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ISOMETRIC IMMERSIONS OF ROTATION METRICS ON A SPHERE
INTO E* IN THE FORM OF SURFACES OF REVOLUTION

A.V.Bad'm

In this paper, under investigation is the problem of immersion of a metric on
S§%, which has the form ds* = g(r){dr? + 7%dy?) in a certain stereographic
projection, into E* in the form of a surface of revolution with a pole. Denote
the poles as Oy and Os. It is established that there exists an immersion in the
class C*(S?)[N C%(5%\ (01!J O2)). Some necessary and sufficient conditions are
given for an immersion in the class C2(S?). The deformability of the resulting
surfaces in the same class is proved,

In the present paper we consider the possibility of isometric immersions of a metric of the form of
g(r)(dr? + r?dp?), (1)

which is defined on a sphere and has a negative curvature at the poles, into E* in the form of a surface of
revolution. In E® this is impossible.

Take a sphere in E3 with stereographic projection on a plane. Let M be a manifold of class C3
diffeomorphic to the sphere. Its coordinate atlas includes the charts of all stereographic projections of the
sphere. For brevity, we shall speak of the stereographic projection of M with poles Oy and Oy and charts 1
and 2. To the points (}; and O; there correspond points on the sphere, and the line {Gy, O3} will be called
the projection axis. Let gu,m be a Riemann metric of class C?(M). We shall call g,y a rotation metric if
there exists a stereographic projection of M such that in chart 1 in the Cartesian coordinates {z, y} with
origin at O, we have g = g(\/22 + ¥%)6nm. It is easy to see that in chart 2 in Cartesian coordinates with
origin at Oy we have gnm = §{v/2? + ¥2)6pm. We shall call F : M — E* an immersion of M into E* in
the form of a surface of revolution if there exists a stereographic projection such that if {u, ¢} are polar
coordinates in chart 1 with origin at Oy, then there are the Cartesian coordinates {z!, z?, z3, z*%} in E*
such that F' is determined by the formulas

2! = ro(u) cos(yt + fi{u)),
z? = ri(w)sin(mit + fi(u)),
2% = ro{u) cos(vyat + falu)),
2t = ry(u)sin(yzt + fa(w)),

2

where 71, v2 € N and 7y, 72, f1, f2 € C?*[0, +o0).
_If_t gnm be a rotation metric with negative curvature at Q) and Q3. Let there exist ¢(*(0) and ﬁ("’)(O),
k = 1, 5. Then we have the following
Theorem.
1. There exists an isometric immersion of the metric gn, into EY in the class CH M) C?(M \
(011U O032)) in the form of a surface of revolution.
2. In the class C?(M) a necessary condition for the ezislence of an isomefric immersion in the form of
a surface of revolution is the requirement that Yu € [0, +o0)((a(u) + 1) £ 4), and ¢ sufficient condition is
'
Vu € [0, +00)((alu) + 1)% < 4), where a(u) = I;Q‘T(:))
Proof. We shall prove an auxiliary assertion. Let us show that all projections, in which ¢, =
711(/2% + y7) for the metric in question, have the same axis. It is obvious that g(u) = A{u)go(u), where
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go{+/22? + y2)8nm 1s the metric of the sphere. Since K{Oy) < 0, we have A # const. We pass to a projection
with another axis in which g1, = g1, (%) (this is a displacement of gg): F(%, ) = go(#) M u(T, t)). However,
we have 8u/d% # 0 for almost all % and almost all £, which contradicts the condition g1 = g11(#). This
proves the above assertion. Therefore, if the desired immersion F exists, then the projections in which the
metric has the form of {1) and ¥ has the form of {2) have a common axis. In this case the transition from
one projection to another is described by the formulas % = éu, { = ¢ where 6§ € R'. Here &(%@) = a(4/6).
Therefore, if (@ + 1)2 < 4, then (& + 1)* € 4. Consequently, to prove the first part of assertion 2 of the
theorem it is sufficient to show that if in some projection the metric has the form of (1} and the immersion
has the form of (2), then in this projection (@ + 1)? € 4. To prove assertion 1 and the second part of
assertion 2 we need only take some Cartesian coordinates in £* and a projection with a metric of the form
of (1) and to construct an immersion of the form of (2).
We set the following problem:

1, 72, f1, f2 € C0, 4o0);

Vu € (0, +o00) rE+rE +rifE+rift =g, (3)
{1} yiri + 73 = gu?, (4)
nrifi+verifs = 0; (5)

Yu &[0, +00) (ri{u) = 0Ary(u) >0).

If in chart 1 we pass to the Cartesian coordinates {z, y}, then zl(z, y), 2%(z, y), 23(z, y), 2=, y) €
C?*(R?), and the same is true when passing to the Cartesian coordinates in chart 2. If the immersion exists,
problem {1} possesses a solution.

It is clear that when problem {1} is solvable, formulas (2) give the desired immersion. For the immersion
we are going to construct the plane (X*0OX?) will turn out to be tangent to the resulting surface at the point
O1. Let r1, 72, fi, f2, be a solution to problem {1}. Then for all u € {z : r?(z) # gz?/7?} the relations

2
VIuT = YTy
Py = 0 6
4l (®)
2y 2 ’
o= (gu ) 2yimry M

2'72|V§“2 - ¥r

hold. From (3)—(7) we obtain

(20y/73(gu® = 7¥rd)(~dap — (gu?)?) + (qu)'viry ) /20 = v},
where

a=vy3(gu’ —yird) + iy k=f7 e=riH{l4+4iri/ (g — ) e — ¢
Yu(leo(n)| = 1).

We introduce the change of variable & = ri]|v1]/\/7 . Denote o = ug'/2g. Then

e {eomnm\/u —en(b[1- oty ] - @417

+(a+1)&(7?—73)(1—63)}/6, 0<& <1, (8)

where b = y3(1 — £]) + v#&7. Let, for instance, 3 € ¥{. Let Ju(vf < (a(u) + 1)?), then at the point u
relation (8) cannot be fulfilled because & € ¥ < (o + 1)? and the radicand is negative. If at the point
u r¥ = gu?/y?, this procedure can be repeated for ry. Therefore, when problem {1} is solvable, we have
(o + 1) <43
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We set the following problem:

(&1 €C¥0,us),  ke&CH, uy;

Vu € {0, us) Eju = { (a+ 1E (1 — N - 1)

{2} { wsg-yl\/(l-ff)(b[l_ ]‘;”22 - 5162]_(a+1)2) }%’

Vu € [0, ua) (0 < &u(u) <1 A\ k(u) 20
where 1, 2 2; |eol = 1; signeo =sign(a+1)
[ €1(u2) = &o, where & € (€, 1), b=1+(v{ - 1)&l.

Introduce the notation 0
ku® €
vo1-g

We now show that if ¥} > {a + 1)?, then for any us there exists &, such that problem {2} possesses a
solution.

Take some u; € (0, ua). Weset & = Bru+ B33u® on [0, u1]. Denote §{u = f. Then if there is a solution,
k can be expressed in terms of £; and f:

a=1-—

(01-1),
1i

1 (©)
21— (at 1)2(1173—) ~@+1ra-e) ).

b= gz (s - - r L aran -y

We expand o by Taylor’s formula and then substitute it info (9) together with the expression for ;. The
coefficient in the term of the order of u® for the expression in curly brackets is 87(3 ~ 4/9f) — a”(0), and
there are no terms of the Oth, Ist, and 3rd orders. Put By = \/a”(0)/(3 ~ 4/7%). Then using (9} we obtain
k € C'[0, w;]. The terms of the order of u* are 28;83(¥ + 3 — 7/%%) + R, where R symbolizes the terms

not containing Gs. Since y; > 2, we have v} +3 — 7—2 > 0, and therefore the following assertion holds:
1
Yy, Jui3BaVu € [0, 4] (k > 0). Therefore VE € C0, u4]. It can easily be seen that
Y1983 Fur¥u € (0, ur](f — &1 — ) (e + Divi —1)/b < 0). (10)

In this case (9) implies that the equation in problem {2} turns into an identity upon the substitution of
& = fru+ Bau® and the resulting &, and hence these two functions are in fact a solution to problem {2} on
[0, uy] (without boundary condition).

We take 6{u) € C*[0, uo] and

u€l = (e + D& (1 —E)(r] — 1= 8)/b. (11)

If there is a smooth solution of class C? to (11), then the relations

Sl + DE(L =€) gor1/(1 = &) (ab— (o + 1)?)
b - b ' (12) .
st 17 IS8 - @1y (13)

must hold. If §(u) = (0, then, by virtue of the choice of g¢, relation (13) implies (12). We express k:

S1

l_ ? 9 hid 2 2 2
w0 (- 1- Bl ae) ey | (14)
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Let 6 =97 — 1 on [uy, us]. Since 47 > (a + 1)?, we have
3&, € (0, 1)VEg € [Ep, DVu € [ug, wal(k(u) > 0), & = &o.

Consequently, &g, & is in fact a solution to problem {2} on {u;, uz]. Consider some uj € (0, ;) and 6(u) such
that 0 € 6 € vy —1on [u], u;]. There is u} such that for any & satisfying the indicated conditions there exists
a solution to (11) on [u}, u1]. Therefore u¢] < (a+1)&1(1~£2)(v? -1)/b. If we perform the change of variable

= —u and apply Chaplygin’s lemma, we find that £&; > £, for all §, where uf, = (a+ 1)§,(1—£.)(v2 —1)/b.
Then FuiVéVu € [u, u;] (k(u) > 0). We set §(u) = 0 on [0, u}]. We can assume that u; is so small that
1 < @+1 < 2. In this case in the domain of the solution to Eq. (11) on {0, u}] the relations uf} < 2(y¥ -1)&,
and

2 (L= &f(ui)(v = 1)
& 2 Cu®i-1, uéy 2 & —;
' 1+ (yf = 1)éf(u)
V-1 a-gt)
&< a'u L2137

must hold. Then the solution exists on (0, u}], and we have §& — 0+ 0 for v — 0 + 0, whence 37 €
(0, wil((¥2 — 1)(L = €2)/[L + (v7 — 1)€?] > 1), and, consequently, £&; < Cu'** on (0, @], where ¢ > Q.
Therefore 37 € (0, ui]{k(@) = 0 AVu € (T, vi](k > 0)), which follows from (14), and &, & is in fact a
solution to problem {2} on (%, uj]. However, we already have a solution of the form of 4 u + F3u® on [0, u}),
and it can also be represented as a solution to (11), relation (12} implying that the corresponding value is
& > 0. Therefore (14) implies that £,(%) < /1% + B3%°. Hence, Jup € (T, u}](€1(uo) = Brup + Fzud). We
introduce the following notation:

&V =g+ gau®y P =g
3! ‘{ gl) on [0, uo],

B 6&2) on [u0$ 1.52]:

Generally speaking, £] and k& undergo jump at the point uo. Let, first, Eﬁ)l > 51&1})‘. We can show that
for any ¢ > 0 there exist a number u > 0 and a function A(u) such that A = 1 outside [ug — g, uwg + ul,
1A = Llico, ua) < & €8 < (A& < €7 on [up — 1, uo + g, and A& € C2[0, uy]. Tt follows from (9) that
k[A& ] € CL0, us). If ¢ is sufficiently small, then, since (9) involves a quadratic trinomial with the variable
f with a negative first coeflicient, we conclude that there are p and A such that k[A&;] > 0. We do the
same in the case 5&2) < E;“ 1 Eg%) = %) , then we require that ||A — 1||z: € &, which aiso leads to the
smoothing. Denote § = A, k(u) = k[A&](u). It is clear that £, k is a solution to problem {2} (the
condition similar to {10) is also readily verified).

Set
u u® 2
fﬁ/ﬁdp; §2= /1 —€F; fz=/;%ﬁdp-
182
0 : 0
Then we have ry, r2, fi, f2 € C?[0, uz], which means that there exists a solution to problem {1} on [0, uz).

We make change of variable % = 1/u, & (%) = £1(1/%) in problem {2} (this transformation law follows from
the definition of &). We can show that &; satisfies the equation

B = {eom (L~ @)ab— (@ + 1) + &0~ E)E+ D37 - 1))

on [1/u, +00). We can assume that up is so large that Yu 2 up/2 (o +1 € 0) (& — —2 for u — +o0,
which follows from the Gauss-Bonnet theorem). Then go(u) = —1, and f{l satisfies an equation of the same
form on {1/u2, 2/us) as the one for £ on [0, us]. We can similarly construct §~1 on [0, 1/uz], and in this case
we have £; € C? [0, +00). We now investigate the smoothness at the poles in the Cartesian coordinates.*)

*} Here we use an idea in [1].
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Denote z = z + iy € @; z! + iz® = {Cu® + o{u?) }exp{init} = o|z|); 2 + iz? € CY(R?); if v, = 2, then
z! +iz? = C2% + o(|z]?). Therefore z! + ix? € C*(R?). If we are interested in the class C'(R?), then
Iy (Vu € [0, uaj((a+1)% < ¥¥) AVu € [0, 1/u2)((& + 1)? < ¥§)). Furthermore, z3 +iz* = 1/¢{0) z +o(}z|?),
g™ dz™
dux dup
of the mapping F is maximal. Let us show that the condition (o + 1)? £ 4 is necessary in searching for
a solution of class C2(M). It follows from the equations of problem {1} that r4(0) # 0 for some k. For
example, let 74(0)} # 0. Then z3 + ¢ sign 22 = ryexp{i| 12|t + f2} = Cuexp{il12lt} + o(|z[), where C € Q,
and, since x> + 1 sign yo2* € C'(R?), we have |v2] = 1. We replace r; by £ directly in problem {1}. This
yields

and, consequently, z3 + iz* € C?(R?). The immersion equations gnn, = Gap imply that the rank

2 22 L, o 2, L ) ku? &t
E+e=1, S{ut+a(a+ DY + = {uth +&la+ 1)) + — el{1+ 38 } =1.
T T2 T 3
For u = 0 we have £}/4f + &3 = €7 + £2. Since K(0) < 0, we have 3¢ > 0 Vu € (0,¢) (a > 0), and,
consequently, ¥f > 1 (otherwise Ju((a + 1) > max (y{, v2))). Therefore £{0) = 0, which means that
there is € > 0 such that & satisfies the equation of problem {2} (the sign of £y is unimportant) for all
u belonging to (0, €]. The fact that r; € C*[0, +co) implies that & € C1(0, +o0). Using the expansion
&1 = &(0)u + o(u) and repeating the calculations for & we obtain £{{0) > 0. Therefore z! + i signy12% =
{Cu? + (=)} exp{ilt} and i | = 2 but (a+ 1) < 77 = 4
Remark. The arbitrariness in the choice of A means that the constructed surface is deformable in the
class of surfaces of revolution.
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