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A MODEL OF SELF-INDUCED TRANSPARENCY 

IN A MEDIUM OF NONLINEAR OSCILLATORS 

V. A. Kubarev 

The problem of propagation of wave packets in a resonant medium consisting of 
classical nonlinear oscillators is considered. For the case of transverse propaga­
tion in a cold collisionless magnetoactive plasma, solutions of the type of solitary 
waves are obtained. An analogy with the phenomenon of optical self-induced 
transparency is noted. 

The phenomenon of optical self-induced transparency (SIT) consists in that in a two-level medium, 
which is initially in the ground state, optical pulses of a special form, the so-called SIT solitons, can propagate 
without distortion and damping. At the soliton leading front the medium turns into an excited state, and at 
the trailing edge it returns to the ground state. The discovery of this effect (McCall and Hahn [l]) stimulated 
many experimental and theoretical investigations [2-5] that have beeII continued up to the present time. This 
is due to both the fundamental importance of ·the problem of radiation-substance interaction and the great 
interest in nonlinear evolution equations, which are somewhat arbitrarily called "integrable" and which are 
the subject of a rapidly developing branch of theoretical physics and mathematics - the soliton theory [HJ. 

The theory of SIT is based on the system of Maxwell-Bloch equations, which, under certain assumptions, 
is reduced to the sin-Gordon equation in the resonant case and to the nonlinear Schrodinger equation in 
the non-resonant case [4, 5]. The investigation of these equations motivated the discovery of the inverse 
scattering problem method and some other methods [4-15]. 

It should be noted that some authors make a distinction between the terms "solitary waves" and 
"solitons" and require for the latter the existence of multi-soliton solutions with certain collisional proper­
ties [4, 5]. 

Another extremely important type of a medium for solitary waves is plasma. A great number of 
soliton-like solutions are known, which corresponds to an enormous diversity of processes in plasma, such 
as magnetoacoustic [7], ion-sound [8], or cyclotron [9] processes [l}-14]. There are several mechanisms of 
nonlinearity which are ultimately related to the high electron mobility. In the indicated cases of dense 
plasma (w, ::> w., where"'• and "'• are the Langmuir and cyclotron electron frequencies, respectively), the 
main physical mechanism is the formation of concentration or energy density "wells" in the electromagnetic 
field by ponderomotive forces. 

In the case of rarefied strongly magnetized collisionless plasma (w, ::> w,), the medium is a system 
of nonlinear electron oscillators [15] in which the main nonlinearity mechanism is the non-isochronism of 
their rotation. This model is widely used in radiophysics when analyzing processes of resonant interaction 
between electron flows and an electromagnetic field, e.g., in the theory of gyroinstruments [15, 16], in 
studying plasma heating at the electron cyclotron resonance [17]. There is a well-known analogy between 
processes in a medium of nonlinear oscillators and a two-level medium [18, 19]. In particular, such models 
are successfully applied to describe channeling of electromagnetic radiation and superradiant radiation in 
ensembles of nonlinear oscillators [20, 21]. It turns out that the SIT effect can also be described within the 
framework of a similar approximation. · 

THE STATEMENT OF THE PROBLEM AND THE BASIC EQUATIONS 

We shall consider transverse propagation of resonant wave packets (w "'° "'• ::> "'•, where w is the carrier 
frequency) in a cold collisionless magnetized electron plasma. The role of ions is only charge neutralization. 
By analogy with the theory ofoptical SIT (see [1-3, 5] and references there), we use the following assumptions: 
(i) the °"cillators interact only via the radiation field; (ii) until the radiation arrives they are in an unexcited 
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state, i.e., their transverse momenta are zero; (iii) the radiation scattering in all directions except that of 
pulse propagation is negligibly small. Furthermore, we assume that the radiation retardation along the 
electron Larmor radius is small (this is the condition of applicability of the dipole approximation, which-is 
equivalent to the requirement that the propagation velocity be small compared to the velocity of light) and 
that there is no radiation at the cyclotron harmonics and no drift of guiding centers. We also assume that 
the electron concentration is constant, i.e., there is no additional ionization during the pulse propagation. 
For definiteness, let the magnetic field be directed along the z axis and let the wave packet propagate along 
the y axis; then the Larmor orbits of the electrons lie in the zy plane. 

In the linear approximation the character of propagation of plane waves and the dispersion characteris­
tics are well known [22]. The extraordinary wave that interacts resonantly with the electrons is longitudinal­
transverse (the electric field components E, and E,), and in the case of rarefied and strongly magnetized 
plasma we deal with it is described by the following linear dispersion relation: 

(1) 

which coincides with the corresponding relation for optical SIT (see [5, p. 345]) if one calculates the Langmuir 
frequency from the concentration of atoms and considers the cyclotron frequency to be an analog to the 
transition frequency. In what follows the longitudinal component of the wave will be neglected. 

With regard to the physical non-isochronism of electron oscillators and in accordance with above as­
sumptions, we use a system consisting of the equations of electron motion and the one-dimensional wave 
equation: 

8p,/8t = -eE,(t, y) - "-'•Prh, 
8p,/8t=,,,,p./7, 

a2 E,(t, y)/ay~ - (l/c2)82 E,(t, y)/at2 = l/(e0c2)a;./at. 
(2) 

Here p, and Py are the. electron momentum components; e and ( mo1) are the electron charge and relativistic 
mass, respectively; j, = enp,/(mo1) is the component of the current density; and c is the velocity of light. 
Assuming that the method of slowly varying amplitudes is applicable, we seek the solution in the form 

P• = mocpcos(T- z -.,0), T = ,,.,t, z=ky, 

Py = mocpsin(T- z - .,0), (3) 

E. = 2(m0""1/e)acos(T- z - <p), 

where p and ar are the normalized modulus of the transverse particle momentum and the intensity of the 
electric field of the wave, respectively, and .,0 and <p are the slowly varying phases. 

In terms of these variables system (2) is written in the following way (the subscripts T and z denote 
partial derivatives with respect to the corresponding variables): 

p.,. = -acos8, 

.,0, = (1- µf-r) + (ar/p)sinO, 

ar, + ar, = I(pf-r) cosO, 

<p, + <p, = (I/ar)(ph)sinO, 

µ = "'•'"'· I= (1/4),,,;/"-'2, 0 = .,0-<p, 1 = (1 + p2)1/2_ 

(4) 

To these equations the linear dispersion relation"' - kc= (l/4Jw;/("-' - .,,) corresponds, which is equivalent 
to ( 1) if the backward wave and the nonresonant circularly polarized component of the forward wave are 
neglected. 

System ( 4) acquires a more compact form in the complex variables P=pexp{-i.,O} and A=ar exp{-i<p }: 

PT+ iP(l- µh) =-A, 
A,+A,=!Ph, 

1 = (1 + IPl2)1/2. 

24 
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As was already noted, the dipole approximation is valid for weakly relativistic electron velocities (p <(:'. 1); in 
this case we can set 7 "" 1 + p2 /2 in the terms of Eqs. ( 4) and ( 5) that are responsible for the non-isochronism 
of the oscillators and 7 "" 1 in the other terms. This results in 

p.,. = -acos6, 

!/;, = (6 + p2 /2) + (a/p)sin9, 

a<T" + lt'z = Ipcos6, 

'PT+ <p, = (I/a)psin9, 

6 = 1 - µ = 1 - w,/w, 

where 6 is the detuning of the cyclotron resonance. 
In the complex variables we have 

P, + iP(o + IPl2 /2) =-A, 
A, +A,= IP. 

(6) 

(7) 

The systems of Eqs. (6) and (7) can be renormalized (p = p/pn, a'= a/on, r' =Or, and z' =Oz) 
so that only one parameter - the reduced detuning A= 6/0 = 6/I112 remains, and in this case we have 
Pn = 2112 J 1i 4 , °'n = 2112 J3/ 4 , and fl = [ 112 • Therefore, dropping the primes, we can write 

p.,. = -acos8, 

if;, = (A+ p2
) + (a/p) sin9, 

a.,.+ Ct'z = pcosO, 

<p, + 'f'• = (I/a)psin9, 

A= (l-µ)/J1i 2 = (1-w,/w)/J1i 2 = 2(w-w,)/w., 

P, + iP(A + IPl2
) = -A, 

A,+A,=P. 

(8) 

(9) 

For the independent variables 11 = r-z and~= z system (9) can be written as a nonlinear Klein-Gordon 
equation: 

(10) 

It differs from the known versions of the nonlinear Klein-Gordon equation, (14] in that the nonlinear term is 
determined not by the dynamic variable but by its spatial derivative. The integral 

(11) 

corresponds to the energy conservation law. 
The propagation of a low-intensity pulse is described by the linear Klein-Gordon equation (the telegraph 

equation without losses) whose solution can be written in the form of Riemann's solution, and the pulse 
propagation has the following qualitative character: its front moves with the velocity of light because there 
is no coupling between the wave and the unexcited oscillators, and the main pulse is reactively damped, 
which corresponds to its dispersion "spreading" over the space. Note that the authors of [5] (p. 380) showed 
that the Fourier method is inapplicable in situations similar to SIT and treated them as "problems without 
dispersion relation" , 

It should be noted that, formally, the following systems of type (9) with real P and A can be associated 
with the sin-Gordon and sinh-Gordon equations: 

{ 

P, = -y2A, 
A,= Pf'Y, 

7 = (1 + p2)1/2' 

{ 

P, = -yA, 
A,= P, · 

7 = (1 + P 2) 112, 

{ 
P = tanO, 
7 = 1/ cosO, 

{ 
P = sinhl1, 
7 = coshO, 

25 

{ 
9,. = sin9, 
A= 9,, 

{ 
9,. = sinh9, 
A= 9,. 
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As is usually done in the theory of solitary waves [14), we seek the solution in the form of a function of 
the independent variable u = r - z //Jp, where /Jp ( < 1) is the velocity of the solitary wave normalized to the 
velocity of light. Then (8) turns into a system of ordinary dilferential equations: 

with the integrals of motion 

Pu= -crcosO, 

Bu = (.:l. + p2
) + (a/p) sin 8 + (sp/a) sin 8, 

<>u = -spcos8, B = 1/(/3;1 
- 1) > 0 

a 2 = sp2, asin8 = -p/2(.:l. + p2 /2). 

Using these integrals, we represent the first of Eqs. (12) as 

Pu = p(s - (1/4)(.:l. + p2 /2) 2] 1
12

, 

whence 

tu= 2t[s - (1/4)(.:l. + t)2
) 1

12
, t = p2 /2. 

(12) 

(13) 

(14) 

(15) 

A solution in the form of a solitary wave exists for .:l. 2 < 4s; then it is easy to integrate this equation 
by the substitution t = (4s)112(sinq-sinq0 ), where sinq0 = .:l./(4s)1/2: 

tan(q/2) = (r+g)/(l+rg), 

r = exp((4s)112 cosqou], g = tan(qo/2). (16) 

As a result, we obtain the solution 

p2 = 2t = tm/(u), a2 = sp2 = stmf(u), 

tm = 2(4s}112 (1-g)2/(1 + g2), /(u) = 2(1 + g)2r/[(r +g)2 + (1 + rg)2
]. (17) 

Here the integration constant is chosen so that the maximum of the wave intensity (of the function /(u)) 
is at u = O; the function /(u) is normalized to unity (/(0) = 1). One can see that the shape of the 
solitary wave is symmetric: /(-u) = /(u). The area under the momentum p2 is given by the expression 

00 

j p2 du = 4(1f/2 - qo); hence, for qo = 0 (.:l. = 0) this is a 21f-pulse, and for qo = -'lf/2 {.:l. = .:l.L; see 
-co 

below) and qo = 'lf/2 {.:l. - oo) we have 41f- and Oir-pulses, respectively. Thus, as the detuning .:l. of the 
cyclotron resonance varies from the boundary .:l.i < 0 to .:l. ..... oo, the area monotonically decreases from 4ir 
to 0 assuming arbitrary intermediate values. 

To complete the solution of the problem it remains to relate the velocity f3, to the intensity and the 
duration (at a definite level). 

This can be done in the simplest way in the case of the exact cyclotron resonance .:l. = 0, when we have 
q0 = g = 0, and (17) has the form of a single soliton: 

Imo= 2(4s)112 , 

v5 =to= 2/(Tcosh(u/T)), 

/o(u) = 1/cosh [(4s)112u] = 1/cosh(u/T), 

cr5 = sto = 1/(2'.I"'cosh(u/T)) 

(18) 

with dimensionless duration 2T (at the level l/cosh(l) = l/e)), where T = 2/tmo = l/(4s)112 • According to 
( 18), the maximum electron energy W, is 

(19) 
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For the velocity of the solitary wave we obtain 

fJ, = 1/(1+4T2
) = 1/[l+ ("'pT,)2

], (20) 

where 2T, is the duration in seconds and T = w,T,/2. The length of the solitary wave (at the same level) 
L, = c(J,2T, = Lm2w,T,/[1 + ("1pTp)2

], where Lm = c/"'• is its maximum value at w,T, = L 
The solution (18), (19) practically coincides with the one-soliton solution for the resonant optical SIT 

effect [1-5]. 
With the aid of (13) we obtain expressions for the phases (9u = p2 /2, t/Ju = (3/4)p2 + A/2, and 

'f'u = p2 /4 + A/2): 

9o = j vV2ilu = 2tan-1 [exp{u/TJ], 

. t/Jo = (3/2)~0 - "• <po = 8o/2, u = ~ - I!./ s (21) 

and the solution to Eqs. (9): 

Po= poexp{-it/Jo} = -poexp{-i(3/2)9o}, Ao = <>o exp{-i8o/2}. (22) 

For finite values of the detuning A of the cyclotron resonance, it is more difficult to obtain the corre­
sponding expressions because the wave profile depends on the detuning. We write the expression fJ,(A, T) 
in the parametric form: 

(J, = F 2(qo)/[F2(qo) + 4T2 sin2 qo], ti.= F(qo)/T, (23) 

F(z) = tanz ln{e + (e - l)sinz + [(e - l)(e + 1 + (e - l)sinz)(l + sinz)j
112

}. 

For-small values of the detuning A (sinqo,., qo < 1) we have F(qo),., qo and thus arrive at (19). 
The function F(qo) increases indefinitely (F(qo),., tan(qo), which corresponds tow - oo) for qo - tr/2, 

and we have F(qo) ,., -(< - 1)112 for q0 - -'lr/2. This means that there is a low-frequency boundary for 
the region of existence of solitary waves, which depends on their duration. The corresponding boundary 
detuning AL = -(e - 1)112T in dimensional form is of the order of the solitary wave frequency spectrum 
width: ("'-"'•) = -(e-1) 112T,. Such a boundary is associated with loss of stability by the solitary wave and 
with the appearance of a solution in the form of a periodic wave in which the electron energy oscillates within 
the limits 0 < A - (4s)112 < p2 /2 <A+ (4s)112 (A< -(4s)112 < O; see (15) for A2 > 4s). However, this 
solution is outside the framework of the approximstion used because it does not agree with the requirement 
that p - 0 for u - ±oo. To describe these modes it is necessary to conside~ an ensemble of nonlinear 
oscillators [18, 19]. 

Expressions (16), (17), and (23) yield a two-parameter family of solutions of the form of solitary SIT 
waves in the plasma and make it possible to calculate their energy characteristics. Calculating the energy as 
an integral of the sum of the densities of the electromagnetic and kinetic energies of the electrons over the 
volume occupied by the solitary wave, we obtain 

W(A, T) = O"Wo"1;/(wc2
) [1/(8T2)j K(A, T), (24) 

Wo = (41reo)m~c5 /e2
,., 8.7 GW, K(A, T) = [(1r/2 -qo)/(1r/2)jF2 (qo)/ sin2 qo, 

where O" is the cross section of the wave packet and K(A, T) is a dimensionless coefficient normalized to 
unity for A = 0 (K(O, T) = 1). Note that the ratio of the electromagnetic energy to the kinetic energy is 
equal to the parameters= 1/(fJ?1 - 1),., 1/(4T2 ). 

The characteristic dependence of the velocity fJ, of the solitary wave and the coefficient 
K = W(A,T)/W(O,T).(formulas (23) and (24)) on the detuning A is demonstrated in Fig. l. At fre­
quencies above the low-frequency boundary (A > AL) the velocity decreases monotonically, is determined 
by relation (20) for A= 0, and tends to the velocity of light for large deviations from the cyclotron resonance 
(("' - "'•)/"'• > 2). The energy of the solitary wave, which is proportional to K, has a shallow minimum at 
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z 

Fig. 1 

The velocity /3, of the solitary wave (normalized to the velocity of light) and its energy 
K = W(A, T)/W(O, T) in relative units as functions of the detuning A= 2("' - "'•)/"'• for 
T = 1/2 (1) and 2 (2). 

A < 0, and at A > 0 it increases the faster the longer the duration of the solitary wave. These data make 
it possible to estimate the admissible inhomogeneity of the magnetic field as h"1,/"1e < ..,,;..,,. 

In the estimation there arises a question of transverse dimensions of the solitary wave; as the character­
istic length, it is natural to take Lm = c/c.Jp or L,; the corresponding wave beam cross sections are O"m = L~ 
and <rp = L~, respectively. Then an estimate for the power of the microwave pulse (in plasma!) of duration 
2T., which is required for the excitation of the solitary wave, can be found by dividing its energy by 2T,: 

<r =<rm, PWm = Wo(..,,/..,)[1/(32T"))K(A,T), 

"= "" PW,= Wo(..,,/..,)(/3;/(2T))K(A,T). 

Note that PWm =PW, for T = 1/2 (or T, = 1/..,,) when Lm = L,. 

iog(PW(MW)) 

I/ 

2 
I 

0 ---+-­
\ 
I 
I -2 

-1 0 1 z 
log[2T,(1111)] 

Fig. 2 

Characteristic power of the microwave pulse required to excite a solitary wave in plasma 
("'• = 109 s-1 and"'•= 10" s-1 ) versus the pulse duration 2T,: PWm.(1); PW, (2). 

(25) 

Let us estimate the corresponding quantities for plasma with "'• = 109 s-1 (the concentration is 
about 4 x 10• cm-3 ) in a magnetic field of 0.5 T ("' "' "'• "' 1011 .-1 ; the wave length is 2 cm). The 
characteristic duration is l/"'p = 1 ns, the length Lm = 0.3 m, and the plasma dimensions are of the order 
of 0.3 x 0.3 x 1 m. The admissible inhomogeneity of the magnetic field (- "'• /"1e) is of several percent. The 
dependence of the power on the duration is demonstrated in Fig. 2; its values are of the order of one MW 
for 2T, = 10 ns. Here, in accordance with (19), the maximum electron energy amounts to several keV 
( W, ( ke V) "' 10 /T, ( ns)). The required power is lower for pulses of longer duration; however, in this case 
the excitation of the longitudinal wave, which was not taken into account, may substantially change the 
character of propagation of the solitary wa~. The required plasma volume can be reduced by increasing its 
concentration and the magnetic field and by passing to the millirnetric wave band. 
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The presented estimates show that, in principle, an experimental observation of the SIT effect in 
question in laboratory conditions is possible, although it encounters substantial difficulties. To this end, one 
needs, first of all, a large volume of strongly magnetized homogeneous plasma with a highly homogeneous 
magnetic field and, second, a high-power microwave oscillator with nanosecond pulse duration. Besides, the 
problem of bringing the radiation in and out of the plasma must be solved. Besides a retardation of the 
solitary wave compared to an ordinary wave, the decomposition of a longer pulse into solitons might be 
regarded as an indirect confirmation of the effect. These questions need further studies. 

Note that relativistic equations (4) and (5) also possess solutions in the form of solitary waves of type 
(16) and (17). 

In the case oflongitudinal propagation of electromagnetic pulses the situation is fundamentally different 
because the acceleration of the oscillators results in an almos.t total compensation for their non-isochronism 
- the autoresonance effect [23]. 

By analogy with [12], the solutions we obtained can be called "fast extraordinary solitons". An im­
portant feature of the family of solitary waves under consideration is that it is two-parameter: in addition 
to the ordinary parameter - the duration -, there appears a second parameter - the reduced detuning 
of the cyclotron resonance. As a consequence, depending on the carrier frequency, the shape of the solitary 
wave changes, and the area under the pulse can assume arbitrary values in the range from 0 to 4ir. 
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