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EXCITATION AND DYNAMICS OF STRONGLY NONLINEAR
TRIVELLPECE-GOULD MODES

L. M. Aleshin, L. S. Kuz’menkov, and O. Q. Trubachev

Conditions are found for the excitation of strongly nonlinear waves in magne-
tized plasma in a cylindrical waveguide by an ion bunch. It is shown that both
periodic and sclitary waves can be excited and the form of the waves strongly
depends on the plasma temperature.

INTRODUCTION

Natural electronic oscillations in a magnetized plasma waveguide were studied in [1]. In {2, 3} the
nonlinear dynamics of these waveguide modes was investigated experimentally and numerically. In the
experiment described in {2] both periodic and solitary waves (the latter belonged to two different types) were
observed. They were excited by a sinusoidal signal and by a short voltage pulse, respectively. In the present
paper we have considered the excitation of plasma waves by an ion bunch.

In a plasma waveguide of great importance is the dependence of all quantities on the radial coordinate,
which substantially complicates the theoretical description of the phenomena. However, the space-time
dependence of the quantities is usually taken [2, 4] in the form of a product

A(r, z,t) = A(z, t)a(r). (1)

This makes it possible to reduce the problem to the one-dimensional case by integrating the criginal equations
with respect to r. From the physical standpoint, this corresponds to the assumption that the nonlinear radial
oscillations are weakly connected with plasma oscillations along the waveguide axis and are not excited by
them. It can be shown that this procedure is equivalent to the replacement of the actual radial distribution of
the disturbance of the plasma electric potentiai and density by a uniform mean distribution. The applicability
of this approximation is confirmed by experimental data [2]. The explicit expression for the function a(r) in
(1) is chosen proceeding from the linear problem in the form

a(r) = Jo(Ar/R),
where Jo(z) is Bessel’s function of the zeroth order and A is the smallest root of the equation Jy(z) =0

THE SYSTEM OF EQUATIONS AND ITS SOLUTION

Consider a stationary motion of plasma electrons in a strongly magnetized metallic cylinder of radius R,
which is excited by an ion bunch moving with a constant velocity vo. The reciprocal effect of the background
plasma on the bunch dynamics is not taken into account. For a sufficiently dense plasma the collisionless
approximation is valid, Therefore, for velocities of the bunch much smaller than the velocity of light the
disturbances produced by it can be assumed to be potential, and the system of Vlasov—Poisson equations can
be used to calculate the plasma response. Disregarding the transient processes, for stationary disturbances
this system of equations can be written in the form

eatpa
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Here # = wp(t —z/va), no is the density of the ion background, f = fo+ 6 f{r, 7, v} is the electron distribution
function (where fj is its equilibrium value), and ¢ = ¢{r, 7) is the electric potential. It is assumed that the
density n;(r, ) of the ion bunch can be represented as ny(r,7) = ZN(r)ny(7), where Z = +1 is the sign of
the charge of the ions in the bunch and N{r) is its radial distribution.

Furthermore, we represent 6 f and ¢ in the form (1):

6f(1', @, v,) = 9‘(90, ”:)JO(A"/R):
o(r, r) = ®(1)Jo(Ar/R).

After that, multiplying the first equation in system (2) by r and integrating with respect to r from zero to

R btai
B 1090 10905 _ )
289 3u " 298 Ou
Here the following dimensionless quantities are introduced:

. g
(1- u)'éa +

8=w,r, u=uv,/ve, (8 =2(8)/umvi, o=mvi/2T,

where wy is the electron plasma frequency and

B= j J3(Az)dz / j zJo(Az) dz.

The solution to Eq. (3) has the form

9= u(F(c) - Fo),
where F(o) is an arbitrary continuous function of the first integral ¢ = u — (4% + ¥)/2 of the characteristic

system of Eq. (3). The explicit form of the function F(a) can be found from the condition that the function
g(u, ¥) vanishes as ¢ — 0 in front of the beam, where the electrons have a Maxwell equilibrium distribution

fo(v®). Thus, we have |
F(u,d)) = :—:\/gexl){-a(l - m2} (4)

We substitute the resulting solution into the Poisson equation and, considering that

19 _9 s
;g?‘g.fu(h") =k Jo(k‘l“),

after the integration with respect to » we obtain for the dimensionless potential ¥ an ordinary second-order
differential equation:

=140 - 2 [ur) =60+ 20, Q

where

1 1
p=VZ,R/M, n(8) = — [ zd(Az)N(z)dz [ [ z72(rz)dz.
: ) /]

The form of this equation coincides with that of an equation of a nonlinear oscillator of unit mass, where
the functions G(v) and 2n(f)} play the role of a returning force and a given driving force, respectively.

We shall seek a restricted solution to Eq. (5). The nonrestricted solutions correspond to an indefinitely
increasing energy density of the electric field.

In the limit of low electron temperatures (a *» 1), the integral in (5) can be evaluated by the saddie-
point method. The point ug = 1 ~ (1 — ¢)'/2 is a second-order zero of the function that is the exponent in
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(4) if ¥ < 1 and a fourth-order zero if ¥ = 1. In view of this we obtain for the function G(v) in (5) the
expression ) 3%

V1i- i da(l — ¢)3/?’
adl4

: \/—[r(s/as)(l D +T S|, > v

Here I'(z) is the gamma function, and the coordinate g of the point of intersection of the asymptotic curves
is approximately ¥, = 1-1.5/at/2.

Eq. (6) shows that at small amplitudes of the electric potential (y» <« 1) the effects related to thermal
electron motion have a character of corrections. Therefore one can confine oneself to the approximation of
cold hydrodynamics. However, with large amplitudes of the potential (¢ as 1) the effect of thermal electron
motion becomes significant. Indeed, at zero electron temperature the fanction G(3) turns into infinity if
% = 1, and this corresponds to an infinite electron density. At finite electron temperatures it foillows from
(6) that, in contrast to the cold hydrodynamics approximation, the electron density is finite and is restricted
by n = ngal/*, which is attained at ¥ = vq.

An analytical solution of Eq. (8) is possible if, for instance, n(#) is a piecewise constant function [5].
Therefore we approximate the density of the ion bunch in the direction of the z axis with a step function,
which is equal to Zng if -y < # < 0 and is zero for the other values of ¢ (here ng and Gy are positive
constants determining the pulse density and duration, respectively). Then the range of # variation breaks
up into three regions: beifore, inside, and behind the bunch. The values of all the quantities in these regions
will be indexed with the numbers 1, 2, and 3, respectively. The conditions of continuity of the potential and
its derivative must hold at the boundaries of these regions:

¥ <,

Gw) =2(1+ pi2¢) - (6)

¥1(0) = ¢2(0), ¥a(—bo) = Ya(=0by), (7)
d¥(0) _ d¥2(0)  d¥a(—bo) _ d¥s(=bo)
dé dag '’ de - do

By multiplying Eq. (5) by di//df and integrating with respect to 4, we obtain first integrals for each of
the above regions of the variable 9:

%(ﬂ)2 + UVi(¥) = const, : (8)

do
Aol =2
1 ., 2 Yt o a (1—-p)e’ ¥ <Y
Ui = =2{(1 + Zmodia) + 5,77 } -2 -
Yoz l(l= /DTGB + TA/VE + Ca), 6> e

&

Here §;; is the Kronecker delta, and the constant C(a) in (8) is found from the condition of continuity for
the function U;(%) at ¥ = .

NONLINEAR EIGENMODES .

Consider the solution to Eq. (5) in the absence of the bunch (g9 = 0). In this case the integral /5 in
{8) is preserved for any 4 and is defined by the initial conditions.

The form of the “potential energy” Us(y) suggests that, dependmg on the values of the parameter p,
there can be two physically different plasma responses. For p< p* = 21/3(1 4+ 3/4a} the function Us(v) has
local maxima at zero and at the point

¥y =1+ a~Y4T(1/4)/T(3/4) (9a)
and a local minimum at the point
o= -%(1 — 902 4 T+ 49%) + O(1/a) > 0 (9b)
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Fig. 1
Function U(%) in (8) for p < p* (1) and p > p* (2) at o = 100.

(curve 1 in Fig. 1). This case describes the propagation of a solitary stationary wave in the waveguide,
which, from the mathematical standpoint, is analogous to an ion-sound soliton [6] (“fast waves”). Restricted
solutions to Eq. (5) can exist if Ua(¥1) > Us(0), which is equivalent to the inequality p* < 1/2 + O(a'/*)
related to the condition for the so-called “wave breaking”. The maximum amplitude of the electric field of

the soliton is given by
2oime /[T = DO (10)

By
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Fig. 2
Electron density n = 7(8) (p < p*).

The thermal motion of plasma particles may substantially change the form of the solitary wave. Under
the condition Us(1.} < Us(0) < Us(¢1) the electrostatic repulsion of “hot” electrons resuits in splitting of
the maxima of their concentration (Fig. 2). .

If p > p* (“slow waves”), then Eq. (5) describes the propagation of periodic waves along the waveguide
axis, to which the fundamental Trivellpece—Gould mode corresponds in the limit of small amplitudes and
the nonlinear Langmuir oscillations in the case of an infinite waveguide radius. The function Uz(1)) now has
a local minimum at zero, and the local maxima are attained at the points ¥; and ¥, determined by (9)
{#2 > 0) (curve 2 in Fig. 1). To a greater amplitude of the eleciric potential 19 there corresponds a greater
wavelength, which becomes infinite when g coincides with v,. In this case the periodic wave degenerates
into an aperiodic soliton-like perturbation. The value of ¥, is equal to ¥; or ¥s; the choice between these
values is determined by the condition Us{(#p) = min{Us3(¥:), Ua(¥,)}, which implies that

{ ¢1: pPEpL = 7-251
e =
Yo, P>
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The amplitude of the electric field of a stationary wave is also limited by a value determined by formuia
(10) with replacement of ¥y by ¥a. If p > py, this constraint is related to the accumulation of electrons in
regions of maximum potential of the wave, which takes place in the unrestricted plasma as well {7, 8]. Asin
the case of fast waves, there occurs a separation of the electron density maxima when 9. < ¥y < ¥m. In the
physical conditions corresponding to p < p1 the restriction of the electric field amplitude is due to the effect
of the surface bounding the plasma. _

In (2] the approximation of weak nonlinearity was used to interpret the experimental data. In the limit °
of zero plasma temperature, the expansions of the resulting expressions with respect to ¢ up to quadratic
terms are consistent with the corresponding formulas in {2].

EXCITATION

An ion bunch propagating along the waveguide determines the phase velocity and the amplitude of the
ansmg plasma disturbances. Egs. (7) and (8) and Fig. 3 a imply that the excitation of fast waves (v > ARw,)
is possible only for a specially selected duration of the bunch of positive ions (Z = 0):

X

dv

4 = 2kV2 | e,
’ ‘[0/ VI - U:(¥)

where X is a nonzero root of the eQuﬁ.tion L(¥)=Usy(¢¥) = 0. For the other values of 8y there are no restricted
solutions to Eq. (5).

Fig. 3

Function U(¥) for 7o = 0.05 and p < p* (a} and p > p* (b) outside the ion bunch (the
dashed curve) and inside it: Z =1 (1) and -1 (2).

“Slow” bunches (vy < ARwp) excite periodic quasi-longitudinal waves that were analyzed above for an
arbitrary sign of ion charges in the beam. Here the situation is similar to the excitation of wake waves by
bunches of particles in the isotropic plasma [9]. The maximum amplitude of the electric field is given by the
expression

E
2222 = 2m]

Ay

and, as is evident from (8) and Fig. 3b, the efficiency of wave excitation is higher for a negatively charged
bunch. Figure 4 presents a numerical solution of Eq. (5} for three values of 85 (Z = —1).
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Fig. 4
Solution to Eq. (5) for p > p* and np = —0.05 for 49 = 5 (1), 8 (2), and 11 (3).

This investigation has been carried out within the framework of the Universities of Russia Program.
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