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RELATING TO TECHNOLOGICAL PROCESSES 

V. B. Gla.sko and I. E. Stepanova 

Consideration is given to a problem relating to technological treatn1ent of a 
blank whose structure is nonhomogeneous in the transverse di1·ectio11. whicl1 
manifests itself in the dependence of the diffusion (or thermal conductivity) 
coefficient on the transverse coordinate. The uniqueness of the detern1ir1ation 
of this coefficient from the given concentration (or temperature) profile at au 
instant close to the end of the process is proved. 

1. In problems of mathematical modeling of technological processes it is assumed that the physical 
parameters of the material. \Vhich can be functions of independent variables or physical fields. :1rf> kn(•n-11 

The corresponding functional relationships are not ahvays kno\vn. and in tliis case tl1~y .::\a iw .J•.'Tcr­

mined by stating and solving inverse problems, in \vhich the information about the obser,·ed fi('dds s..:rve~ 
as input data. Offundan1ental in1portance here is the question of uniqueness of th(~ sol111J.:,11 r._, 1!1•; ir1\TC"' 

problen1 (l], \Vithout \Vhich the elaboration of effective regularizing operators is itnpos,,;iblt., ~~;. 

The problem considered in the present paper is related to technological treatn1ent of a cyliudrical blank. 
which has (or must have) a structure nonhomogeneous in the transverse direction, for instance. \vithin 
the subsurface layer. In thermal treatment of steel such a nonhomogeneity may be characterized by the 
dependence of the coefficient of thermal conductivity on the transverse coordinate, \vhereas in carbonization 
and alloying it can be characterized by the dependence of the diffusion coefficient on that coordinate. 

In both cases, alongside the surface observations data, the temperature (concentration) profile at an 
instant close to or after the end of the process serves as indirect information about the abo\·e dependt:nce 
(p=p(x)). 

The solution to the corresponding inverse problem can be obtained in the follo'"in.:; two \\·ay:;;;: ( n ·1 by 
solving an operator equation \Vith respect to p(x) \Vith an algoritlunically deterrnined left-band sidt: [2} aud 
(b) by solving a mi..xed problem for a differential equation, \vhich determines both the physical fi.1:'ld auJ the 
desired characteristic [3]. The second way of stating the problem, which is compatible >Vi th the rnethod \re 
use [4], proves convenient for investigating the uniqueness. 

2. In this case the mathematical problem is described, for instance. by the diffusion equation wir h the 
follo\ving additional conditions: 

&u &( &u) at= ox p(x) ox , 0 < x < I, 0 < t,;; T, 

u(O, t) = \'1(t), u(I, t) = ,,,(t), 0,;; t,;; T. 
[J 

p(x) 0~1x=o= q(t), O.;; t.;; T, 
( l j 

u(x, tr)= ,P(x), 0.;; x.;; I, 

0 < t, < T 

under the assumption that the functions 'Pi, i = 1. 2; q(t); and 1/•(x) are kno\vn. ?\ote that, for th~ giYen 

u(O, t), the condition p(x) ~u I = q(t) also includes the case of convective exchange at the boundary for a 
vX z=O 

given concentration (temperature) of the environment. 
_ Theorem, Let p(x) E C 2([0, /]), p(x) ;,, 'p0 > 0. Also assume that ou/ox # 0 in Qr, where 
Q-r = [O, I} x [O, T}. Then for given <pi(t), i = 1, 2; q(t); and ,P(x) there exists at most a single solu­
tion {u(x, t), p(x)} EU= {u: U. Ux. u,, Uxx. Uxt. Uxtx• ""''' Uxtrx E C(QT)} X C 2([0. /]) to problem (1). 
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Proof Let there exist two solutions to problem (1): {u1(x, t), P1(x)} and {u2(x, t), p2(x)). Then their 
difference u 1 - u2 = U, p1 - P2 = P satisfies the equation 

aii a ( iJ'ii ) a (- au2 ) 
at = ax Pi iJx + iJx p(x) ox ' 0 < x < I, 

and the additional conditions 

Introduce the functions 

x 

u(O. t) = 0, 0 <:it ,;;; T, 

Pt i)iil +ii
0"'1 = o. 

dx x=O dx .r=O 

'i(l.t)=O, O(t(T, 

ii(x, ti)= 0, O :;;; :r:,;;; I. 

v= J ii(~,t)d~, w=v,, 
0 

h = ( iJu, ) ( i)u, )-', y = w - hv. 
ox t iJx 

On making change of the variable :; = t - t 1 •ve obtain 

l•(X. =)=Ju,(£. T) dT, y = u, - /!I;, W = u,. d/J: = Jji)t. 

0 

I l') 

(\'Ve retain the same notation for the functions.) Since \Ve have w = y + J u1 d=. the expression w = y + 
0 , 

f S(x, z, 1')y(x, 1') d1' is the resolvent of the nonhomogeneous Volterra's integral equation of the second kind, 
0 

1-' _, 
S(x, z, r) EC (Qr x [-ti. T- ti]), and Qr "'(0, I] x [-ti, T- ti]. 

VVe integrate the equation in ( r) with respect to x: 

iiu1 I Olto I because Pi(x)-
0 

I =p2 -
8 

- = q(=). The differentiation of the relation 
X r::O X .r=O 

( 
auo )- l _ ax- = p(x) 

ou· ow ( iJv ) \virh respect to.: results in-.. - - pi-,- - h w - ~ = 0. Therefore y(i: . .:) :'_;atisfie:'_; the ineq11.ility 
O:; o.r: dx 

I y, - Pi(x) ~:;I~ A{ IYxl + IYI +I }UYxl + IYl](x, r) dr [ }. 
0 

- , 
\Vhere ~4. is an inessential constant, and the conditions Ylx=O = 0 and Yx lx=O = 0 hold in QT . 

In the more general case this inequality for the operator with the indicated boundary conditions leads 
to the conclusion that y:: 0 in a neighborhood of the closed interval [O, l] [5J. In the case under consideration 
such a neighborhood is 

!:lq = { ( x', =) : 0 < x' < ~(l - 6-' · =') } , 
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where x' ::;:: ;l' that is 

rlq = { (x', t): 0 < x' < ~(1- 6-'(t - ti) 2
) }. 

We choose the value of 6 so that [t 1 - 6. t1 + 6] C [O, T], 0 < 8 < 1. Because 

x 

( J au au ) ( i)u, )-1 
p(x) = az(C:, z)dC:-p1 ax ax- ' 

0 

' \ 

t(.c. :) = j y(x. T) ,fr+ j d( j 3(x. (,. ;-)y(x. ;-) .fr. 

0 0 0 

it follows that p(x) = 0 in [O, I]. 
It has thus been established that the accepted additional information is sufficient for a uniq11e deter­

mination of p(x). However, it can easily be shown that u(x, t) is also uniquely determined by the indicated 
conditions. Indeed, for u( x. t) we have the problem 

au d au ---(p(x)-) O<x<I, O<t<;T. at - ax ax · 
ii(.r. ti)= 0. u ( J.' ( l. 

(2) 

ii(IJ. I)= u.,(0. t) = u(/. I)= 0. IJ (I ( T. 

-r1i.~ solution to problen1 (2) on the closed ittrerva\ (t 1. T] is identically i:;qual to zero[()]. Con;;id1~r problt~lll 12) 

on [O. ti]. The differential operator involved in (2) is a special case of tl1e one cousiclered in[-;"]. In parti1ttl;1r. 
it satisfies the inequality 

I a ( ( l au) au I c _2 c _, ax p x ax - at ~ iu + :iu;, 

\Vhere C1, C2;;;:.: 0, under which only a trivial solution can satisfy the conditions U(O, t) = 0. U(l, t) = 0 and 
u(x, ti)= 0. The theorem is proved. 

:J. There is another possible approach to stating the problem under consideration, ,,·hich corresponds t.o 
the approach in [8], '"''here the Jeter1nination of the heat (or ntass) exchange coefficieat is cousidered. If one 
assumes that the physical fteld is set on the closed interval [t 1, T] and the given functions 11(0. t) = :Pt(t). 

811 i 

111_!. tj = .,.;2(t). and p(.r)-.:-i = 11(t) are analytic. as is the unkaow11 function /1(;;), tlL•:ll tliC" !'uucl1•J1t 11l_J;. t) 
dx !.t"::O 

also turns out to be analytic [9]. Therefore the function u(O, t) is analytic on [t 1 . 7'} ;iud can he uniquely 
continued (for instance, across the complex plane [10}) to [O, T]. In this case the a priori sett.in;;; of 11(0. f.) 
proves unnecessary. and \Ve automatically obtain the conditions of the above theoren1. 
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