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NONLINEAR WAVES IN A LAl\!IINAR BRILLOUIN ELECTRON BEAl\!I 

PROPAGATING IN A STRIP-LINE 

0. I. Vasilenko 

Tl1e multiscaling method of the perturbation theory was used to exan1ine tl1e 
nonlinear waves propagating in tl1e Brillouin electron bea111 in vac·uo between 
two plane parallel electrodes. A dispersion co1·relation was obtai11ed, and the 
amplitude of the waves was shown to be described by the l(ot·teweg-de Vt·ies 
equatio11 tl1at ad1nits soliton solutions. The equation coefficients were deter­
mined as a function of parameters of the eqt1ilibriun1 unperturbed beaui. A 
kind of one-soliton solution is presented. 

The study of nonlinear \\·aves in h1~avy~current electron !lows are i1nporr.n.11t. h-:11 Ii to g:1:t ;1 ._l,:·!:'l"•:·r in,1·..;i11 
into the properties of such fl.o\vs (dyna111ics. stability) clnll to assess possible appli.::ltions of t!it':-'f· ·,\·;.n·,;~ ;>ir 

generating high-po\ver micro\Vave radiation. collective acceleration. etc. Of especial interest is t!'tc f3rillo11in 
beam. \Yhose electrons have t.he san1e total mo1ne11tu1n. The linear \\·aves in sucl1 a flo\\' \\'(~re ,_·c,!1::'1•l•:n~d 

in [1]. The nonlinear effects \Vere studied for the case \\'hen the flo\\' adjoins the cci.thode ::2. :J: :.ind for 1 h'" 
case of steady-state perturbations (4]. 

Considered below are nonlinear \Vaves in the heavy-current Brillouin flo\\' propagating: between L\VO 

plane electrodes of a transportation system. Analysis is carried out by the method of multiscaling; of the 
perturbation theory. First, linear \vaves are analyzed and a dispersion correlation is found. 1~hen. for the 
case of stable \vaves '".:ith consideration for nonlinear and dispersion effects in rhe s11hseq11e11t 0rders 0f 
expansion, a Korte\veg-de \'ries equation is found that describes the \Vave an1plitude in the lon.~-,,·:-:i.,·eleng;tli 
approxin1ation. 

FORMULATION OF THE PROBLEM AND DERIVATION OF EQUATIOi'S 

Let us introduce the Cartesian coordinate system (x, y, .:). C'onsider the line forn1ecl by Ll\'O p!nae 
electrodes of the \vidth d parallel r.o the (y, ;) plane and characterized by the coordinates .i:;. a11d .1:-:: (Fi~ j i· 
.·\n electron flow of a rectangular cross section is propagating inside the tine. its upper c111rl lowPr ho1t11tL1ries 
;_1re p1:1ral!el to the elecrrodes and ha,·e the coordinates .Cm~ and .r,n 1 (see Fig. 1). Let. u:;; 111;1kc 11:-1; •Jf 1li1, 

syste1n of units in \vhich the velocity of light. tlie charge and the 1nuss of the elect.ro11 ilre cq11al 1,-:i u1ti1y 
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The electric E and the magnetic B field satisfy the Maxwell equations: 

8B 
rotE=-Tf• divB=O, (1) 

p 8E 
rot B = 4rrp- + -;;-. div E = 4rrp, (2) 

I vt 

where p is the charge density, p is the momentum of the flow described in the approximation of the cold 
single-velocity hydrodynamics by the equation of motion: 

op+ (~v)p=E+ ['~. B], 
iJt I I 

-1= j1+(p. p). 

\Ve shall assume the total rnornentun1 to be the s~in1e for all t.he electrons of the l\o\\· . .:-:u rh:it 

op 
E =V-·+ -

I i)t ' 
B = - rotp. 

('.l) 

Equations ( 1) are satisfied. while Eqs. (2), (3), after elirnination of p, are reduced to the correlation bet\veen 
p and r 

(:;) 

\Ye assurne the problem to be unifortn \\rith respect toy (d/Oy = 0), Py = 0 an<l the unperturbed flo\\' to 
be ~t~;:i.dy-state and nniforn1 ;:'\long the ; ;:i.xis. \Yhich is the dirf"ction of the fto\v inomenn1nL The presence 
•Jf r~~rtnrbations is manifested ill r.he :-i.rpearance of \\·eak dependencies (cornprit·0,J to tl1e> dµi""l!•i·~ll•:t=: l_•ll 1;) 

on.: and t. For their 11ualitcttive characterization. let us introduce the srna!I p;u·;_unr:-r.i::r ~. ;111d pt~rfonri :1n 

expansion of dependent and independent variables \vith re5pect to c: [:). 15]: 

x 

(p.;:, -r, Ex, By)= L c:'.!n(P: :;n, -1211. crEi: 2n, crB'2n), 
n=O 

"" 
(pz, Ez) = I:e2

n+
1(Pz 2n+11 uE:: 2n+1), Bz = Bz = Ey = 0, 

n=l 

"" 
(z, t) = Ls'"+' ( =2:+i' t2:+i)' 

rt=O 

µ 
X = XQ + -. 

" 

(6) 

The constants u and xo are determined belo\v. The expansion of Pi: and E: begins \vith ter1ns of the order 
of : 3 n·hich i1nplies cornn1ensurahility of the n1ag;nitudcs of nunlinei-1.r and di~Tiersion c'lrt:t.:t::-. F.:.r 1 l1t' s:1:-'1~ of 
Pi:1. E.::1 -::f= 0. the nonlinearity is prevailing:. 

Let us substitute (6) into (:j) and equalize the coefficients at the satne powers of:. l'lle 1:'q11;itions 
obtained have the form: 

(-:-} 

(8) 

(9 I 

(10) 
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SOLUTION OF EQUATIONS 

Equations (7) describe the unperturbed flow and have a solution in the form: 

"! = coshµ, p,0 = sinhµ. 

Vol . ..;.r . . Vo. 1 

( 11) 

The quantities r7, x0 , Xrni 1 and X'm'2 are the external parameters of the problem that describe the parameters 
of the unperturbed flow. In particular. the fio\v current J and the interelectrode potential difference v· are 
given by: 

rrd 
J = -{coshttrn2 - coshtt,,ii), 

-hr 
i/ = cosh µm'2 - cosh Pm 1 + (f.Jnit - µ1) sinh tL,n l + (J.12 - Pm?.) sinh /1111?.. 

i !:2) 

Equations (8), (9) describe perturbation in tl1e linear approxirnatiou. 1'h.,.,ir ::-olttt.ions are expri:',,;;;cd in 

terms of the linear amplitudes H 2 and L2 : 

"12 = (H,µ + L2)sinhµ, p,, = (H2µ + L,) cosh11, 
iJH, . [!}!, . 

p,3 = --;,-"(coshµ + µ smhµ) - ...,,.....:.(smh µ + µ cosh µ) 
uz1 at1 

{![, . [![, 
- -:::---=- s1nh µ - ~ cosh 11. 

rJ.:-1 ut, 

The nonlinear and dispersion effects inanifest themselves in Eqs. ( lU), from \vhich it follo.,vs: 

f>>l = (H4 J.J. + l.1 + .\[)coshp + .\-~inh11. 
~1 -i = \H4µ + L-t -i- .\/)sinhµ + .\· coshp. 

.V = ~(H,µ + l 2 )
2

. 

,\f = 8 2 
H, ( µ

3 
_ sinh 2µ) _ 1)

2 
H 2 ( µ

3 
sinh 2µ) 

ot1 6 4 oz/ 6 + 4 

_ 82 H, cosh 2µ + ( 8 2 L, _ 82 L, ) µ 2. 
at,az, 2 iJt1 iJz/ 2 

The amplitudes L 2 , H 2 , L4 , an<l H4 are independent of x. 
~.\.ccording to (-1), the fields in the region occupied by the beam, at ttmi :( 11 :( !-lm'2· are .~i\"en hy: 

8·10 D-r2 £ _ 0·14 opx3 
Exo = ~' Er'!.= CJµ. r4 - Dµ + dtr . 

B - Up~o 
0 - 3µ . 

(13) 

\ i-\J 

" 1. t·J) 

The fields in the vacuun1 regions I (k = 1, µ 1 :( µ :( J.Lmi) and II (k = :2. tlm'2 :( µ :( 1-1 2 ) :-ire found fr(itn 
Eqs. (1), (2) at p = 0. They are given by: 

:J9 



.. iloscow University 
Phy~iclJ Bu/lei.in Fol. 41, ;Vo, 

where eo and bo are constants, while e1, e4 , b1, l>4 are independent of x and satisfy the correlations: 

(17) 

(18) 

In (16) it was taken into account that the tangential electric field Ez turns to zero at the electrode surface, 

coNDITr'/!)'Ns' AT THE VACUUM-BEAM INTERFACE 

The positions of beam boundaries in the presence of pe-rturbations a.re \·arinLle quantitie5 that 
represented in the form of a series: 

= 
µ _ "' ;:-2n ,/, mk-L.-- 'f2nk, 

n=O 

rnay be 

(19) 

'vhere 1/Jo1c are constants corresponding to unperturbed positions of the boundaries. Then the arbitrary 
= 

quantity S(µ) ::= L ~n Sn(JL) at the beam boundary has an expansion: 
n.=0 

The fields at the boundaries are continuous. By representing them in the forn1 of type (20) expansions and 
equating to zero the differences bet\veen the values that correspond to solutions inside and outside the bea1n, 
\Ve obtain for E:omk and Bomk: 

crsinh 1/Jok - eok = 0, u cosh 1/Jo; - bo; = 0, 

for E.x'2mk and B2mk: 

for E:3mk: 

W2k'7 cosh ·rf;ok + crH2(sinh ·l/Jok + i/Jok cosh lfiok) + crL2cosh1/.iok - e1k = 0, 

tl''!.kcr sinh li-'0,1,; + ITH?( cosh li.'01.: + lL'o1.: sinh ii'o1.:) +er L'!. sinh 1!..~ak - b:.k ::= (). 

(
iJH,. 8L')·. (iJfl, f!L,) 
a- - l'.'ok + ~ s1nh u·o1.: + -

3 
- ·~'ok + -iJ - cash t.:'ok 

-1 d-1 t1 t1 

+ µ, - 'POk (ab,. + 8e,k ) = o. 
,,. f!t1 f!z1 

Together with relation ( 17). Eqs. (22), (23) interrelate the linear amplitudes. 
Let us int.roduce ne\v variCtb!es: 

~,1 = ::n C05h T} - t 11 5inh17, T 11 = tn cosh 17 - :n sinh 77. 17::::::: const 

(21) 

( 2:3 I 

and assume that the dependence of all the quantities on z1 and t1 is reduced to the dependence on ~ 1 solely. 

·Then, the differentiation of Eq. (22) \vith respect to ~1 yields for 0_~ ('¢''!.k· 621.;, e2k, H'!., L'!.) a system of 

" uniforn1 linear equ?-tions having a nontrivial solution only in the case of their linear dependence. The latter 
condition leads to the follo,ving relationship for the rate of linear long-,vavelength perturbations u = tanh 17: 

Xk = '> • 
(sinh Wok - u cosh lk·o1.:)-

(25) 

.JO 



,\foscow Un.iversity 
PhysicJJ Bulletin 

Then the linear amplitudes may be expressed via H2 by the formulas: 

0,. = -H2(>« + coth(wo• - ry)), L2 = H,(x, - woe), 

e2k = -H2 . (j cosh 11 , 
smh( li'ok - ry) 

Fol. 4 i, .Yo. 1 

(26) 

Dispersion correlation (25) represents a fourth power equation \vith respect to 11. The number of possible 
u values is equal to the number of freedom degrees, \vhich is determined by the presence of t\vo beam­
vacuum interfaces and t\VO alternative propagation directions of perturbations. In a region \vhen the external 
parameters vary

1 
tlliT qu_~ntity u may become complex, \vhich in the case of l~near dependence leads to ar1 

exponentia~rO\\':.'th <!l'f the perturbation amplitude and points to the instability of linear \Vaves in this region. 
Belo\v \ve shall confine ourselves to the case of stable \Vaves, \Vhen the value of u is real. .-\llo\\·ance for 
the nonlinear and dispersion effects, described by the subsequent tertns of the expansion. enables one t.o 

obtain an equation for the \vave an1plitude. Since these calculations are too bulky, \Ve sltall preseut only 
their scheme and the results obtained. 

EQUATION FOR THE AMPLITUDE 

The conditions of continuity for the fields Ex4mk, B 4mk, E::smk and coupling (18) may be represented 
as equations containing. in their left-hanJ sides. tenT1s that are linearly dependent on dte d(~riv;_1rive~ ,_,f If.1. 

L 4 , l..'-'--ik, e4 1,;, b4k \Vith respect to ~ 1 , and in their right-hand sides, tern1s independent uf these clen'.:at.i\·r:-s. 
In vie\v of the iterative character of finding solutions to the initial equations corresponding; to t.he s11cce:-;~ive 

t.enns of the expansio11 \\"ith respect to:;:. the left-hand sides of the transfortned .:q11;1rio11~ ,-Jf ,>:H1r.1111:ry 111r! 

cOLtpling; ai-e con1p!etely <lll<.1l0g;•Jns to tile left-hand siJes of [ .. :ts. t 22). \ 2'.3), ( l I ,1 d.uJ ;ire~ co11\·t:n.,:•.i tu : :i·.·11, 
after the substitution ( H 4, L4, it'4k, e4k, b4k) -.... ( H '2, L:., ll':.k, e21.-, b:.1.;). Therefore. in vie\v of condition i 2 .) i. 
the left-hand sides are linearly dependent. So. by adding the equations to respt:ctive roefl!Li•:11r . .;;. \\·1~ ...::111 
obtain the zeroth left-hand side aud thereby an equation for linear a1nplitude.:;. on whid1 t_h.~ t·i:.!_!1t-it;i1t,i ~id':.' 

are dependent. VVith correlations {26) taken into account, \Ve transform it into t.he eqnation fot· f!'2 solel_: 
The latter has the form of the Korte.,veg-de Vries equation: 

p8H2 - QHo 8H2 - RJ3H2 = 0 (27) 
OT3 - a~, d~r 

.. vi th the coefficients dependent on the parameters of the unperturbed fl.o,v: 

P=P,-P,, Q=Q1-Q2, R=R1-R2, 

Pk = 2x; coth(ii'o• - ry), 

Q, = coth2
( c·oc - q)(coth( C'ok - q) +:he). 

1 , '13 1 [, 
R, = -xdWok - µ,)- - -'Pok+ -x, + -smh(U'ok - 2ry) 

3 3 2 4 

i - '.': 

Coefficients (28) have no peculiarities in the range of variat.ion of the pararneters correspond in~ ro tl1P ric~i·::in 

of stability of linear ivaves. so Eq. {27) describes the behavior of the atnplitude throu1bho1tt tltc entir·~ r<:11t~e 
up to the threshold of diocotron instability. The latter finding differs from the resnlts of [7]. 

Solutions (27) 1nay be obtained by the method of inverse problem of scattering [8. 9]. The sin1ple:=.;t of 
then1 describes the propagation of a solitary nonlinear \Vave and has the form: 

H _ .J.,:l(P2
R)

1
i
3 -h-'(:.:((~)1/3, .J.'-)) 

2 - • Q co, 2 R '+. ' , 
where .-1. gives the soliton amplitude. 

Therefore, the present \Vork considers. in the linear and nonlinear limit.s, the propagation of long­
\Va\"elength perturbations in the electron flo\v in vacuo bet\Veen t\vo plane electrodes, all the elecr.t·ons having; 
the same total momentun1. The linear amplitude of the perturbations, H2, 'vas sho,vn to be described by 
Eq. (27), \vhich has the forn1 of the I\.orte\\'eg-de Vries equation \vith the coefficients dependent on the state 
of the unperturbed flo,v. The dispersion correlation (25) \Vas obtained, and the one-soliton solution (2!J) \Vas 
given. The developed approach can be used for analysis of nonlinear perturbations of electron bea1ns \vith 
other equilibriun1 states and for transportation systems of a different geon1etry. 
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