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ON THE ROLE OF DOUBLE COLLISIONS IN (e, 2e) PROCESSES

Yu. V. Popov and N. M. Kuz'mina

The region of efficiency of the second Born approximation (SBA) in the the-
ory of ionization of atoms by fast electrons is considered. A model (ASBA) is
constructed for approximate calculations of the SBA contribution to the differ-
ential cross section d>s. The calculations are compared with a large array of
experimental values of d3 in the reaction H(e, 2e)H*+.

1. The concept of double collisions is closely related to the second Born approximation in the theory of
scattering (SBA) that was introduced into the practice of calculating the ionizarion processes by Joachain ef
al. [1, 2. Should the electrons interact with each other and with the nuclens by means of short-range forces.
practically all of the double. triple, etc. collisions would occur within the atomic volume, and the escaped
electrons would be free particles. except for cases of very specific kinematics. However. charged particles
continue interacting outside the atomic volume as well, and this leads to quite ohservable effecrs T3] Such
an interaction is called post-collisicnal. The effect of post-collisional interaciion is also preseut in the second
Born approximation caleulations. therefore 1t would be useful vo study the SBA applicability region and the
role of double collisions (1. e., of the repeated interactions of the impinging electron with the electron oc she
target nucleus occurring within the atom, as is actually the case with short-range forces. This is the subject
treated in the present communication.

2. Let the Hamiltonian of a three-particle system (for the sake of simplicity our consideration wili be
restricted to the hydrogen atom) have the form

H="hyg+ b+ Vi + Vo 4+ Vi = Hy+ Hiar. (1

In the coordinate representation {in atomic units, where i = m, = e = 1)

L& 1 1
his=—z7=. Wi=—-—, V= ——
i 2oy v T =
The Schrodinger equation (SEj is
Hl) = Elu). 2

where I is the total energy of che (e, 2e) collision, and in our case

where £q 15 the tonization potential (2 = 13.6 eV for hydrogen): pg is the momentum of the electron incident
onto the system; py is the momentum of the scattered electron: and ps is the momentum of the ejected
electron.
In the Joachain appreach, the sum of the potentials V) + V1o is transferred to the perturbing part of
the Hamiltonian, 1. e..
. Ho=hig A+ hay + Ve Hige = V1 + V1o,

Then SE (2) takes the form .
{E = hyp ~ hao = Vallw) = (Vi + Vin)iw). {3)

1f we use the conventional operator inversion method adopted for short-range forces, from (3) it follows that
l0*) = b Pa) + (B = hy — Ayg +0)"H(V] + Vio)lu )

30



Moseow University
Physics Bulletin Vol 7. Ne. I

or
{ry, ro|pt) = o(ry) exp{ipor;}

+ Tds f SP' w3 (r2) explipr: ey . p/IVi + Vio|ét)
F_E. < (1207 + 10 '

(4)

Here g is the wave function of the hydrogen atom and Tds, denotes the sum over all the states of the
spectrum of the operator fi» = hag + Vo. In accordance with the general principle of investigating the
asymptotics of integral (4) at r, ro — ¢, |rp — e} — ¢ if (27, p’|V2 + 172{e ™) had no singularities on 1he
real axis, asymptotics (4) would have the form

1 7 =ik 3 2exp{ikp + iw _ N ) .,
(Pl,rei"ﬂ*')p—oc‘*—g:;(g) '%‘;r“—i(sf (p2), PrfV1 + Vol * (po)), (5

where w' = (1/pa)In2kp, k* = 2F, p° = r] +r3. Comparmg (2) with the “correct” asymptotics of the wave
function of the three-particle breakup {4], we see that w’ differs from the “correct” phase w by the term

-1 1 .
(;1_ T ) o 2kp.

and rhis clearly points to the presence of singularities (divergencies) in the matrix element (=7 ip-. p, i —

Visle T {po)), which is actually the case. However. if p; 3 p», then the differences between w and w’ may be

arbisrarily small. Therefore, in the dipolar case (at large po and p1 and small Q = pg — p1) model (3) may

he expected to work, especially with the appropriately chosen mechanism of eliminaring the diverzencies 731
The expression for the amplitude T3 7 in the form

Ti2 = Tpo, Pr. P2) = (7 (p2), P1IV1 + Vi2[¥ " (po))
is basic to the method of successive approximations according to Joachain. In this approach the first Born
approximation {FBA) Tlt'lz,) is
! - . . -
TiY = (27 (pa). PtV + Vislwo. po). ()
and the SBA is

T1% = (27 (pa) PriVialE = ho = hyg + 10)7H
+ VI{E = hy = hyg + 10} Vs + Via(E — by — Rug + 10) 7 Vi2len. po). {

[n terms of (6). in view of the sharp asvmmerry of the dipolar kinematics. the cross section

| S T T
ddgzp_;f;{gﬁiﬁrml, where Ty o = T\ 4 + TV (51

Wriring out {7) we can represent the amplitude T{fj’ in several forms convenient {or further work.
For example.

Tﬁ = (4#)2/ = /dsridal‘zsﬂ_'(rzs p2) (L= =xpliQ — Ora)]

(27} (Q-¢)
x gf(r2. 11y E(E)) - p——?%l‘é}‘}—]?u(h)y (9)

where E(&) = v +pof —&%/2— 20+ i0. In formula (9) gt 1s Green's Coulomb function. whose explicit form
is also well known.
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Fig. 1

Cross section d¥a of the H{e. Ze)H™ process for the inpinging electron energy £7 = 230 V.

the ejected electron energy E; = 5 eV, and the angle of scattering o of 3° (a), 3° (b),

and 3% {c). The dashed line indicates the first Born approximation (FBA)Y. the solid line

indicates the {ASBAY,, the cireles represent experimental points from 5. 7 (1 a.n. =
28 x 10722 m? st=% eV 1), o is the angle of ejected electron escape.

In the above formulas the parameter v = £ — pi/2 + 25 = E — pi/2 — p3/2 tends to zero an the enersy
surface. but so far we do not equate 1t to zero from considerations of convergence of tle integrals.
. . 2
There exists cne more useful representation of Ti_'g):

T4 =<ds, /dal'ldsrz;_'[l'z, Paleg (r2)uire. v Qo po)el (v )eoley). (1)
Tere’
o [ d*¢  [1—exp{ifr}]
F o, : ) = 4J - k °
a(r-. r1; Q, po) ( ) /(27)3 ‘52
L= exp{i(Q ~ €)ra] ! (i1)
(Q-§)° T+ pol =&/l + B+ 0

The simplified second Born approximation (SSBA) [1] follows from {10). if we replace g9 + E,, in (11)
by the averaged energy Z;. Then, using the condition of orthogonality of Coulomb functions

Yds 2, )l (ra) = 8y — 1a)
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we shall obtain from (10)

o[ [M(Q, p2) = Mo(Q = &, pa) = Moi€, Do) 2y
b Band -
RN ST T +pa§ —§/2-3% +i0
where we can put ¥ = (. because no divergences arise in representation {12
°°
o
- & - o o
R T | ) [y TS EEe PR =
180 120 & l =60 =120 -0 ¥ 180 e &0 g -f0 -1p -180F
Fig, 2
Cross section ¢®o of the H{e. 2e)H* process for the ipinging electron energy £y = 230 oV
the ejected electron energy £y = 10 eV, and the angle of scattering o of 3° {a) and 3° (b).
The designations are the same as in Fig. 1.
In expression {11} we introduce the designation
Mo(Q. p) /dgr “(r. patexp{7Qrizo(r) (13

whereas =7 (v, pa) and zp(r) are Coulomb wave functions.

3. Tgin (12) plavs the role of an adjusting parameter. For example, at Ep = 250 eV and £, = 5 eV
the paranieter T; ~ 0929, [ £y is large. l.e. af it formally tends to infinity, the dependence of '[i"'.',' o
T, <hisappears. At the same time, at large £, the amplitude Tﬁzl can be expressed in the form of a sunple
imtegral, this being extremely important from the standpoinr. of numerical calculations. Therefore. a2 more
detailed study is required of the possibility to simplify T + while retaining the advantages of the asymptotic
approach and the presence of a free parameter in the theorv

In this connection. we should like to note that the integration wirh respect to v in (97 is linidted by
the size of the first Bohr orbit vy, therefore rhe mntagral with respect to ry can be represented as a suru of
swo insegrals: from 0 to ry and from rg to oc. The contribution to the first integral is made by the dornain
of integration with respect to the mean (on the order of umity} values of the variable &. In this case E{£) s
jarge, t.e., we may approximately pus

+ \ 1 . \
g2 (v, vt E()) = 4 vy = va E(§) & =g exp (Ik(§) vy = v}/ Iz — 4],

where b{£) = /2F(&). We shall also assume that under this condition the main contribution to the
integral (9) is made by the domain &(£)|ra — 11| € &, where ¢ > C is a free parameter. Then from {9) it
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Fig. 3
Cross section 43¢ of the H(e, 2¢)H* process for the impinging electron energy £ = 150 eV,

the ejected electron energy £9 = 5 eV, and the angle of scattering o of 4° {a), 10° (b). and
18° (¢). The designations are the same as in Fig. 1.

In (14) C = 1 + {i6 — 1)exp{ié}. Having the free parameter §, we can now reject the second integral
from rg to co in view of its effect in §. Now, with large pp we can single out in (14) the leading asvmptotics
and make sure that the assumptions made above are quite self-consistent as regards consideration for the
main term with respect to p{,’l in the SBA. This way leads to the approximation (ASBA)., and we shall
write here the final formula for calculating the amplitude:

Tl(‘"’g = lnpg / E§F(n, &) dE + / Em(E)F{ny, &) d&—-z-r»/{[‘ ~n,, &) dé |, (15)
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Fig. 4
Cross section d3c of the H(e, 2¢)H* process for the impinging electron energy £y = 150 eV,

the ejected electron energy Ez = 3 eV, and the angle of scattering o of 4° {a) and 10° 1hi.
The designations are the same as in Fig. 1.

where
[M(Q, p2) — M(Q =&, p2) — M(£, p2)]

(Q-¢&)3¢?

By the way, taking into account the leading asymptotics in (12} leads to the model (ASBA},. which does
not contain free parameters, and it is somewhat worse than (ASBA)..

In principle, both the SSBA model (12) and the (ASBA). model {15) are based cn the assumption of
“simultaneity” of successive collisions inside the atom. Indeed, formally we can derive formula {12), il in (9)
we put

F(g)=

and np; = po/po-

5(1‘2 --rl)
Firg, 1o B(9) = mant— T
and formula (14) can be formally derived, if we represent
gH{ra, ry; E(€)) = —C-L-ﬁ(rg -1
E(¢)

Obviously, such a representation of Green’s function is rather controversial, but the presence of a physically
substantiated free parameter as a cofactor is appreciably more advantageous from the standpoint of asymip-
totic considerations simplifying the integrai, than the presence of this parameter as an addition to the large
E(§).

4. Comparison of the results of calculations of the model {ASBA),., which is a logical simplification
of the SSBA, with the experiment in the region of initial energies £y = 150 and 250 V. which, generalls
speaking, are critical for the asymptotic model, shows that certain choice of the parameter & iy give very
good results only upon transmission of momenta Q close to Qmin = po — p1 & (£, + 20)/po. il P3 < pi.
The resulis of the calenlations are presented in Figs. 1-4. It can be seen that as @ or py grows, the quality
of the model becomes poorer, this being indirectly indicative of the influence of the post-interaction effects
“residing” in the rejected integral.

Thus, double collisions in the case of dipole kinematics are the major mechanism improving the FBA
for small transmitted momenta Q. With higher @ both the multiple (more than double) scattering and the
post-collisional effects become appreciable. In particular, and this is a well-established fact, in the case of
binary kinematics (large @), the momentum approximation, which takes into account multiple scattering, is
much more adequate than FBA and FBA + SBA.
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