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BRIEF COMMUNICATIONS 

ABOUT ONE AUTOMODEL SOLITON 

P. V. Elyutin 

An automodel solution of the soliton type, which, in propagating, conserves its 
shape though changes its parameters, has been obtained for the Corteweg-de 
Fries equation with an additional term that takes into account the nonli11ear 
dissipation. 

One of the central models in the theory of nonlinear \Vaves is the Corteweg-de Fries equa.tloH \ ('dF) 
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\Vhich takes into account the nonlinear effects and dispersion [1]. Solutions of Eq. (1) having t!le tOrnL ,:.( 
solitons, i.e., of solitary \Vaves that conserve their shape and parameters \vhen propagating, are \\·ell kno'>\·n 
and very important. 

For another \vell-kno\vn model in the theory of nonlinear waves, viz., for Burgers· equation 
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\Vhich takes into account the nonlinearity and dissipation, Rudenko and Soluyan [2] found a ~o!urion haviiu;; 
the form of an automodel soliton: a solitary \vave, \vhich, in propagating, conserves its shapr: hllt. vr1r1.:s it...; 

amplitude and width . 
. .\utomodelsolutions are kno\vn for the CdF as \Veil [3]: ho\vever. they describe \\·avf'.:s \\·1th c111 i11._l,.oh11irP!:, 

increasing amplitude and/or frequency and are far from being solitons. 
Does there exist an equation close to the Corteweg-de Fries equation that \vould include sorne clissipati ve 

terms and have automodel solutions of the soliton type (a - 0 at lrl - oo )? An affirmative ans\Ver to this 
question is the main purpose of the present communication. 

The CdF equation is invariant upon transformation 

i :3) 

\vhere ,,\is a parameter. The form of the dissipative term, proportional, similarly to the last terrn 111 (:2) 

to 82 a/8r'2 and invariant upon transforn1ation of (3). is determined uniquely .. .\s a result we co111e 10 r!i1" 
equation 
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\vhere xis a dimensionless coefficient characterizing the extent of dissipation. Being introduced into ( 4), the 
dissipative term, in the first place, vanishes during linearization and, second, gro\.Ys more slo\vly than the 
first term in the right-hand sides of (1) and ( 4) as a increases. Therefore, Eq. ( 4) is formally close to the 
CdF. Connotatively this term corresponds to the dissipation that grows as the \vave amplitude increases. In 
the physical sense this is acceptable: such (qualitative) dependence is knowni for example. in the theory of 
dislocation absorption of sound [4]. 

Let us consider automodel solutions of (4). The substitution 

(5) 
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reduces ( 4) to an ordinary differential equation 

Simple and exact solutions of (6) are the functions 'Pl=-~ and 'Po= -AoC 2 , where Ao= : 2 and: is the 
root of the equation z 2 + 3xz - 12 = 0. These solutions, ho\vever, are of no physical value. 

"i/\Te are interested in those solutions of (6) \vhich satisfy the conditions y - 0 as 1.;I - ·X. The solution 
of (6). \\'hich decreases as~ - +·x.. can be represented in the forn1 of an ::t:'-:'yrnptotic series 

x 
" c-'">-~1n 

?R = L Cri-., - . 

n.=0 

\vhich is fully detern1ined by specifying the coefficient c0 =. .-L 1"he other coefticieuts ;-ire defined recurrently 
by substituting (I) into ( 6): at .--1 > 0 \Ve have 

ci = (-24+6xA112 -2.-l.)c.1 . 
'..:;,:I 

c~ = (-210+3:3x.-t1/"2 - 1.--l :1r:1/2. 

etc. On the other hand. :tt ~ - -x the linearized ~q11ntiun ((j) :·111d :ii."'(' 1!1•-· !'1lF li·\\··~ !1•:,~' ~!110·:1;·1' 

indt:p~ndent decreasin~ solnti011s \\·ith asyn1protic condii ici11:3 

(In passing, we \.vould like to note that, for son1e reason chat is not quite clear. the solutions to the autotnodel 
linearized CdF with the power asymptotics r.pR and i.?Ll \Vere not considered in [3].) Therefore, for each value 
of x one can find such a value of A that the solution 'vith the asymptotic condition YR in the domain 
.; -+ +oo will pass over in the domain.; - -oo to a linear combination of the decreasing solutions of (9). In 
practice it is more convenient to act in a different manner: to fix A and then determine the corresponding 
value of x. 
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Fig. 1 

. ..\utomodel solution of the soliton type for the Corte\veg:-<le Fries equation witlt nonlinear 
dissipation ( 4). 

Figure 1 illustrates the solution obtained by numerical integration of (6) \vith the asymptotic condi­
tion (/) for A. = L The corresponding value of x = 0.556. The solution has the form of a soliton with a 
broad precursor of a small negative amplitude. It is of interest to note th.at the coefficient B at 'PLI proves 
to be rather large: B :::::: -30. 
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We shall now discuss the initial conditions corresponding to the solution found. Taking into account 
that the accompanying time T is related to the laboratory time t as r = t - x / v ( v is the group velocity), 
we find for the initial condition a(x) = a(t = 0, x) the expression 

(10) 

'\.Vhere t0 is an arbitrary parameter. Using the asymptotic conditions YL and '?R defined above, \\.'e can make 
sure that the function a(.r:) is bounded every\vhere: such initial condit.ion is physically ad1nissible. :\"ote that 
at .r: = 0 the function a(x) has a jump \\·hose m:lgnitude .1.ri = (.4.- B)"2tQ"2 cl.\n he n1ade sn1a!l by the choice 
of t 0 . 

The author expresses his c;ratitucle to 0. \'. Rudenko for \·alua.ble disc11s;;;i1J1t~ 
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