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CALCULATION OF AN OPTICAL SYSTEl\II FOR 

A LASER-CONTROLLED GYROSCOPE 

V. E. Zharov. S. N. Markova, M. V. Sazhin, and E. N. Fedoseev 

A passive square-sl1aped resonator is proposed to be used in the laser gyroscope 
system being developed at the Time Service Departn1e11t of the Sternberg Astro­
nornical Institt1te for n1easuring the Earth~s rotatiou variations. The i·esouator 
has an arm l of 3.10 m a11d consists of two spherical n1irrors of equal radius of 
curvature (Rm. = 10 in) and two flat mir1·ors, one of wl1icl1 is an input elen1eut 
and the other the output element. 

INTRODUCTION 

.-\..t the Tin1e Service Depart1ne11t of the Sternberg ,\strononiical Instit.ute, ;1 la~':'r gyroscope :'iyst<"'ltt ~l: 

is being developed. \vhich has a passive resonator for tneasuring; the angular velocity of the Earth.5 rotatli:in 
and the local inclinations of th~ Earth's cru5t. 

The ino<lern astronon1ic n1ethods tnake it possible to n1easure the variation:-> .:·f the ;111.;;ulnr \·(~k·city '-1f 

the Earth's rotation up to 60../D.. - 10-s (using optical astronon1y rnethods) and to 60../0. -- io- 9 {using 
radio interferometry and laser location methods). In spite of their high accuracy and \vide-scale application, 
both methods have one significant disadvantage: processing of the results of individual measuren1ents takes 
several days. A laser gyroscope \vill in principle allo\v this time to be reduced to a fe\v hours or iniuutes. Such 
a time interval \Vill make it possible to study the high-frequency (about 1 h) components of the paratneters 
of the Earth's rotation and crust inclinations. 

Calculation of the optical resonator for a laser gyroscope consists in the deter111ination of the paraineters 
of the eigen mode of oscillations in the resonator. The eigen modes of a resonator must be stable, i.e., the 
laser bean1 divergence must be compensated for by focusing \Vith the aid of the spherical n1irrors of rhf' 
systen1. In other wor<ls 1 the calculation of the resonator reduces to searching for such a laser beatn \\·hich. 
having; passed through the cavity, inaintains its characteristics: the radius of curv;iture of tlte 1\·avc_ fro11L 

and the size and position of the constrictions. To calculate these characteristics, \\'e use the rnethod of ray 
n1atrices described in [2. :3] 

CALCULATION OF THE RESONATOR 

The complex resonator sho.,vn in Fig. 1, like any other optical system consisting of reflecting surfaces, 
refractive lenses and gaps between them, can be described by means of ray matrices corresponding to each 
optical elen1ent. To analyze the resonator operation, it is sufficient to consider one run along the loop. The 
n1atrix of the run in a nonan1plifying mediun1 \Vith a length { has the form 

(~ D. 
The n1atrix of reflection fron1 a spherical 111irror \Vi th a radius of curvature R.,.,1 • 'vi th considerf'ltion for t.he 
angle of incidence u of the ra:,.to the n1irror norn1al, can be written. according to [3], as 

\vhere 
p = 2cosa 

I Rm ' 
2 

Py=---­
Rni cos u. 
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Fig. 1 
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Schematic diagra1n of the passive resonator of a laser gyroscope systern. :\lirrors 1 and :_; 
are fiat, mirrors 2 and 4 ;1re spherical. 

The matrix of a complex resonator can be obtained by multiplication of the matrices of the optical elen1ents 
rnaking up the selected resonator. The 111atrices should be multiplied in the order oppu . .;;ite to the ray p;i. .... ..:;1~·· 

The resonator featuring si1nple astigmatisn1 (in our case it is a result of the ray incidence ont•) "t1•~ 

spherical mirrors at. an angle a to the normal) is characterized by (\YO ray n1arric,~:-:: Jf, 'lnd .\f:r· OnP ·'nil 
perforrn independent calculations •)f the bean1 paraineters for ea\:h vari;ii1!1·: .z; :111d ;1 pr•::>\·idP<\ th,., ;\X•c'°"' .' l!i·! 

!J are selected so that they coini:Lde wirh r,he tnajor and rrunor :.tXt'S ()r" rite .;ili11ric:.d J,e~u11. 111 ·~•11r ··,,.., ,._,, 
have 

\{ (' .4,, 
.- .r == c· 

\ r 

B,) 
D, 

and the matri.x elements Ax. Bi:, C.'x, Dx and .-iy, By: Cy, Dy are functions of l and l?n 1 • 

The elements of the ray n1atrices may be used to express the principal paran1eters characterizing the 
electromagnetic field structure in the resonator: the spot size and the \Vave front curvature in the resonator 
output plane 

\Yhere 

,\ is the \\·avelengt.h. 

Wx,y = 

1 

>..B:r;,y 
;rsin(J' 

Dx,y - Ax,y 

2Bx.v 

Tt should be uot.ed tltat alr.l1oug;h these for111ulas ctr~ obtai11eJ for t;eo1netrical i110Je!s of r:\y." 1,-:·r f:1111ili(,~ 

Of rays emerging fron1 one point of space), they are also valid for C~aussian beams. i.e., 01ouochrornatic 
beanlS featuring a Gaussian distribution of intensity in a plane normal to the direction of propagation of 
the bea1n. For such beams ....:r_y is the spot radius n1easured by the level lu/e 2 . \vhere 10 is the 1naxin111n1 
intensity in the beam and R.c,y is the radius of curvature of the \Vave front. 

~fhe Gaussian beam propagating in free space along t.he = axis undergoes broadening; and cli\·ergi:>ncr~. 
so ~r_y and Rx,y are functions of= [2] . 

• -\.ccording to the conclusions inade in [2], the bean1 radius in the constriction . ..;0 r.y and the position 
of the constriction itself, =ox,y in any complex resonator can be calculated using the kno\vn matrix elements 
.-lr, B.c, Cx, Dx and .4y, By. Cy. D:;: 

-,\sin 0 
....iox,y = 

=o x,y 



.\loscow University 
Physics B'lliletin Fol. 4.i, iVa. 1 

All the above calculations are valid for stable resonators only. The stability conditions, when using the 
ray matrix technique, have the form 

1 
-1 < :z(A., + D,) < 1. 

l 
-1 < :z(Ay +Dy)< 1. 

lT nique computer soft,vare \\'as developed to detern1ine the geoinetrical size ( i and Rni) required for 
the resonator to be stable, and to con1pute the parameters of the resonator fundan1ental n1ode (:....1or, , .• :oy, 

=oc, =oy, Rox, Roy) at fixed land Rm· Proceeding fron1 the results of this con1p11tation. with du~ regard 
for the geometrical restrictions imposed by the size of the room accommodating the gyroscope. \\'e selected 
a stable square-shaped resonator \Vith l = 3.1 m, t\VO fiat and t\vo spherical n1irrors \Vith Rm = 10 n1 (see 
Fig. 1). In this case, \Vhen the resonator is excited by a laser beam passing through a spherical inirror. we 
have the follo\ving parameters of the fundamental mode of the cavity: the spot size on the input rnirror: 
wx = 1.278 mm, wy = 1.188 mn1; the spot size in the constriction: Wox = 1.109 mrn, :..,;oy = 0.844. rnn1; the 
position of the constriction to the left from the input plane zo.r = =o, = 3.1 m: the radii of curvature of the 
\Vave front in the ontput plane Ri: = 1-Lli 111. R, = i.Oi rn. 

\.\'hen the resonator is excited by a la:::;er bean1 pa:::;sing: throug:h a ilat 1nirror. tlu~ ::-[)oJt . .;;.izc 011 the inp11t 

(output) mirror: Wx = 1.086 inm, wy = 0.841 n1m: the spot size in the constriction: ;....'o.r = :..J.r;. :...io,1 = wy: the 
canst rict.ion is located to the left fron1 the input plane :1Jc = ::r,1_; = U. i.e .. r he c>~1 11st ri( t i•Jll is 1)!1 t.111.' i 1q·-11: 

Iturror: the radii of curvature of the \\'a\'e front rn the output pLu1e. R.r. = 1?.!J = x 1 tl;:lf frollt j. 

In the course of n1anufacturing the n1irrors, the preset values of their raJii uf curvat.ure anJ distances 
bet,veen the optical elements of the systems may not be follo,ved strictly. 'Therefore. hy introdl!cing po:-;silde 
variations of the corresp anding paran1eters into the con1p uter progra1n. one ca 11 de te-n ni 111" t ht~ '~ha 118:"-'S i 11 

the beam parameters in the resonator. 
In order to simplify the subsequent matching of the laser mode \Vith the resonator mode, \Ve selected the 

second 9f the computed cases: the introduction of a laser beam into the system through a flat sen1itransparent 
mirror (the reflection coefficient is 0.97). 

CALCULATION OF THE MATC.HING SYSTEl'v! 

vv·hen a Gaussian beam emerging from the laser resonator interacts with a past3ive resonant opt.ic<'I\ 
systen1. a problem of matching these t\vo systems arises. The laser beam inust be tr;-1.nsforn1ed so that 1 !ic 
spatial distribution of the amplitude and phase of its field at the system input shoulJ coincide 'vit!t r.be space 
distribution of the eigen mode of the passive optical system in the input plane. 

The matching reduces to three operations: (1) aligning of the axes, (2) aligning of the constriction 
planes. and (3) making equal the sizes of the spots in the constrictions. The aligning of the ::i.xes is effect•.::ol 
by mutual adjustment of the beam and optical system. The t\\·o other 1natching condir,ions can he Jchic\·ed 
by different n1ethods. Let us consider t.hese n1ethods. 

\Vhen the laser is located outside the optical system, the matching is usualty effected by rneans of a 
syste1n of lenses or mirrors. In the presence of astign1atism in the passive resonator. the spherical 1node 1)f 

the laser must be matched \Vith the ellip°tical eigen 1node of the passive resonator. This can he ;.ittained by 
installing a systen1 of t'\'O thin cylindrical lenses \\·hich. independently of each otlt~r. 1nodify t!te lasr~r be;1111 
parn111eters in the x and JJ coordinates in the plane noriual to the direction of the bearn propag;1t ion [--!]. 

~.\nother matching systen1 nlay incluJe a spherical mirror mounted at an angle to the incident laser 
beam. The mirror will reflect the elliptical beam due to the astigmatic error effect. By varying the radius 
of curvature of the rnatching mirror and the angle of incidence of the bean1, one can obtain an output bean1 
having characteristics identical to the eigen mode of the passive ring resonator. 

Other versions of matching systems are possible, such as t,,.o spherical rnirrors, a spherical lense and a 
spherical mirror. 

Tl1e 1natching systetn calculation includes the following: (1) cleterrniuation of t.hc nllrnbcr of optical 
elements and their type (lenses or n1irrors); (2) deter1nination of the focal lengths Ji o[ the lenses or the 
radii of curvature of the n1irrors; (3) calculation of the angle of incidence of the ben,n1 onto the spherical 
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mirror; ( 4) calculation of the distances between the laser and the optical elements; ( 5) taking into account 
the geometrical restrictions imposed by the size of the gyroscope foundation. 

To calculate the matching system \Ve determined the general ray matrices of the system: 

and B,) 
Dy 

using the method described in the preceding section. \vhere A .. x. B.i:, C.r:. Dx: and .-1:;. Ev. Cy Dy are functions 
of the unkno,vn paran1eters: the focal lengths and the distances bt:t\veea the systein el!':'rnents. 

To control the t\VO main parameters of the C~aussian bearn. it is i.:onvenieut to use the con1plex r:i.diits 
of curvature q(.:); 

l 1 i ,\ 
----+--
q(=) - R(z) ;rw 2(=) · 

If \Ve have a complex parameter rz 1 of the beam at the input of any optical system having the ray 1natrix 

M= (~ ~)-
the beam complex paran1eter fJ'2 at the 5ystem output can bi:'! calculated using; the fornuda. [~] 

.-l'fL + B 
C<11+D· 

In our case the para1neter 11 1 is found fron1 the bean1 paran1et.ers .....,, 0 and R 0 at rhe laser re3011atc•r 01irp111 

In an LGN-303 laser used in the experin1ents the output inirror of the resonator is flat, i.e .. Ru = x. <i11d 
the position of the beam constriction coincides 'vith the mirror plane. 

Since the main parameter used in all further calculations is the size of the constriction of the laser 
beam, '"-'Oi this parameter should be found experimentally. Two independent methods \Vere used to n1easure 
the beam radius in the constriction. First we determined the intensity distribution O\'er the bean1 dia111eter 
in a plane at a distance of 67 m from the laser output mirror by ineans of a photoelectric diode. The laser 
beam radius was determined from the level /o/e 2 . Then. the value of ..... ·o \Vas calculated [:2]. l'he hecnn r:idius 
in the constriction determined in this manner \\.·as ...; 0 = 0.'.t22 rnni. 

In the second method the beam \Vas photographed on a film at a distance of 0.6 m fron1 the outp11t 
laser plane. Then the blackening curve \Vas 111easured and the bean1 radius \Vas der.errninecl fron1 thi-: lf'\·el 
10 / e'.!. The calculated value of ...; 0 \Vas 0.216 mn1 .. 

During subsequent calculations \Ve used the average value of :...io = 0.219 mm. 
Having found q1 and q1 through the parameters of the fundamental mode of the laser and passive 

resonator, respectively, one can solve the equation 

\\·ith respect to .4.r,y•B.r:.y. C.r:,y and D..r:.y· i.e .. to find the parameters of the optical e!ernent;-:; oft h~ 11111t.cli111:f 

systen1. This proble1n can be reduced to n1inimization of the value of 1(12.r: - 11 1 1
1 + (<J::?y - 11 1 i'.! \vi th r~:-;pecr t•• 

these paran1eters. The solution \Vas based on the sin1plex 111et.hod \\'ell developi:J in problerns c·f J1otdiur;c1r 
progran11ning [5] \vith additional restrictions on unkno\VIl parameters. 

The calculation of a simplest system consisting of a single spherical mirror yields the follo,viHg paran1e­
ters: (1) the distance from the resonator input mirror to the matching spherical mirror, /1 = 1.480 n1: (2) the 
distance from the mirror to the laser. /2 = 4: .. 333 m; (3) the beam angle of incidence a= 15.3°: ri.nd (4) the 
mirror radius of curvature, Rm = -2.604 1n (i.e., the mirror is concave). 

Unfortunately, the dimensions of the gyroscope foundation do not allo\v one to position the matching 
mirror at the above-indicated distances and thus provide the calculated angle of incidence. Neither is it 
possible to mount a system consisting of a spherical lens and a spherical mirror on the available foundation 
so as to ensure the required para111eter:s. 
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Fig. 2 

Schematic diagram of the matching system: plane-parallel splitting plate ( 1), flat rotating 
mirrors (2), input mirror of the passive resonator (3). 

\iVhen two spherical mirrors are used. the system becomes more compact but ls very sensitive to the 
value of the radius Rm . .-\.n error of 0.005 n1n1 in ..... ·0 lea<ls to a change of up to :20 crn in die Jistances and 
up to 30 cn1 in the curvature radii. 

Calculations for a more complex system of t,.,.o cylindrical lenses and flat 1nirrors (Fig. 2) have shown 
that such a system is very stable and can be n1ade quite co1npact. Thus. a 0.01-nirn error iu deti-;rn1i11ing 
·:-:o and 5-cm errors in determining distances bring about a change in the spot radius at the resonator input 
less than 0.05 mm. The \Vave front remains practically flat. 

The calculated values of the parameters are as follov{s: !1 = 1.07 n1, !2 = 1.18 111. !3 = 0.2:~ in. 
ft = 1.19 m, f, = 0.92 m, 14 = 0.68 m, 15 = 1.17 m, 16 = 0.25 m. 

CONCLUSION 

The application of the ray matri."{ technique and the simplex method on a computer made it possible 
to determine the parameters of the resonator and the matching system of the laser gyroscope intended for 
determining the angular velocity of the Earth's rotation, and to select an appropriate equipn1ent layo1tt to 
be accommodated in a room of limited di1nensions. The developed soft\vare rnakes it possible to contpute 
stable resonators of different sizes, as \vell as matching systems of various configurations and dimensions. 
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