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NONLINEAR WAVES IN A LAMINAR BRILLOUIN ELECTRON BEAM
PROPAGATING IN A STRIP-LINE

0. 1. Vasilenko

The multiscaling method of the perturbation theory was used to examine the
nonlinear waves propagating in the Brillouin electron beam in vacuo betwecn
two plane parallel electrodes. A dispersion correlation was obtained, and the
amplitude of the waves was shown to be described by the Korteweg-de Viies
equation that admits soliton solutions. The equation coefficients were detor-
mined as a function of parameters of the equilibrinm unperturbed beamn. A
kind of one-soliton soluticn is presented.

The study of nonlinear waves in heavy-current electron Hows are important hotl 1o ger a deeper in<izin
inte the properties of such flows (dynamics, stability) and to assess possible applications of these waves ior
generating high-power microwave radiation. collective acceleration. etc. Of especial interest is the Briilouin
beam. whose electrons have the same total momeutum. The linear waves in such a tlow were consnlered
in [1]. The nonlinear effects were studied for the case when the flow adjoins the cathode 2. 37 and for 1he
case of steady-state perturbations [4].

Considered below are nonlinear waves in the heavy-current Brillouin flow propagating between two
plane electrodes of a transportation system. Analysis is carried out by the method of multiscaling of the
perturbation theorv. First, linear waves are analyzed and a dispersion correlation is found. Then, for the
case of stable waves with consideration for nonlinear and dispersion effects in the subsequent orders of
expansion, a Korteweg-de Vries equation is found that describes the wave amplitude in the long-wavelength
approximation.

FORMULATION OF THE PROBLEM AND DERIVATION OF EQUATIONS

Let us introduce the Cartesian coordinate system (z, y, ). Consider the line formed by two plane
electrodes of the width d parallel to the {y, =) plane and characterized by the coordinates &; and ws (Fig i),
An electron flow of 4 rectangular cross section s propagating inside the line, its upper and lower houndaries
are parallel 1o the electrodes and have the coordinates £,,0 and r.,; (see Fig. 1} Let us tuake use of the

system of units in which the velocity of light. the charge and the mass of the electron are equal 1o wniny.
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The electric E and the magnetic B field satisfy the Maxwell equations:

totE:—%—?, divB =0, (1)
rot B = 471’,02 + a—E, div E = 4zp, (2)
v Ot

where g is the charge density, p is the momentum of the flow described in the approximation of the cold
single-velocity hydrodynamics by the equasion of motion:

g i )
—..2+(EV)1)=E+[B;B] ¥=vV1+(p. ph {3)
gt 7 ¥

We shall assume the toral momentum to be the same for all the electrons of the How. 25 that

dp
at’
Equations {1} are satisfied, while Eqgs. (2), (3}, after elimination of p, are reduced to the correlation between
p and ¥:

E=Vy+ B =—-rotp. (4}

5

1:(.&[)—-2.——}?—— (divp-i—?—l)) = p{Ay + divpl. {3)
gi? Jt

We assume the problem to be uniform with respect to y {(9/dy = 0), py = 0 and the unperturbed flow to

" be steady-state and uniform along the : axis. which iz the direction of the fiow morenrum. The presence

of perturbations is manifested in the appearance of weak dependencies {compared to the dependence on )

on z and f. For their qualitative characterization. let us introduce the small parameser 2, and pertorm an

expansion of dependent and independent variables with respect to £ {5, f:

oo
(P:: 7 -Ez'« By) = 5'-”(1): s Tin, “TEJ: aIn. U'Bi,‘n)x
n=0
(=]
(pz, E:) = Z€2n+1(pz s+l TE: snp1), B =B, = ¥y = g, {(6)
n=1
oo " t 'L[
)= €2n+l("21'1_+1 _?’?il.‘.)' t=r —.
( 3 J Z o ¥ o o+ .
n=0
The constants o and zg are determined below. The expansion of p, and £, begins with terms of the order
of 23 which implies commensurability of the magnitudes of nonlinear and dispersion eifects. For the case of
pz1, E:1 # 0. the nonlinearity is prevatling.
Lev us substitute (6) into (5} and equalize the coefficients at the same powers of 2. The equations
obtained have the form:
for =% N
; “P:o g -
5 =14 p: Y = P07/ ]
td Pio Yo 5 0 i
for =%
Fpzs + ?psa 0%z . R (8)
] n = » - - =D, P
HERE: D:oPs2, i 8”2 r2 EE P:o a#r_) P: d,!.l."j
for ==
7] (d =2 5“;‘0 8'-’70
~o5— ',—~:'+—";)— 35 9
10 d,U- d.?.‘l 1 D3 dp-’ ( }
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73 + 2v07a = Pl + peapey,
7pea PFpea Ppes Py ) + §7paen N #p-o
7 - - : 2 4
7o Ju? 9t3 Oudzry 8204 K Hu? i Ju
o

s 0772 Ppaa  8¥pe 8%ys 89
= P. Lo ] - 0
p~0( 8y’ 6"2% dt10u * Ot 10z, ) + sz dp +Pa4 Ap? (10)
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SOLUTION OF EQUATIONS

Equations {7) describe the unperturbed flow and have a solution in the form:

~ = cosh y, ps0 = sinh u.

(1)

The quantities &, 2o, Tim1, and rm2 are the external parameters of the problem that describe the parameters
of the unperturbed flow. In particular, the flow current J and the interelectrode potential difference ¥ are
ziven by:
od
J = I;(cosh ftma — cOsIU g, ), o
V = cosh ttmn — cosh pim) + (ftm) — 1) sini g + (jio — fna ) sinh 0.
Equations (8), (9) describe perturbation in the linear approximation. Thetr solutions are expressed in

terms of the linear amplitudes &5 and L»:

Y2 = (Hap + Lajsinh g, pi2 = (Hap + Lo) coshp,

15

OH; . g
Pe3 = —--5;—1-‘-(coshp + psinh p) — 5%,

(sinh u + p cosh i)

{13}
3 . dLs
— —sinhpg — —=coshpu.
KR gt
The nonlinear and dispersion effects manifest themselves in Egs. (1U), from which it follows:
Poa = (Hyp + Ly Micoshp + Vanh g
va = (Hyp+ Ly + Wisinhp+ N coshu, (i)
.1 3
No= S(Hap+ L)%
Y] - -9 .
THy pp®  sinh2p O*Ho p p? sinh 2u
M= — — - - -
atf(s ) 6:12(6+ )
8 Hy cosh2u (ang 8L, ),u2
3t1821 2 3t% 8312 2 ’

The amplitudes Lo, Ha, L4, and H,4 are independent of z.

According to (4), the flelds in the region occupied by the beam, at p,; € ;1 € g0, are given by

o dva dvs  Opes
Eepg=—, FEpo=— = =
0 5,1.' 2 D r4 P ot
5)3):0 ‘31):2 ‘3'}3;4 aPI.’i .
By = s B, = . = -, 15
¢ du N du * du dzy R
3‘;-1 a Pl a“.‘ a“ a - () -
E;= =2 P 2 Ba= T2 74 P2 ’PA‘
831 Btl 033 8:1 61‘3 (}f]_

The flelds in the vacuum regions I (K = 1, gy € o € pry) and 1L {k = 2, ptpnn
Egs. (1), (2) at p = 0. They are given by:

g p € po) are lound from

Erpor = €0k Erae = (L;j'uk—)mﬂ?k + e (16)
BO.'_)L' = bn . B-—lk = U;:.‘}'H'k_)_ab_}k -+ b4k!
ab')k @eok
Ez s = - : - - i
3k (l-‘ 'uk)( Btl + 8:1 )
Obog  Obar  Oenp ey
E,:. = r— L — -
e = () (G4 24 TR )
(g — pe ) sy | Jeng
O
- ) ( 6:1 atg ),
c= d.q - d-ﬁ!
gt g
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where eo and by are constants, while ea, ey, 2, by are independent of z and sansfy the correlations:

aE')k 86»;:
—_— 2 = (17
5‘151 (321 O, \lf)

Jeor  Jegr b Fbag
Bt Bt T 9z T 9=

=0. (18)

In (16) it was taken into account that the tangential electric field £, turns to zero at the electrode surface,

S S
CONDITIa'Ns AT THE VACUUM-BEAM INTERFACE

The positions of beam boundaries in the presence of perturbations are variable quantities that may be
represented in the form of a series:

oo

ok = Y £ g, (19)

n=_
where g are constants corresponding to unperturbed positions of the boundaries. Then the arbitrary
(o]

quantity S{u) = Z "5, (pe) av the beam boundary has an expansion:

n=9_0

]

- . - SLASTEY
Sm = S(um) =) " Sam =3¢ 7
0

r;l

i L2

=0

The fields at the boundaries are continuous. By representing them in the form of type {20} expansions and

equating to zero the differences between the values that correspond to solutions inside and outside the Leam,
we obtain for Eromr and Bome:

csinh o —ege = 0, o cosh g = bor = 0, {21)

for E:'gmk and Bgmk:

oo cosh yor + o Ha{sinh ¥or + thor cosh vor) + o La cosh o — eap =0,

wape sinh woy + o Ho{cosh doy + wop sinh Gog ) + o Lasinh gy = hap =0, (22
for E:Smk:
(3H2L_ +BL‘3) inh +(§H9 , é‘Lg) h o
"0k -—= |8 Yok —— g T ——— j COSN U
J_’):l 0k d:1 0k 81‘1 e dtl bk
H::-Wok(fibak af‘ek—) e
[ 51‘1 331 ( )

Together with relation {17), Eqgs. (22), (23} interrelate the linear amplitudes.
Let us introduce new variables:

&, = zpcoshn—i,sinhy, 7, =t,coshn—z,sinhn, n=const (2)

and assume that the dependence of all the quantities on z; and ¢t; is reduced to thé dependence on &, solely.
Then, the differentiation of Eq. (22) with respect to §; yields for 3—c"('[,i’gk. bop, €2k, Ha, Lao) a svstem of

. . . . .. . . S1 L
uniform linear equations having a nontrivial solution only in the case of their linear dependence. The latter
conditicn leads to the following relationship for the rate of linear long-wavelength perturbations v = tanhn:

gy — ¥ = oz — KXo X = (“k—wu)(l—ug) {25}
o 1T > ’ (Siﬂh or — ucosh L'"»‘Ok)g. B
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Then the linear amplitudes may be expressed via H» by the formulas:

Yap = = Ha(xe + coth(vor = 1)), Lo = Ho( — Yor), (26)

Fcoshn

*sinh(wox — 1)
Dispersion correlation (25) represents a fourth power equation with respect to #. The number of possible
u values is equal to the number of freedom degrees, which is determined by the presence of two beam-
vacuum interfaces and two alternative propagation directions of perturbations. In a region when the external
parameters vary, thg quantity u may become complex, which in the case of linear dependence leads to an
exponentia?grou?zh af tle perturbation amplitude and points to the instability of linear waves in this region.
Below we shall confine curselves to the case of stable waves, when the value of u i1s real. Allowance for
the nonlinear and dispersion effects. described by the subsequent terms of the expansion. enables one 1o
obtain an equation for the wave amplitude. Since these calculations are too bulky, we shiall preseut only
their scheme and the results obtained.

o osinh 7

Bap = — g ———,
Slnh(t’,‘gk - 1)

EQUATION FOR THE AMPLITUDE

The conditions of continuity for the fields £ amr, Bami, E:5mse and coupling (18) may be represented
as equations containing. in their left-hand sides. terms rhat are linearly dependent an the derivarives of ..
Ly, wag, esp, bap with respect to £, and in their right-hand sides, terms independent of these derivatives.
In view of the iterative character of finding solutions to the initial equations corresponding to the successive
terms of the expansion with respect to z. the left-hand sides of the transformed squarions <7 continuiy audd
coupling are completely analegous to the lett-hand sides of Fgs. (22).423), (177 aud are convertad ro thens
after the substitution ({4, L4, ¥4k, €4, dae} — (Ha2, Lo, wor, €2k, bai ). Therefore. in view of condition {23).
the left~hand sides are linearly dependent. So. by adding the equations to respective coefllicieurs, we can
obtain the zeroth lefi-hand side and thereby an equation for finear amplitudes. on which the vight-hand <idex
are dependent. With correlations {26} taken into account, we transform it into the equation for Hs soleby
The latter has the form of the Korteweg-de Vries equation:

OH» O Ha G3H, -
PS—=-QHr5—=-R575 =0 (27)
T3 B3 el
with the coefficients dependent on the parameters of the unperturbed flow:
P=Pi~P, Q=@Q1-Q2 R=R —Re
Py = 2uy coth(vor — 7},

Qr = coth? (o = n)(coth( s = n} + 3up),

5 1 1 1 . ‘
c - glﬁr‘g;; + 5%;; + zsmh(?{ﬁ’ok - 2n)

1 Ny .
+ 3"% sinhi2uWae — 2n) + vopr (thor — #1).

i ‘
Ry = ‘?"”k(w()k — pi)

Coefficients [23) have no peculiarities in the range of variation of the parameters corresponding to the resion
of stability of linear waves. so Eq. (27) describes the behavior of the amplitude througloat the entive range
up to the threshold of diccotron instability. The latter finding differs from the resuits of [7].

Solutions (27) may be obtained by the method of inverse problem of scattering [8, 9]. The simplest of
them describes the propagation of a solitary nonlinear wave and has the form:

H2=.{Qﬂfigﬁcosh_z(%((%)1/354'_-127)). (]

wlere 4 gives the soliton amplitude.

Therefore, the present work considers, in the linear and nonlinear limits, the propagation of long-
wavelength perturbations in the electron flow in vacuo between two plane electrodes, all the electrons Laving
the same total momentum. The linear amplitude of the perturbations, H», was shown to be described by
Eq. (27}, which has the form of the Korteweg-de Vries equation with the coefficients dependent on ihe state
of the unperturbed flow. The dispersion correlation (23) was obtained, and the one-soliton solution (29) was
given. The developed approach can be used for analysis of nonlinear perturbations of electron heams with
other equilibrium states and for transportation systems of a different geometry.
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