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CALCULATION OF AN OPTICAL SYSTEM FOR
A LASER-CONTROLLED GYROSCOPE

V. E. Zharov, S, N. Markova, M. V. Sazhin, and E. N. Fedoseev

A passive square-shaped resonator is proposed to be used in the laser gyroscope
system being developed at the Time Service Department of the Sternberg Astro-
nomical Tnstitute for measuring the Earth’s rotation variations. Thoe resonator
has an arm { of 3.10 m and consists of two spherical mirrors of equal radius of
curvature (R, = 10 m) and two flat mirrors, one of which is an input element
and the other the ocutput element.

INTRODUCTION

At the Time Service Department of the Sternberg Astronowmical Institute, a laser gvroscope sysrein [t
Is being developed. which has a passive resonator for measuring the angular velocity of the Earth's rotation
and the local inclinations of the Earth's crust.

The modern astronomic methods make it possible to measure the variations of the angular velocity of
the Earth’s rotation up to ¢/Q ~ 10™° (using optical astronomy methods) and to 60/Q ~ 107% {using
radio mterferometry and laser location methods). In spite of their high accuracy and wide-scale application,
both methods have one significant disadvantage: processing of the results of individual measurements takes
several days. A laser gyroscope will in principle allow this time o be reduced to a few hours or minutes. Such
a time interval wiil make it possible to study the high-frequency (about 1 h) components of the parameters
of the Earth’s rotation and crust inclinations.

Calculation of the optical resonator for a laser gvroscope consists in the determination of the parameters
of the eigen mode of oscillations in the resonator. The eigen modes of a resonator must be stable, 1.e., the
laser beam divergence must be compensated for by focusing with the aid of the spherical mirrors of the
system. In other words, the calculation of the resonator reduces to searching for such a laser bearn which.
having passed through the cavity, maintains its characteristies: the radius of curvature of the wave {ront
and the size and position of the constrictions. To calculate these characteristics, we use the method of ray
matrices described in [2. 3]. '

CALCULATION OF THE RESONATOR

The complex resonator shown in Fig. 1, like any other optical system consisting of reflecting surfaces,
refractive lenses and gaps between them, can be described by means of ray matrices corresponding to each
optical element. To analyze the resonator operation, it is sufficient to consider one run along the loop. The
matrix of the run in a nonamplifving medium with a length { has the form

(6 1)

The matrix of reflection from a spherical mirror with a radius of curvature £,,. with consideration for the
angle of incidence o of the ray to the murror normal, can be written. according to [3], as
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Fig. 1

Schematic diagram of the passive resonator of a laser gyroscope systent. Mirrors 1 and 3
are flat, mirrors 2 and 4 arve spherical.

The matrix of a complex resonator can be obtained by muitiplication of the matrices of the optical elements
making up the selected resonator. The matrices should be multiplied in the order opposite to the ray passac.

The resonator featuring simple astigmatism {in our case 1t 15 a result of the ray lacidence ouio the
spherical mirrors at an angle o to the normal) is characterized by two ray marrices M, and 1/, One 2an
perform independent calculations of the beam parameters for sach variable £ and v provided the axes o oand
y are selected so that they colucide wirh the major and miner axes of rie eiliptical bearn, Tnosur e we

have .
, _{Ae B: (A, By
M= ( Cz Ds) ' My = (Cy Du> l

and the matrix elements A;, B,, Cr, D; and 4,, By, C,, O, are functions of { and R,,.
The elements of the rav matrices may be used to express the principal parameters characterizing the
electromagnetic fleld structure in the resonator: the spot size and the wave front curvature in the resonator

output plane
{ ABgy
W = —,
©¥ Tsinéd

I Dey=Asy

= == ,
Rey 2B:,
where
. Ary + Dy \?
sinf = \ﬂ - (T ey
5 :
A is the wavelength, _
It should be uoted that although these formulas are obrained for geometrical models of vays o Ginnilies

of rays emerging from one point of space), they are also valid for Gausstan beams. i.e.. wmonochromatic
beams featuring a Gaussian distribution of intensity in a plane normal to the direction of propagation of
the beam. For such beams ., is the spot radius measured by the level Is/e?, where [y is the maxinmm
intensity in the beam and R, , is the radius of curvature of the wave front.

The Gaussian beam propagating in free space along the > axis undergoes broadening and divergence.
50wy and R, are functions of z [2]. .

According to the conclusicns made in [2], the beam radius in the constriction wg,, and the position
of the constriction itself, zo; , in any complex resonator can be calculated using the known matrix elements
Az B Cr, D and 4, B, C,, D
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All the above calculations are valid for stable resonators only. The stability conditions, when using the
Tay matrix technique, have the form

1
~1< 2{4:+Da) < L.

1
-l< yz-(Ay + D,y < L.

Unique computer software was developed to determine the geometrical size {{ and R,,) required for
the resonator to be stable, and to compute the parameters of the resonator fundamental mode (wyz, wyy,
Iz Zoy. Koz, Roy) at fixed { and Rn. Proceeding from the results of this computation, with due regard
for the geometrical restrictions imposed by the size of the room accommodating the gyroscope, we selected
a stable square-shaped resonator with { = 3.1 m, two flat and two spherical mirrors with Ry = 10 m (see
Fig. 1). In this case, when the resonator is excited by a laser beam passing through a spherical mirror, we
have the following parameters of the fundamental mode of the cavity: the spot size on the input mirror:
wy = 1.278 mm, wy, = 1.188 mm; the spot size in the constriction: wor = 1.109 mm, wpy = 0.344 mm; the
position of the constriction to the teft from the input plane 7o = o, = 3.1 m: the radii of curvature of the
wave front in the ouwtput plane R, = 1417 m. K, = 7.07 m.

Wlien the resonator is excited hy a laser beam passing through a Hat mirvos. the spet size on the input
{output) mirror: w; = 1.086 mm. w, = 0.341 mm: the spot size in the constriction: ~pe = Wy, Woy = wy: the
constriceion is located to the left from the input plane zop = 25, = U, Le. the constricrion iz ou the iupus
nurror: the radii of curvature of the wave front 1 the output plane. £, = &, = > (tlar frontj.

In the course of manufacturing the mirrors, the preset values of their radii of curvature and distances
between the optical elements of the systems may not be followed strictly. Therefore. by 1ntroducing possible
variations of the corresponding parameters into the computer program, one can deternmine rhe changes in
the beam parameters in the resonator.

In order to simplify the subsequent matching of the laser mode with the resonator mode, we selected tlie
second of the computed cases: the introduction of a laser beam into the system through a flat semitransparent
mirror (the reflection coefficient is 0.97).

CALCULATION OF THE MATCHING SYSTEM

When a Gaussian beam emerging from the laser resonator interacts with a passive resonant optical
svstem, a problem of matching these two systems arises. The laser beam must be transformed so that the
spatial distribution of the amplitude and phase of its field at the system input should coincide with the space
distribution of the eigen mode of the passive optical system in the input plane.

The matching reduces to three operations: (1) aligning of the axes, (2) aligning of the constriction
planes, and (3} making equal the sizes of the spots in the constrictions. The aligning of the axes is effectedd
by mutual adjustment of the beam and eoptical systemn. The two other matching conditions can he achleved
by different methods. Let us consider these methods.

When the laser is located outside the optical system, the matching is usually effected by means of a
system of lenses or mirrors. In the presence of astigmatism in the passive rescnator, the spherical mode of
the laser must be matched with the elliptical eigen mode of the passive resonator. This can be attained by
installing a system of two thin cylindrical lenses which, independently of each athar, modify the laser beamn
paraeters in the z and y coordinates in the plane normal 1o the direction of the beam propagation [4].

Another matching system may include a splerical mirror mounted at an angle to the incident laser
beam. The mirror will reflect the elliptical beam due to the astigmatic error effect. By varying the radius
of curvature of the matching mirror and the angle of incidence of the beam, one can ohtain an output beam
having characteristics identical to the eigen mode of the passive ring resonator.

Other versions of matching systems are possible, such as two spherical mirrors, a spherical lense and a
spherical mirror.

The matching system calculation includes the following: {1) determination of the nurnber of optical
elements and their type (lenses or mirrors); (2) determination of the focal lengths f; of the lenses or the
radii of curvature of the mirrors; (3) calculation of the angle of incidence of the beam onto the spherical
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mirror; (4) calculation of the distances between the laser and the optical elements; (5) taking into account
the geometrical restrictions imposed by the size of the gyroscope foundation.
To calculate the matching system we determined the general ray matrices of the system:

o o fA4r B ) o Ay By
.‘.[,__(Cr Dr) and Jvfy__<cy Dy)

using the method described in the preceding section. where 4,. B, C.. D; and 4, B, . C,. D, are functions
of the unknown parameters: the focal lengths and the distances between the system elements.
To control the two main parameters of the (aussian bearn. it is couvenient to use the compiex radius
of curvature ¢{z):
L 1 N i\
T T B YN
o(z)  R(z)  7wi(3)
m

If we have a complex parameter 4; of the beamn at the input of any optical system having the ray matrix

4 B
M..(C D)'

the beam complex parameter g» at the system output can be calculated using the formula 2]

Ag o+ B
e = ="
Ciyp+ D

In our case the parameter 4; is found from the beam parameters vy and Rg at the laser resouaror aurpi
In an LGN-303 laser used in the experiments the output mirror of the resonator 13 flat, 1.e.. Ry = x. and
the position of the beam constriction coincides with the mirror plane.

Since the main parameter used in all further calculations i1s the size of the constriction of the laser
beam, wy, this parameter should be found experimentally. Two independent methods were used 1o measure
the beam radius in the constriction. First we determined the intensity distribution over the beam diameter
in a plane at a distance of 67 m from the laser output mirror by means of a phetoelectric diode. The laser
beam radius was determined from the level Ip/¢?. Then. the value of wq was caleulated [2]. The bean radius
in the constriction determined in this manner was vy = 0.222 mm,

In the second method the beam was photographed on a film at a distance of 0.6 m from the output
laser plane. Then the blackening curve was measured and the beam radius was determined from the level
Iy/2*. The calculated value of wq was 0.216 mm.

During subsequent calculations we used the average value of wy = 0.219 mm.

Having found g¢; and go through the paramesters of the fundamental mode of the laser and passive
resonator, respectively, one can solve the equation

ga . ey + Bey
2ry = S TR/
Coyar+ Dz y

with respect to Ay, Be . Cry and D, . I e, to find the parameters of che optical elemients of the matching
system. This problem can be reduced to mintmization of the value of g2, — 117 +lgs, — 11?7 with respect 1o
these parameters. The solution was based on the simplex method well developed in problems of noufinear
programming [5] with additional restricsions on unknown parameters.

The calculation of a simplest system consisting of a single spherical mirror yvields the following parame-
ters: (1) the distance from the resonator input mirror to the matching spherical mirror, {| = 1.480 m; (2) the
distance from the mirror $o the laser. {y = 4.533 m; (3) the beam angle of incidence a = 15.3°; and {4) the
mirrer radius of curvature, R,, = —2.604 m (1. e., the mirror is concave).

Unfortunately, the dimensions of the gyroscope foundation do not allow oue to position the matching
mirror at the above-indicated distances and thus provide the calculated angle of incidence. Neither is it
possible to mount a system consisting of a spherical lens and a spherical mirror on the available foundation
50 as Lo ensure the required paranieters,

o)
[Re]
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Schematic diagram of the matching system: plane-parailel splitting plate {1), flat rotating
mirrors (2), input mirror of the passive resonator (3).

When two spherical mirrors are used. the system becomes more compact but is very sensitive to the
value of the radius R.,. An error of 0.005 mm in wg leads to a change of up to 20 cm in the distances and
up to 30 cm in the curvature radii.

Calculaticns for a2 more complex system of two cylindrical lenses and flat mirrors (Fig. 2} have shown
that such a system is very stable and can be made quite compact. Thus. a 0.01-mim error in determining
wp and -crn errors in determining distances bring abourt a change in the spot radius at the resonator input
less than 0.05 mm. The wave front remains practically flat.

The calculated values of the parameters are as follows: [, = 107 m, [z = 1.18 m. {3 = 0.23 m,
fi=119m, fo=092m=063m5=11Tm =02 m

CONCLUSION

The application of the ray matrix technique and the simplex method on a computer made it possible
to determine the paramesers of the resonator and the matching system of the laser gyvroscope intended for
determining the angular velocity of the Earth’s rotation, and to select an appropriate equipment layout to
be accommodated in a room of limited dimensions. The developed software makes 1t possible to compute
stable resonators of different sizes, as well as matching systems of various configurations and dimensions.
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