. 

Relation (9) \vill be regarded as a system of equations for determining a~ and rri~, \\'hose solution is 
then substituted into (8). Then (8) and (9) will differ from (6) and (7) only in that the unkno\\·ns n~ and 
niQ are denoted as a:Q and ni.Q and the ren1ainder tern1s appear. It is clear that the change in the notation 
of the intermediate quantities a-Q and mQ cannot affect the final expression for Q in tern1s of o and ni. and 
the remainder tenns can change Q only in the t.hird-orcler ;1pproxi1n.1tio11 \\"irh r<~spr-cr too. Gitt. in iliis 
example \\.'e are interested in the quantity C2 011ly up to the second order \Vit.h resp•:'c!. ro o, and np to r liat­
order everything is determined quite uniquely. 

The presented argu1nent I nay seern to i1nply t.hat. no consrraints are i1nposed Oil t Ile :_1d111issibk r01iunn;d­

izatic1n sche1nes. so that, for exan1ple. in a 1nodel possessing a certain sy1nrnetry one can 11.se renorinaliiat [(1u;:; 
that \VOuld break the symmetry. In reality this is only partly true. In our previous arg;urnent \\'e in;ide an 
extensive use of the renorrnalizability property of the theory. Therefore only those r~uorrnalizatil;n sciten1F•:-; 

are admissible \vhich do not violate this property. That is, the ad1nissible renonnalizations are r.ho.~e thot 
are equivalent to redifinition of a finite number of bare constants of the model. To exclude these constants 
from the final results it suffices to fix the same number of independent base observables. I-Io\\'ever, it is 
often possible to confine oneself to a srnaller number of base observables. For exarnple, in gauge theories the 
property of gauge invariance provides a stable equality of some coupling constants (e.g .. the equality of the 
quark-gluon and gluon-gluon coupling constants in quantun1 chron1oclynan1ics) . .--\ssun1e that \\'e n1an<1~ed 

to invent a norn1alization that preserves the renorrnalizability of the theory buL violates the g:auge inv;.-iri.: 
ance. In this case the coupling constants are renormalized independent.ly, and to exclude thetn fron1 the final 
result it is necessary to introduce the corresponding number of base observables. Ilowever, \Ve know that for 
this n1odel there exist renorinalizations preserving the gauge invariance. As the t.,\·o schernes pre~erve the 
renorn1alizability of the theory, \Ve see that. first, the final result is gauge invariant under a renorn1alization 
\\rhich is not gauge invariant. Second, since for a gauge invariant renormalization it suffices to fix a s1na!ler 
number of base observables. in the application of a noninvariant renormalization the dependence of the final 
results on excessive base observables can be excluded by regarding the1n as the corresponding f11ncricJ11s of 
t.he independent observables. 

The freedon1 of choice of renonnalization sche1nes is in fact even greaLer. 1'lie presented proof of! lte 
equivdlence of Jiffereut scheru.es iruplies that if \Ve are interested in the final t·esuit up to a certain order of 
perturbation theory, \Ve need only use a renorn1alization scheme ensuring the renorn1alizability of the theory 
np to this order. The result \vill be the sa111e as in the application of a renorr11C1\ization sdte1nc pre.,crvin~ 
the renorn1cilizability of the tht>ory in all ord1~rs of pertnrhation theory a11d p(·~·"'~:-;:"i11.:.;- ;1Jl tll'~ i1•'•·c.~~:1ry 

:-:;ynu11etries. 

ln particular, it follo\VS that to obtain a. syrnn1etric result it suffices that, in principle, t.here should exist 
a symmetric renormalization in the model. But it can be unknown to us 1 and use can be made of any other 
scheme satisfying the renormalizability condition up to the required order. The syn1n1etry of the result up 
to this order •vill be guaranteed automatically . 

. .\ll that has been said about the ad1nissible renormalization schen1es also refers to the adtnissible 
regularization shemes. Recall that forn1ula (5) makes it possible to obtain the final result without using 
any renorn1a1ization scheme. The adn1issible regularization schemes are those that can be reproduced hy 
redefining- the bare constant.s of the theory and introducing into them the dependence on the regularization 
para.111eter. 
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