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ON THE ROLE OF DOUBLE COLLISIONS IN (e, 2e) PROCESSES 

Yu. V. Popov and N. NL Kuz'mina 

Tl1e region of efficiency of tl1e second Born approximation (SBA) in the the­
ory of ionization of aton1s by fast electrons is considered. A niodel (A.SB . .\) is 
constructed for approxi1nate calculations of the SBA contribution to the differ­
ential cross section d 3 tr. The calculatio11s are con1pared with a large array of 
experimental values of d 3 tr in the reaction H(e, 2e)H+. 

l. The concept of double collisions is closely related to the second Born a.pproxin1ation in the theory of 
~caLtering (SB . ..\_) that \Yas introduced into the practice of calculating the ionization processes by .Joachain ct 

al. [ 1, 2]. Should the electrons interact \vith each other and \vith the nucleus by means of short-range forces. 
practically all of the double. triple. etc. collisions \vould occur \Vithin the atomic volume, and the e$C<tped 
electrons \Yould be free particles. except for cases of \'ery specific kinen1atics. HoH-eYer. charg;ed parri.:!r:::; 
continue interacting outside the 11ton1i( \·olu1ne as well. and this leads to quite ol.1s.1;r\·~1hle elf~cts i:::] . .S11d1 
an interaction is called post-colli~ional. The effect of post-collisional interaction is also preseilt in the second 
Born approximation calculations. therefore it \\•ould be useful to study the SI3..\. app!icobility re.~ion nnd rhe 
role of double collisions (i.e., of the repeated interactions of the in1pingi11g electron \\·irlt rhe elel'.tr•Jll or the 
target nucleus occurring \vithin the atom. as is actually the case \Vith short-range forces. This is the subject 
treated in the present communication. 

2. Let the Hamiltonian of a three-particle system (for the sake of simplicity our consideration \vill be 
restricted to the hydrogen aton1) have the form 

In the coordinate representation (in atomic units, \Vhere Ti= me = e = 1) 

l d'.2 
hio = -:s- -

0
r ")• 

- "r;-

The SchrOdinger equation (SE) is 
Hie)= Ell). 

l,'12 = ---­
lr1 - r,1 · 

\vhere Eis the total energy of the (e, :2e) collision, and in our case 

p2 p2 p~ 
E = -2. - 'o = -1 + ~ 2 • 2 2 ' 

( 1) 

I 2) 

\\-ht?re :,J is.the ionizarion poteurial (:11:::: 1:3.() e\' for hydrogen): po is the n1ornenturn oft he i';']ectro11 incid•'!lt 
•J11Lo the systen1; Pl is the n1on1entun1 of the scattered electron: and P2 is the n1on1enturn of the ejected 
electron. 

In the Joachain approach, the sum of the potentials V1 + i,.12 is transferred to the perturbing part of 
the Hamiltonian. i.e .. 

Then SE (2) takes the form 
(E - h10 - h,o - F,)\c) =(Vi+ \ii,)\tb). ( 3) 

If we use the conventional operator inversion method adopted for short-range forces, from (3) it follows that 
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or 

(r1, r,11,b+) = ?o(r2)exp{ipori} 

Eds j d3 p' 'i';;-(r,)exp{ipr1}(9;;-, p'IVi + viot.v+) 
+ a (2;r)3 E - Ea - ( l/2)p'2 + iO . 

Here ;co is the \Vave function of the hydrogen atom and ~ds°' denotes the su1u 01.:er all the states of the 
spectrum of the operator h2 = h20 + ~.-~. In accordance· \vith the general print.:iple of investig:Ctting, the 
asymptotics of integral ( 4) at r 1 , r2 - ':c, jr1 - r 2 I - ·x if ('.p~, p'I \'2 + ~"12 Ill-·..,..) had no sing;ulaxities on r he 
real axis, asyn1ptotics ( 4) \vould have the form 

\vhere w' = (l/p2) In 2kp, k2 = 2£, p2 = 1·? + r5. Con1paring (5) \vith the "correct'' :isyrnptotics of the \\'ave 
function of the three-particle breakup [4], we see that w' differs from the "correct" phase w by the ter111 

. l 1 ) 
(

- -

1 

, tn2'z;. 
Pt P1 -p21 

:incl rhis clearly points to the presence of si11g11larities ( diverg(:ncies) in r he n1atrix .~!etiu·nr :,' .;- 1' P:: '· p: ; . -
~-1 2!v+(po)), \vhich is actually the case. flo\Ve\'er. if p1 :.:VP?., then the ditTerences benveen tc and 1c' 111dy l1e 

arbitrarily small. Therefore. in the dipolar case (at large Po and Pt and sn1all Q =po - Pt) n1odel (.1) rn;.1y 
be expected t.o \vork. especially \\1 ith the appropriately chosen n1echanism of elin1inating the diver.~enrie:'.' ·,~. 

The expression for the an1plitude T1,:; in the forn1 

is basic to the method of successive approximations according to Joachain. In this approach the first 13,)rn 
approximation (FBA) T}1.} is 

and the SBA is 

T{.
2
:;
1 = (;-(p2). P1il:1~(£ - h2 - h10 + i0)- 1\"1 

+ Vi(E - h, - hio + i01- 1
Vi2 + Vi2(E - h, - hio + i0)- 1

Vi2!\"o. Po). 

In tern1s of (6). in. \·ie\v of the sharp asy111n1etry of the dipolar kinen1atics. rlie er(>~:::; -.;ection 

d3 - P1P2 1 I 1 T I' ill '" <7 - -- --- - 1 ') 'vhere T1 ,"2 = T1.2 + Tl."2. 
Po (2;r)3 2;r ·- I ' 

\\°riting; out ( T) \\·e can represent tl;e an1plituJe Tf::/ in se\"eral forrns coav~ttietH [or further wor_k. 
for e.xa1nple. 

y(2) - (4 )' j d
3e j d3. d3 -•( ) [1- exp{i(Q - eJr,}] 

1.2 - 71' ( 2;r)3 I1 r,9 r,, P2 (Q _ eJ' 

[l - exp{i~ri}] 
x g;"(ro, r1; £(~)) · ,, ?o(r1), 

' 

( T) 

(.S) 

(9) 

\Vhere E(e) == ~( + p0 ~ - ~ 2 /2 - ~o + iO. In forrnula (0) gt' is Green·s Coulornb function, who~e explicit form 
is al:so \vell kno\vn. 

:31 



Jfost;OW [,"nt(IP.TSlt!f 

Physics Bu.Jleti.n Vol. 4 7, .Vo. 1 

a 

I 

' I 
/ 

/ 

-120 -1801 

d3 <7, a..u. 

5 

4 

3 

0 

1 0 120 60 

Fig. 1 

180 

c 

1 
I 

o
0
o I 
0 

, 

d3<7,a..u. 

8 

6 

r 
I 
I I 
I , \ 
I , 
I I 

I 
I 
J 

b 

C'ross section d3 (]" of the H{ e. :.!e) H+ process for the i1npinging electron ener;;.Y £ n = 2.~f) 1~ \ •. 

the ejected electron energy E 2 = 5 e\l, and the angle of scattering ex of ;) 0 (a.), Ei 0 (bJ, 
and .3° (c). The <lashed line indicates the first Born approxin1ation (FB . ..\l. r.he solid linr: 
indicates the ( . ..\SB--\_) 0. th~ r::ircles represent experin1ental points fro1n [IL ( 1 ::i.. it. = 
28 x io- 22 in2 sr- 2 e\"- 1 ),-,: is the angle of ejected ele'Ctron escape. 

In the above forn1ulas the parameter~··= E' - P6/2 + ~o = E - Pi/2 - p~/"2 tends ro zer<) 011 ~hf-' ·~iP~r~y 
surface. but so far \Ve do not equate tt. to zero from considerations of converg;enr:e 0f tl1e int.eg;rals 

There exists one 1nore useful representation of T~--2.}: 

( 111 I 

l T .~re 

J d3< [1-exp{i~ri}] 
f 0 (r,, r 1 ; Q, Po)= (4rr)

2 
(h> · ~' 

[1- exp{i(Q - Oro}]----------
x ( " Q - ~)- -1 +Po~ - ~' /2 - (Co + E" I + iO · 

( 11 I 

The simplified second Born approximation (SSBA) [1] follows from (10). if we replace ,; 0 + E" in (11) 
by the averaged energy f 0 . Then. using the condition of orthogonality of ('oulomb functions 
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we shall obtain from ( 10) 

Pio(Q, P2) - Mo(Q - e, P2) - Mo(e, Pzl] 
-r +Poe - e /2 - ?o + iO 

\vhere \Ve can put ; = 0. because no divergences arise in representation ( 12). 
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Fig. 2 

Cross section d3
Cl of the H(e. 2e)I-I+ process for the irupinging elei.:trou e11t':r~y £ 0 = :2.JIJ .;\·. 

the ejected electron energy £ 2 = 10 e\.'. and the angle of scattering n of S0 {rl) and ,".; 0 (bJ 
The designations are the san1e as in Fig. 1. 

In expression ( 11) \Ve introduce the designation 

\\·hereas y-"" ( r, p~) and ; 0( I') are ('oulo111b \Vave functions. 

i 12) 

:3. ?o in (12) plays the role of an aJjusting para1neter. For exan1ple. at £ 0 = :2.)U e\· n11d E-.: = .j <:'.\­

th<::' paran1eter "fil ,.,._. l)_.J.:o. [[Ea i~ Lir;,!,e. i.e .. 1[ it forn1ally tends to infinity. tlie ,Jepe1ult"nce ,:.j Ji-~:: •Jll 

"f'.} disappears .. -\t the sa.n1e tirae,- at lar~e Eu the a1nplitude Ti~·:/ cau be expressed in the fonn of a si1npi.~ 
111teg;ral, this being extren1ely in1portant fron1 the standpoint of nun1erical calculations. Therefore. a 1nore 

detailed study is required of the possibility to simplify T~ 2; \Vhile retaining the advantages of the asyn1ptotic 
approach and the presence of a free par;in1eter in the theory. 

In this connection. \\·e should like to note that the inte:;ration \Yith respect to r 1 in 10) is li111it1'd hy 
the size of the first Bohr orbit r 0, therefore the integral with respect tor:; can he representPd c1.:-- a suni ,-,f 
t"·o integrals: fron1 0 to r0 and from r0 to oo. The contribution to the first integral is 1nade hy the do1nain 
of integration \Vith respect to the rnean (on the order of ~nity) values of the variable,;. In this case E(~) is 
large. i.e.: \Ve 1nay approxin1ately put 

\Vhere k(e) = J2E(~). 'Ve shall also assume that under this condition the main contribution to the 
integral (9) is made by the domain k(eJlr2 - r 1 1.:; 6, where 6 > 0 is a free parameter. Then from (9) it 
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follows 

' 'o 

' ' 

T(2) "'_..!:._ J ds,ds.,"-·(r P ) [1- exp{i(Q - e)r}] 
"' ir' .. y • 

2 (Q-el' 
o/k 

[1- exp{ier}] ( ) J as ,exp{ik(e)r'} x 2 <po r r e r' 
0 

"'2c J d
3e' '. [M(Q, pz)-iVI(~ -e, pz)- M(e, pz)] _ 

" (Q-eJ-e- Poe-e-/2-ea+io 
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Cross section d3 <7 of the H(e, 2e)H+ process for the impinging electron energy £ 0 = 150 e\l. 
the ejected electron energy E2 = 5 eV, and the angle of scattering 0: of 4° (a), 10° (h). and 
16° (c). The designations are the sa1ne as in Fig. 1. 

( 14) 

In (14) C = 1 + (io - l)exp{i6}. Having the free parameter 6, we can now reject the second integral 
from ro to oo in vie\V of its effect in 8. No.,.v, \vith large po we can single out in (14) the leading asyn1ptotics 
and 111ake sure that the assun1ptions made above are quite self-consistent as regards consideration for the 
n1ain tern1 \Vith respect to pQ 1 in the SB • .\. This \\'ay leads to the ftpproxin1ation (ASB.-\.),~. and \\·e sha!! 
\Vrite here the final formula for calculating the an1plitude: 

00 00 ~ 

Ti:J = ;: [ lnpo J eF(np,e) de+ J e ln(e)F(np,e) de - i;rJ eF(-n,,e) de], (15) 

-= ~00 0 
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Cross section d3 !7 of the H(e, 2e)H+ process for the impinging electron energy £ 0 = 150 eV. 
the ejected electron energy E2 = 3 eV', and the angle of scattering a of ':!:0 (a) C1nd 10° f h ·1. 

The designations are the san1e as in Fig. l. 

\vhere 

F( 'l = [M(Q, P2J- M(Q- e, p,J - M(e, P2Jl d 
/ , (Q _ e)'e an np, =Po Po· 

By the way, taking into account the leading asymptotics in (12) leads to the model (ASBA)i. wliich does 
not contain free parameters, and it is somewhat worse than (ASBA)c-

In principle, both the SSBA model (12) and the (ASBA), model (15) are based on the assumpLion of 
"simultaneity" of successive collisions inside the atom. Indeed, formally we can derive formula ( 12). if in ( 9) 
\Ve put 

+ 6(r2 - ri) 
g, (r,, r1; E(e)) = E(e) + (<o _<a), 

and formula (14) can be formally derived, if we represent 

+ c 
g" (r2, r,; E(e)J = E(e) 6(r2 - r1). 

Obviously, such a representation of Green's function is rather controversial. but the presence of ;:i physii:a\ly 

substantiated free parameter as a cofactor is appreciably more advantageous from the standpoinl of asyn1p­
totic considerations simplifying the integral, than the presence of this parameter as an addition to the large 
E(e). 

4. Comparison of the results of calculations of the model (ASBA)c, \vhich is a log:icnl sin1pliftcC'ltio1t 
of the SSB.-\.. \Vith the experiment in the region of initial energies £ 0 = 150 and 250 ;~\·. wbiclt. g/•ne1·n\l.1. 
speaking, are critical for the asyn1ptotic nlodel, sho\vs that certain choice of the paratneter iJ ni;iy give vr~ry 
good results only upon transmission of momenta Q close to Qmin =po - P1 ,:::;: (Ep + !a)/po, if P5 << p5. 
The results of the.calculations are presented in Figs. 1-4. It can be seen that as Q or p2 gro\VS, the quality 
of the model becomes poorer, this being indirectly indicative of the influence of the post-interaction effects 
''residing" in the rejected integral. 

Thus, double collisions in the case of dipole kinematics are the major mechanism in1proving che FB.-\.. 
for small transmitted momenta Q. With higher Q both the' multiple (more than double) scattering and the 
post-collisional effects become appreciable. In particular, and this is a well-established fact, in the case of 
binary kinematics (large Q), the momentum approximation1 which takes into account multiple scattering, is 
much more adequate than FBA and FBA + SBA. 
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