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BRIEF COMMUNICATIONS

ABOUT ONE AUTOMODEL SOLITON

P. V. Elyutin

An automodel solution of the soliton type, which, in propagating, conserves its
shape though changes its parameters, has been obtained for the Corteweg-de
Fries equation with an additional term that takes into account the nonlinear
dissipation.

One of the central models in the theory of nonlinear waves is the Corteweg—de Fries equation {Cdl;

da Ja  d3a

T =47 + .
dz gr  grd
which takes into account the nonlinear effects and dispersion [1]. Solutions of Eq. (1) having the lorni ot
solitons, 1. e., of solitary waves that conserve their shape and parameters when propagating, are well known
and very important.
For another well-known model in the theory of nonlinear waves, viz., for Burgers’ equation

da da % .
d_ 01, % 2)

ar = 9’
which takes into account the nonlinearity and dissipation, Rudenko and Seluyan [2] found a solution having
the form of an automodel soliton: a solitary wave, which, in propagating, conserves its shape but varies its
amplitude and width.

Automodel soluticns are known for the CdF as well [31: however, they describe waves with an indelinreds
increasing amplitude and/or frequency and are far from being solitons.

Does there exist an equation close to the Corteweg—de Fries equation that would include some dissipative
terms and have automodel solutions of the soliton type (¢ — 0 at |r] — 20)? An affirmative answer to this
question is the main purpose of the present communication.

The CdF equation is invariant upon transformation

a—-r/\aa, z—r/\“?'z, 1-—-»/\'17', : {3)

where A is a parameter. The form of the dissipative term, proportional, sirmilarly to the last rerm wm (2}
to §%a/dr* and invariant upon transformation of (3). is determined uniquely. As a result. we come 10 e
equation

da da &% 9% a
8z~ "o T o TVl 4

where x is a dimensionless coefficient characterizing the extent of dissipation. Being introduced into (4), the
dissipative term, in the first place, vanishes during linearization and, second, grows more slowly than the
first term in the right-hand sides of (1) and (4) as a increases. Therefore, Eq. (4) is formally close to the
CdF. Connotatively this term corresponds to the dissipation that grows as the wave amplitude increases. In
the physical sense this is acceptable: such (qualitative) dependence is known, for example, in the theary of
dislocation absorption of sound [4].

Let us consider automodel solutions of (4}. The substitution

a=2™0(8), =Tt (:

a1}
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reduces (4) to an ordinary differential equation

a’s‘; d:,, 1 deo 2 d* o
— + = i §
d£3 +£ +so+ |"°'d5 =0 {6}
Simple and exact solutions of (6} are the functions ¢, = —¢ and py = —AgE~?, where 4g = =7 and z is the
root of the equation z2 + 3xz = 12 = 0. These solutions, however, are of no physical value.
We are interested in those solutions of (8) which satisfy the conditions » — 0 as [ — =¢. The solution

of (6). which decreases as £ — +2c. can be represented in the form of an asymptotic series

-
Z —-2.3 -

= Cn‘f ”- L ]
n=0

which is fully determined by specifving the coefficient ¢y = A. The other coefficients are defined recurrently
by substituting {7) into (6): at A > 0 we have

er = (=24 + 6x4Y7 = 2 43¢,
e = (=210 4 33547 = TAie, /2,

ete. On the other hand. at £ — —2¢ the linearized aqnation (6) and alza the 4T havs v lpearly
independent decreasing soluticns with asyvmprotic conditions

3
-2 . L4 o = V3 u
SLr~ &7 ,Lwr—:)few{':(—sﬂ :
i

(In passing, we would like to note that, for some reason that is not quite clear. the solutions to the automnodel
linearized CdF with the power asymptotics pg and pr; were not considered in [3].) Therefore, for each value
of » one can find such a value of A that the solution with the asymptotic condition ¢g in the domain
£ — 400 will pass over in the domain £ ~» ~o0 to a linear cormbination of the decreasing solutions of (9}. In
practice it is more conveniens to act in a different manner: to fix A and then determine the correspouding
value of ».
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Automodel solution of the soliton type for the Corteweg-de Fries equation with nonlinear
dissipation (4}.

Figure 1 illustrates the solution obtained by numerical integration of (6) with the asymptotic condi-
tion (7) for A = 1. The corresponding value of x = 4.556. The solution has the form of a soliton with a
broad precursor of a small negative amplitude. It is of interest to note that the coefficient B at p; proves
to be rather large: B8 = —30.
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We shall now discuss the initial conditions corresponding to the sclution found. Taking into account
that the accompanying time r is related to the laboratory time t as 7 = ¢t — z/v (v is the group velocity),
we find for the inmitial condition a{z) = a(t = 0, r} the expression

alz) = ;z"')/sz,a(tox'lfs —u ey, (10)

where {5 is an arbitrary parameter. Using the asymptotic conditions >y and ;2 defined above, we can make
sure that the function a(z) is bounded everywhere; such initial condition is physically admissible. Note that
at r = ( the function a{z) has a jump whose magnitude Aa = (4 - B)jtg') can be made small by the choice
of tn.

The author expresses his gratitude to Q. V. Rudenko for valuable discussions.
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