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THE RANGE OF APPLICABILITY OF THE GEOMETRICAL
OPTICS APPROACH FOR A REFRACTIVE MEDIUM
WITH RANDOM INHOMOGENEITIES

V. D. Gusev, S. M. Golynskii, and Wu Xiaoping*

Based on the criterion of nonintersection of rays, a new condition is found that
determines the range of applicability of the geometrical optics approximation for
oblique incidence of radiation on a refractive scattering layer. It is shown that
the area of validity of the geometrical optics approach substantially depends
on the “intensity” of fluctuations of the medinm permittivity, The derived
condition considerably extends the applicability of the ray interpretation of the
wave field in the medium in question compared to the standard determination
of the region of geometrical optics.

The geometrical optics (GO) method is of paramouni importanrce for problems of wave propagation and
scattering in inhornogeneous media. This approximation is simple and easy-to-grasp, and in many cases it is
still the only possible method of analytical solution of problems. It turns out that the results of application
of GO in a randomly inhomogeneous medium are valid and agree with experimental data even outside the
range of the method applicability as determined from the solution to ray equations [1]. Therefore in [2]
a new criterion of nonintersection of rays was suggested for determining the range of validity of GO in a
nonrefractive randomly inhomogeneous medium, based on which new conditions of GO applicability were
established.-

In the present paper the data from [2] are generalized to the case of radiation propagation in a plane-
layered refractive medium of the type of ionosphere whose permittivity has the form

e(r) = oz} + agi(r). {1)
Here £¢(z) is the deterministic component for which tﬁe linear approximation model
co(z) =1—=2z/zm (2)

is used in the subsequent calculations, where z,, is the half-width of the linear layer; & is a small dimensionless
parameter characterizing the magnitude of fluctuations (o ~ o, = / (521) <€ £9); €1(r) is a homogeneous
random field described by the zero mean value and the Gaussian cotrelation function

B(£,1,¢) = (e1(r1)er(v2)) = of exp{~[£* + n* + (*}/2a%} 3)

with ¢? the dispersion of the permittivity fluctuations, £ = 2, — 23, # = y1 ~ 42, { = 2z} — 23, a the
characteristic scale of the medium scattering inhomogeneities, and the angle brackets meaning the averaging
over an ensemble of realizations.

To obtain the conditions of applicability of the GO method in the case under consideration as a
consequence of the criterion of ray nonintersection we use the GO ray equations in the following form [3]:

dr/de = p/n, dp/de = Vn, ‘ (4)

where p = V&, = ns is the wave momentum; @, is the eikonal that determines the wave front v = kg =
const corresponding to the surface of constant values of the phase ; k is the wave number; n = /z is the
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refractive index of the medium; s is the unit vector of the ray, which in the case of an isotropic medium we
deal with coincides with the normal to the wave front; and do is a path length element counted along the
ray trajectory.

First we consider the case of oblique incidence of a plane wave from the half-space z £ 0, where
€ =1, on a linear layer. Proceeding from the ray interpretation and taking into account that the scattering
inhomogeneities (3) are isomeric, we assume that the trajectory of the ray incident on the medium lies in
the plane XOZ and the ray issues from the point ro(zo, ¥, 20) at an angle &y to the z axis, i.e., sy = 0.
Ray equations (4) can be represented in the integral form:

e 7 .
r=ro+jsd0=rn+fpd§; (5)
0 2
1 a
p=So+-2-/V(60+a€1)d'5, (6)
0

where d& = do/n is the group path length element along the ray trajectory. Substituting (8) into 5) and
integrating by parts we find

x-xo+aso,+—a/(d .,,)651

de1 "
Y=y + -—a (a' a")---d" (M
z_zo+crsu;——+ a/(a’ E')ael

Thus, the ray coordinates at the point of observation r are functions of the coordinates of the initial
point rg, i.e.,
r = (%0, Yo, %0)- (8)

The criterion of nonintersection of rays means that only ore ray arrives at the observation point. From the
mathematical standpoint, this corresponds to the single-valuedness of the solution to system of equations (7)
or, which is the same, the single-valuedness of transformation (8), for which it is required that the Jacobian
P(z) of the transformation be nonzero:

Nz, y,2)
3(’-0;3}& Zo)

D(z) = (9)
Consequently, condition (9) together with the condition of slowness of variation of medium properties
along the wavelength A (ka > 1) of the propagating radiation guarantees the validity of the GO approxima-
tion in the problem under study.
To calculate D(2} in (9) it is necessary to differentiate (8) with respect to the initial coordinates, which
is equivalent to inserting the derivatives under the integral sign. On performing the differentiation and
dropping terms of the order of o and higher in the approximation in question, we obtain

Pz)=1+Q >0, (10}
where

Py
= %a/(‘&—'&’)&ldﬁ’.
Q
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Here it is taken into account that at the initial point ry the determinant (9} is equal to unity, but
henceforward it is nonzero. The quantity ) is a random variable and depends on the distribution of second
derivatives of the random field and also on the group path length. Consequently, inequality {10) must hold
in the probabilistic sense. If the random field £;(r} is normal, then Q also obeys the normal law. With
regard to this, the probability P of fulfilment of the inequality Q > —1 4 § {where § is an arbitrary positive

infinitesimal) is given by the relation (4]
17 82 }
-Z_%ag,
Wors L e""{ %03 | %

PRQ>-14+8=

which is equivalent to the following equation for the dispersion o2:
»

d»(bé‘i) =2P-1 (11)

Here &(u) is the probability integral [5)].

Let us estimate inequality (10) at the exit from the linear layer by calculating the group path L, along
the trajectory described by Snell’s law. According to the definition of the random variable @ in (10), its
dispersion at the exit from the layer is defined by the expression

L,
Uf = (Qz) = i‘/./(LJ "a:l)(Lg - 52)(A1€1A2€1) dE]_ dEg
g .

L
1
by f_[(L = 2i}{(L — 22)2183B (%2 — 21,32 — 1, 22 — 71) d2y d2a, (12)
Oz
Q

where it is taken into account that dz = so; dF, L; = 42ncg, and L = 42m $9cg is the horizontal displacement
of the point of departure of the ray relative to the initial point (89 = sqs = sin g, co = s, = cosfp).

By substituting the correlation function (3) into (12), passing to the coordinate differences (¢ = z; —z3,
z. = (21 + 22)/2), taking into account the equation

z = zcot 8 — 22 /(42ms2)
of the ray trajectory in the linear layer, and performing the iﬁtegration, we obtain

o} = 2p/Dia},
i.e.,

oy = \/2pDyoy, (13)

where the dispersion a‘% of the wave phase fluctuation and the coastant p depending on the initial angle of
incidence 8 are given by the expressions

-1

and Dy = L, /(ka?) plays the role of the wave parameter. In the integral (12) it was borne in mind that there
are a great number of inhomogeneities along the path length, i.e., L = 22, sin 20y ¥ a, and, consequently,
the limits of integration with respect to the variabie £ could be extended: —oo < £ < +c0. At the same
time, this condition imposes restrictions on the angles of incidence of the wave on the layer:

sin 285 3 a/2zm, (14)
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under which the main result of our investigation is valid.
On substituting (13) into (11) and dropping the infinitesimal ¢, we arrive at the condition of single-
valuedness of transformation (8) which guarantees the fulfilment of inequalities (9) and (10):

bDyay < 1. (15}

Here b = 2p'/2~"(2P - 1) is a numerical coefficient depending on the probability for the inequality
under investigation to be fulfilled, the initial angle of incidence on the refractive layer, the choice of the
model of inhomogencons medium and the disteibution of its inhomogeneities; (1) is the inverse function
of the probability integral, i.e., iff ®(u) = U, then ®~1(I/) = u. For example, for the model of randomly
inhomogeneous medium considered in the present paper we arrive at the following conditions:

B9 =10°; by =70°:
P =0.000, b =199, (Dyou)s € 0.50; by 2213, (D,oy) < 04T;
Py =0.950, by 253, (D,04); €040, by 272, (Dyay)s < 0.37;
Py =0.997, bymd.2, (Dyoy)s €024 by x4.55, (Dyoy)s < 0.22.

Condition (15) provides the uniqueness of the solution to the Cauchy problem in the construction
of wave fronts in a refractive medium with isomeric inhomogeneities, and it expresses mathematically the
criterion of nonintersection of rays. With regard to the fulfilment of (14), this condition substantially extends
the possibilities of application of the ray interpretation of the wave field, when the wave is obliquely incident
on a plane-layered medium, in comparison with the standard determination of the geometrical optics region.

REFERENCES

1. S§. M. Rytov, Yu. A. Kravtsov, and V. [. Tatarskii, Iniroduction to Siatisiical Radiophysics. Part 2.
Random Fields (in Russian}, Moscow, 1978.
2. V. D. Gusev, E. V. Petukliova, and L. [, Prikhod’ko, Vest. Mosk. Univ. Fiz. Asiron., vol. 30, no. 1,
p. 16, 1989,
3. Yu. A. Kravtsov and Yu. b, Orlov, Geometrical Optics of Inhomogeneous Media (in Russian), Mdscow,
1980.
. V. 1. Romanovskii, Mathematical Statistics (in Russian), Moscow, 1938.
. M. Abramowitz and I. A. Stegan, eds., Handbook of Maikematical Functions with Formules, Graphs,
and Mathematical Tables, Government Print Office, Washington, 1964.

[

3 February 1993 Department of Physics of Atmosphere

37



