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ON THE UNIQUENESS IN ONE OF THE COEFFICIENT PROBLEMS
RELATING TO TECHNOLOGICAL PROCESSES

V. B. Glasko and I. E. Stepanova

Consideration is given to a problem relating to technological treatment of a
blank whose structure is nonhomogeneous in the transverse direction, which
manifests itself in the dependence of the diffusion (or thermal conductivity)
coefficient on the transverse coordinate. The uniqueness of the determination
of this coefficient from the given concentration {or temperature) profile at an
instant close to the end of the process is proved.

1. In problems of mathematical modeling of technological processes it is assumed that the physical
parameters of the material. which can be functions of independent variables or plivsical fields. ave knowi,

The corresponding functional relationships are not alwayvs known, and in this case theyv can i lorer-
mined by stating and solving inverse problems, in which the information about the observed [telds serves
as input data. Of fundamental importance here is the question of uniqueness of the solition ro the invers.

problem [1], without which the elaboration of effective regularizing operators is impossible (2.

The problem considered in the present paper is related to technological treatment of a cylindrical blank.
which has {or must have) a structure nonhomogeneous in the transverse direction, for instance, within
the subsurface layer. In thermal treatment of steel such a nonhomogeneity may be characterized by the
dependence of the coefficient of thermal conductivity on the transverse coordinate, whereas in carbonization
and alloying it can be characterized by the dependence of the diffusion coefficient on that coordinate,

In both cases, alongside the surface observations data, the temperature (concentration} profile at an
instant close to or after the end of the process serves as indirect information about the above dependence
(P =p(z)).

The solution to the correspending inverse problem can be cbtained in the folliowing two ways: (2] by
solving an operator equation with respect to p(x) with an algorithmically determined lefi-hand sid= {2] aud
{b) by solving a mixed problem for a differential equation, which determines both the physical field and the
desired characteristic [3]. The second way of stating the problem, which is compatible with the method we
use {4], proves convenient for investigating the uniqueness.

2. In this case the mathematical problem is described, for instance, by the diffusion equation wirh the
following additional conditions:

Su a Su
u(0, 8) = prlt), w{l, ) =), 0Kt < T,
du {13
2= £t€ '
p(i“.) Bz ls=0 ‘I(t)s Osts T’
w(z, 1) =%¥(z), 0<z<], .
0<ty < T

under the assumption that the functions ¢;, i = 1, 2; ¢(¢); and y(z) are known. Note that, for the given

. du ‘
u(0, t), the condition p(z)gz[ = ¢{t) also includes the case of convective exchange at the boundary for a
=

given conceniration (temperatu?ce) of the environment.

_ Theorem. Let p(z) € C*[0.1]), p(z) 2 po > 0. Also assume that du/dz # 0 in Op, where
Qy = [0,]' x {0, T]. Then for given @i(t), i = 1, 2; g(t); and ¥(z) there ezists at most a single solu-
tion {u(z, t), p(z)} €U = {u: u up. Up, Uzz, Use, Uptz, Upes, Useez € C(Qp)} x CH{0. 1]) 10 problem (1).
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Proof. Let there exist two solutions to problem (1): {u1(z, t}, p1(z}} and {ua(=, t), p2(z)}. Then their
difference u, — uz = 4, p; — p = P satisfies the equation

and the additional conditions -~ _
u(0.8)y =0, 0g€t<T,

U _dua | .
e el I o
Wlo=0 0<t<T,
ulr, 1) =0, 0z

Introduce the functions

E

=]ﬁ(f,t)d§, W= vy, hz(%t-;-z-)t(%gﬁ-)_l, y=1w-—hv.

0

On making change of the variable : = ¢t - ¢; we obtain

vlr, 7} :/ vele, Thdr, y=o.—hy, w=uwv.. d/dz=d/0t
0

(We retain the same notation for the {unctions.) Since we have w = y + | wdz. the expression w = y +

r4
f S(z, z, )y(z, T) dr is the resolvent of the nonhomogeneous Volterra’s integral equation of the second kind,

5( 5, T ECHTr x [=t1, T=#]), and §r =0, ] x [~t;, T~ t,].
We integrate the equation in (1'} with respect to z:

E=x

du|E=s ua ¢
/“dS:p *-E = —pl(r)—(r 3 +p(L) e
dr le=n dr
Juq o .
because pyix) ——-d I B _.p» 32 = ¢(z). The differentiation of the relation

(/%(f. s -p ) (22)7 = )

dw ) Jdu
with respect to = results in -—Li - _\w —h ( wo— —d—L) = . Therefore y{x. =) zatisfies the inequality
: @ z
62
ve = pu(e) 5 | < A{lusl + Iyl + ] llyel + Iy}, myar| |,

where A is an inessential constant, and the conditions yly=g = 0 and yrlz=0 = 0 held in ;5’["-

In the more general case this inequality for the operator with the indicated boundary conditions leads
to the conclusion that v = 0 in a neighborhood of the closed interval [0, {] [5]. In the case under consideration
such a neighborhood is

'Q,S‘%z{(z’,-) l<z' < {1—6“- 2)}.
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where z' = %’ that is
1 o 2
. . . pf — —p — -
Qﬁl%_{(.r:,t).()-(:: < F=07% )9 |
We choose the value of § so that [t; — 4. £, +8] C [0, T}, 0 < § < 1. Because

plz) = /au‘,”)dl;‘ 2 )(f;:>_

it follows that p(z) =0 in [0, {].

It has thus been established that the accepted additional information is sufficient for a unique deter-
mination of p(z). However, it can easily be shown that u(z, t) is also uniquely determined by the indicated
conditions. Indeed, for %(z, ¢) we have the problem

i d Uu
= { tg T
B dx(p( z) D, 0«
H(.I. ."1}-0. Ué\ng

. =0 =ul.ty=0, n1gtgT.

The solution to problem (2) on the closed mrerval [ty. T 1s identically equal 1o zero [6]. Consider problen (2)
on [0, t;]. The differential operator involved in (2) is a special case of the one cousidered in [7]. In particular,
it satisfies the inequality

i} BE) a4

= plz)— < C# + GHi;

|5 (ro5; ) - F <o 2o
where Cy, Cq 2 0, under which only a trivial solution can satisfy the conditions %0, t) = 0, u({, ) = 0 and
iz, t;) = 0. The theorem is proved.
3. There is another possible approach to stating the problem under consideration, which corresponds to

the approach in [8], where the determination of the heat (or mass) exchange coefficient is cousidered. If one
assumes that the physical fleld 15 set on the closed interval {t;, T} and the given functions u(0. #) = & ().

dw ) . . : . :
url. £) = zai4), and p(.LJa = ¢(#) are analytic, as is the unkunown function p(a). then the lunction e, £
I'w =0

also turns out to be analytic [9]. Therefore the function w(0, t) is analvtic on [f;. T} and can he uniquely
continued {for instance, across the complex plane [10]) to {0, T]. In this case the a priori setting of w{0. £)

proves unnecessary. and we automaticallv obtain the conditions of the above theorem.
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