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DIFFRACTION OF RADIO WAVES BY A RANDOM PHASE SCREEN 

WITH SMALL-SCALE AND LARGE-SCALE INHOMOGENEITIES 

A. G. Vologdin, V. D. Gusev, and L. I. Prikhod'ko 

The problem of diffraction of radio waves by a random phase screen with small­
scale and large-scale inhomogeneities (LSI) of the ionosphere is considered. The 
solution of this problem helps analyze the effect of the LSI focusing action on 
the statistical characteristics of fast fluctuations of the field reflected by the 
ionosphere. In particular, it is noted that the focusing (defocusing) action of 
LSI results in a quasi-periodic variation of the shape and the orientation of the 
characteristic ellipse of the correlation coefficient of the field on the Earth's 
surface, which is confirmed experimentally. 

In the interpreta.tion of experimental data. on ionospheric sounding from the Earth, two simplified models 
describing the properties of the reflected signal are usually employed: Rice's sta.tistical model applicable in the 
Fraunhofer diffraction zone ( D > 1, where D is the wave parameter) and the model based on the geometrical 
optics approximation, which is valid under the condition D < l. According to the current concepts, Rice's 
model corresponds to scattering by small-scale inhomogeneities (SSI) of the ionosphere whose characteristic 
dimensions are of tens and hundreds of meters. The geometrical optics method describes scattering by large­
scale inhomogeneiti~s (LSI) with dimensions from several kilometers to tens and hundreds of kilometers. 
The latter inhomogeneities can be represented as wave disturbances propagating with different velocities. 
However, the most complicated and interesting problem is the radio wave diffraction and scattering in an 
inhomogeneous ionospheric layer with inhomogeneities of different scale and depth. This is the lea.st studied 
problem. 

The aim of the present paper is to study the effect of ionospheric LSI on the statistical characteristics 
of fa.st field fluctuations produced by SSI. 

To this end we consider the problem of radio wave diffraction and scattering by both small-scale and 
large-scale ionospheric inhomogeneities. We shall use the well-known conception according to which the 
effect of scattering by inhomogeneities is localized in a thin layer serving as a diffraction screen. A special 
feature of this problem is that the scattering screen is at a long distance from the point of observation. 
During the propagation of the scattered wave from the ionosphere to the Earth the statistical properties of 
the field undergo substantial changes. Therefore there arises a problem of wave propagation and diffraction 
in the free space between the ionosphere and the Earth. The solution of this problem should help determine 
the field on the Earth's surface which can be measured experimentally. 

To take into account the combined action of LSI and SSI, we adopt a multiplicative model of the wave 
field at the exit from the ionosphere based on the existence of two types of inhomogeneities with sharply 
differing scales ar > a., where ar and a, are the characteristic dimensions of LSI and SSI, respectively. Then 
the complex amplitude of the field at the exit from the layer (z = 0) can be represented in the form 

E(z, y, 0) = E,(.,, y, O) exp{ik( ~o + ~r)}, (1) 

where ~o is the regular eikonal, ~I is the part of the eikonal relating to the ionospheric LSI, and the field 
E,(.,,y,0) is determined by the action of SSI. Eq. (1) takes· into consideration that the LSI of the screen 
modulate only the phase of the field, leaving the amplitude unchanged. 

The observation conditions on the Earth correspond to the wave zone ( K H :> 1, where H is the 
distance from the screen), and therefore, when determining the field in the plane z = H from the field in the 
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plane of the screen z = 0, we can use the Fresnel approximation for Green's formula [l]: 

i . Jr'r { . ( ("' - {)2 + (y - '1 )2) } E(:i:,y,H)= ,\Hexp{ik(<lio+H)} } E,({,71,0)exp ik <li1+ 
2

H d{d71. (2) 
-oo 

To find the asymptotic solution (2) we expand the phase 

(3) 

of the integrand expression into Taylor's series in the neighborhood of the stationary point ({o, 'lo) determined 
by the system of equations 

(4) 

Confining ourselves to the quadratic terms in expansion (3) and taking the slowly varying functions at the 
stationary point ({o, 110) outside the integral sign in (2) we find 

E(:i:,~, H) =exp{ ik [<lio + H + <lii(fo, 'lo)+ (:i: - {o)
2

2~(y - 11o)
2
]} 

00 

x >.~ff E,({,71,0)exp{;~((l+H<lil~{)({-{0)2 +(1+H<lil~.)(71-710)2 
-oo 

(5) 

Because the oscillations of the small-scale field are comparable with those of the other terms in the integrand 
in (5), the field E,({, 71, 0) cannot be taken outside the integral sign at the stationary point (fo, 110). 

The double integral in ( 5) can be represented in a simpler form if the coordinate system is turned so 
that the term <lil~. disappears. )n this coordinate system Eqs. (4) change and, simultaneously, the rotation 
of the coordinate system (:i:, y) through the same angle is performed. As a result, in the new coordinate 
system we obtain for the "small-scale" field ( E,) the expressions 

- ; J~ {· [<e-eol2 
(11-110)

2
]} E,(:i:,y,H) = >.,jH,H, } E,({,71,0)exp ik 2H, + 2H, d{d71, 

H 
H,=--· 

1-xZ'' 

-oo 

H 
H,=--; 

1 - "• 
- g"iiu 

"11 - - 'll'frJYpl 

(6) 

(7) 

where "• and "• can be called the principal focusing factors. Thus, the field on the Earth's surface scattered 
by LSI and SSI can be eventually represented as a product: 

E(:i:,y,H) = E1(:i:,y, H)E,(:i:,y, H), 

- . 1 {· [ - 1 2 2 ]} E1(:i:, y, H) = yl(l _ x.)(l _ x.) exp ik <lio + H + <li1({0, 110) + 'iH(s, + s,) , 
(8) 

where•• and •y are the direction cosines of the normal to the front surface i1({, 71) = const at the stationary 
point and E,(:i:,y,H) is determined by (6). 

An analysis of the resulting expressions for the field on the Earth shows that under the conditions 
jx.,, J < 1 the geometrical optics method can be used to determine the LSI effect. Furthermore, the field 
E,(:i:,y,H) differs from the field scattered by SSI in the absence of the LSI focusing action. Formally, the 
distinction lies in the fact that in the Kirchhoff integral (6) the distance H from the Earth is replaced by 
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the functions H, and Hy determined using (7). Consequently, the diffraction properties of the field E, are 
now determined by two wave parameters: 

D, 
Dz::::---, 

1- "~ 

D, 
Dy=_--, 

1- ... 

and for the case l>«,yl < 1 under consideration the minimum values of the corresponding wave parameters 
are 

D mln _ D, 
Z:,JI - 2. 

This means that, in the presence of the LSI focusing action, the observation conditions on the Earth for 
the diffracted field scattered by SSI are retained, and, just as in the absence of LSI, they correspond to the 
distant diffraction zone (D.,, > 1), and the field E, is normalized [2]. Consequently, in the interpretation of 

·experimental data on the ionospheric sounding it is allowable to use Rice's (or Rayleigh's) statistical model 
of the signal, which, in the presence of the LSI focusing action, is modulated by a slow function of the type 

of 
1 

v'(l - x,)(1- Xy) 

The statistical parameters of the field E, scattered by SS! in the presence of the LSI focusing action 
can be found from ( 6). We shall determine these parameters of the scattered field on the Earth as the 

.perturbation factor ff• of the scattered field and the spatial correlation function of the field in the distant 
zone. 

An analysis shows that in the conditions of small-angle scattering the dispersion of the fluctuations of 
the scattered field E,(.,,y, H) coincides with that of the field E(:I:, y,H): O'~ = a-2, i.e., the LSI focusing 
action does not affect the magnitude of the dispersion of the scattered field fluctuations. A similar result can 
be obtained from (6) and (8) for the mean field, i.e., 7!1, = 7!1. It follows that in the conditions of small-angle 
scattering we have /3~ = /32 , i.e., in the conditions of combined action of SSI and LSI the perturbation factor 
of the scattered field does not change either. 

To determine the scale of field variation (the correlation distance), we find the spatial correlation 
function for the small-scale field on the Earth: 

x exp{ 2~. [(e1 - eo1) 2 - (e2 - eo2)2] + 2~. [('11 - '1oil2 - ('72 - '102)2]} cte1 cte2 d111 dTf2. (9) 

It is assumed that in this expression H,(71,)"" H,(772) and H,(e,) ""H,(6), which corresponds to disregard 
of the variation of "• and x, induced by the displacement of the coordinates "' and y of the point of 
observation by "'' and Y1, respectively. To calculate the correlation coefficient R( "'' • Yt, H) we represent the 
covariance of the small-scale field at the screen in terms of the angular spectrum of the power of the scattered 
field F(a,1): 

00 

E,(ei, 111, O)E;(e., 712, 0) = ! ! F(a, 1) exp{ ik[(e1 - e,)a + ('11 - '12hl} da d1 
-oo 

and, by integrating in (9) with respect to the variables e1 , e,, 111, and 712, we find 

00 

E,(:I:, y, H)E;(:I: + "''· y +YI, H) = ! ! F(a, 1)exp{ ik[(fo1 - eo2)0< + ('101 - '102hl} da d1. (10) 
-oo 

The relationship between the stationary points (eoi. q0i) and (e0., 7102) can be found from ( 4). As a result, 
we obtain 

eo = "' - Hcflf(, 
'lo = y - Hcfll •. 
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For two points spaced by z1 and Y1 along the coordinates z and y, respectively, we have 

{01 - {02 = "1 - H(~:,, - ~:,,), 

'101 - '102 = Y1 - H(~f., - ~f.,). 

Vol • .18, No. 6 

(11) 

Since the scale of the phase variation for the field scattered by LSI is much greater than that of the field 
variation due to the scattering by SSI, i.e., ar > "1• u1, for the difference on the right-hand side of (11) we 
can write approximately 

~:,, - ~;,, "" ~f{({o,)({01 - {02), 

~;., - ~;., ""~f~('7oil('701 - '102). 

Then, instead of (11), we obtain 

"1 
{01 - {02 = --, 

1- "= 
Y1 

'101 - '702 = --. 
1 - "• 

(12) 

Using (11) and (12) for the correlation coefficient of the scattered field on the Earth we can find from (10) 
"the expression 

- ("1 Y1) R,(,,1, Yi. H) = R, (l ) , (l ) , 
a: - "= a, - "11 

(13) 

where R, is the correlation coefficient of the small-scale field at the exit from the ionosphere and a. and a, are the correlation distances of the field on the screen along the respective axes. Thus, expression (13) 
shows that, because of the focusing action of the ionospheric LSI, the scale of the field variation on the Earth 
decreases along the a.xes at lx.,,I < 1, in comparison with the corresponding scale in the absence of LSI. 

Let the cross section of the correlation coefficient R, of the field at the exit f~om the ionosphere have 
the form 

(14) 

Then, owing to the LSI focusing action, the cross section of the correlation coefficient R,(%1 , y1 , H) takes 
the form 

auzf 2a12z1u1 a22~ 
(1- ><.)• + (1- x.)(1- "•) + (1- ><v)2 = const. (15) 

Comparison of (14) and (15) shows that, generally, the shape and the orientation of the ellipses of the 
correlation coefficients R, an R, of the field do not coincide, and the stronger the focusing effect, the 
greater is the distinction. Moreover, since the influence of LSI results in alteration of the focusing and 
defocusing effects (change of sign of"• and ><v), the consequence is a quasi-periodic variation in the shape 
and the orientation of the characteristic ellipse (15). The indicated effect was mentioned in experimental 
investigations on measurement of the spatial correlation function of the scattered field reflected from the 
ionosphere; in particular, see [3]. 
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