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A MODE-LOCKED SOLID-STATE RING LASER WITH 

INTRACAVITY GENERATION OF THE SECOND HARMONIC 

M. R. Paleev 

The intracavity generation of the second harmonic makes it possible to substan­
tially improve the amplitude-frequency characteristics of a solid-state ring laser 
operating in the active mode-locking regime: to eliminate the competitive sup­
pression of counterrunning waves, to extend the region of the beating regime, 
and to remove anomalies in the frequency characteristic, which are typical of 
the free running laser mode. The effect of the loss modulation frequency on the 
width of the mode-coupling region and the beat frequency is analyzed. 

INTRODUCTION 

Interest in the beating and self-modulation regimes in solid-state ring lssers is due to their possible 
application for measuring optical nonreciprocities. However, in view of the uniform broadening of the 
luminescence line in such solid-state lasers, there occur strong competitive interactions of counterrunning 
waves in the active medium. This leads to a break-down of the beating and self-modulation ri;gimes owing 
to the suppression of one of the waves as the optical nonreciprocity of the cavity increases. 

The interaction of counterrunning waves in the active medium can be weakened by their space-time 
decoupling in the mode-locking regime, when the ultrashort pulses (USP) propagating in the opposite di­
rections do not meet in the active medium and, hence, do not interfere in it. The spatially homogeneous 
burning-out of the inverse population attained in this case helps avoid the anomalies in the frequency char­
acteristic of solid-state ring lasers typical of the free running mode. Moreover, owing to the space-time 
decoupling of counterrunning USP's their connection via scattering weakens, thereby reducing the width of 
the mode-coupling zone. 

When USP's are obtained by the active mode-locking .(AML) method, we have a high stability of the 
series of USP's, their strong coupling with the master oscillator, and a 100% reproducibility of their param­
eters. Moreover, the spectral composition is stabilized and the sensitivity of the output laser characteristics 
to fluctuations of the cavity length is reduced. The advantages of the AML regime also include the broad 
range of laser generation powers and the possibility of varying the pulse duration by changing the modulation 
depth. 

However, in the AML regime, too, one of the waves is suppressed when the optical nonreciprocity of 
the cavity increases and the modulation frequency undergoes detuning from its optimal value [l, 2]. The 
appearance of this amplitude nonreciprocity is due to the scattering of counterrunning waves at the modulator 
end faces [3]: owing to the backscattering the pulses change their shape, can pass through the modulator 
at different instants of time, and, consequently, they have different losses. Of fundamental importance here 
is the finiteness of the time of light propagation through the modulator (r). If r # 0, then the scattered 
radiation includes two pulses (retarded relative to each other by r), which may result in different displacement 
of the time of their propagation through the modulator for counterrunning USP 's. 

Since the problem of eliminating the competitive suppression of counterrunning waves is also pressing 
for solid-state ring laser operating in the AML regime, it is reasonable to solve it by methods of leveling the 
intensities of the countermnning waves, which are well developed for such lasers operating in the free running 
mode [4, 5], especially as the efficiency of most such methods increases on changing from the free running 
to the mode-locking regime (for reasons that are discussed below). In this connection, it seems promising 
to use in the AML regime a method that proved efficient in lasers operating in the free running mode. It 
consists in leveling the intensities of the counterrunning waves at the cost of higher losses for higher-intensity 
waves (characterized by stronger amplification). These losses can arise during the intracavity generation of 
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In this paper we study the amplitude and frequency characteristics of actively mode-locked solid-state 
ring lasers when the suppression of counterrunning waves is weakened by the intracavity generation of the 
second harmonic. 

THE SYSTEM OF EQUATIONS 

To describe the AML regime we will use the space-time approach (3, 6, 7], i.e., we will assume that the 
transmission functions of the modulator and the active medium are such that the propagating USP 's retain 
their Gaussian shapes. 

We represent the intensities of the counterrunning USP fields in the form 

Here E1,. = E1,2 exp{ i'l't.2} are the complex amplitudes of the counterrunning waves; wi0 is the central 
frequency of the laser transition; wi1,2 is the detuning of the USP central frequency from wio; 11.2 is a 
parameter characterizing the USP duration Ti,2: Ti,2 = 2 ln 2/ y"?l,2; and t1,2 are the times of propagation 
of the USP maxima through the modulator. 

We wrif:e down the transmission coefficient of a nonlinear crystal in which the transformation into the 
second harmonic occurs: 

S1,2 = 1- 1:2 E:,2 exp{-2;1,.(t -t1,2)2} ""1- 1:2 E:,2 

+ 2k2Ef,a'ri.2(t -t1,2)2 ""exp{-1:2 Ef,. + 21:2 Ef,211,2(t - t1,2)2}. 

Here I: is the coefficient of nonlinear transformation. 
From this expression, which is valid in the case of small !:, it is easy to see that in the propagation of 

the second harmonic through the crystal the USP's will retain the Gaussian form. 
The system of equation obtained in (3, 7] for the USP parameters is now written in the form 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

Here T is the time of light passing around the cavity; <p = 'Pl - 'P2 is the phase difference of the 
counterrunning USP's; g is the average value of the amplification factor during one pass-around; 9th = 
(1/2) ln(l/ R) is the threshold value of g; T/ is the pumping excess over the threshold level; I.i, 1 2 are the 
intensities of the active medium saturation by the counterrunning USP's (I.i,12 = (T/a)(2;1,2/r)1i2, where 
a is the saturation parameter of the active medium); A.. is the luminescence line width of the active medium; 
n is the difference between the natural frequencies of the counterrunning waves (arises during rotation); T 

is the time of light propagation through the modulator; Wlm and 6 are the modulation frequency and depth, 
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respectively; 81,2 = w.,.11,2 is the modulator phase at the time of passage of the pulse maximum; the moduli 
( m1,2' m~.2 ) and the phases (a1,,, /31,2) of the coupling coefficients are introduced as it was done in [3]: 

ml.2exp{±a1,2} = -i(2/T)(ri,2 exp{U..or} + {2 exp{-U..or}), 

mt2exp{±i31,2} = -i(2/T)(rt,exp{U..or}-{2exp{-U..or}). 

Here r[,2 are the backscattering coefficients at the end face as the wave enters into the modulator and 
· r( 2 are similar coefficients as the wave leaves the modulator (the contribution from the backscattering to 

E1 is written r[E(t + r) + rfE(t + r)). 
The presence of backward refiections substantially affects the parameters of the generated radiation 

and may result in suppression of one of the waves. Therefore in designing solid-state ring lasers measures 
are usually taken to reduce the effect of backward refiections. To this end the modulator is placed in the 
cavity in such a way that the USP's would not meet either in the active medium or at the refiectors. Then 
the feedback between the pulses is achieved only through scattering of the counterrunning USP's at the 
modulator end faces. Naturally, one also tries to reduce the scattering at the modulator end faces (e.g., by 
means of transmission augmentation); then the moduli (m1,2, mY,2) of the coupling coefficients also decrease, 
but their phases ( 0<1,2, /31,,J can be practically of any magnitude (because it is hardly possible to check the 
phases of the backscatteriug coefficients). 

The validity of the weak-coupling approximation is beyond question, therefore we shall analyze system 
(l)-(6) by the method of successive approximations with respect to the coupling, which has already become 
routine in the solution of similar problems. We assume that the pumping excess over the threshold level is 
small ('I< 1). 

MODE-COUPLING REGIME 

This regime is described by the stationary solution to system (l)-(6). In the first approximation with 
respect to the coupling, at an optimal value "'mo= r/(T + 2gch/t.,,,) of the modulation frequency we can 
obtain expressions describing the behavior of the difference in the USP phases and intensities Ii,2 = Ef.2 • 

We write down these expressions assuming that the intracavity generation of the second harmonic results in 
an effective leveling of the USP intensities, and, for simplicity, that m1 = m2 = m: 

I1 - I2 = mTn cos("'' - a2), 
I1+12 wno 2 

"'' + "'• -1 n <p=1t/2+ 2. ±cos no 
(7) 

Here w is the coefficient of nonlinear losses: w = 2i:2(J1 + 12) : f:2 I,71 (I,1 = I., = I,); no is the width of 
the mode-coupling region: n0 = msin[(a1 - a2)/2]. 

The mode-coupling regime in question exists in the region 1n1 .;; flo. The intensity difference for the 
counterrunning USP's increases linearly with increasing n and attains a maximum at lnl = 0 0 • Setting 
1n1 = n0 in (7) we obtain the following condition for an effective leveling of intensities: 

W > mTJcos("'1 ; "'
2 )J. (8) 

Inequality ( 8) makes it possible to evaluate the nonlinear losses required for the elimination of competi­
tive suppression. For the typical solid-state laser parameters m = 104 s-1 , a 1 -a2 : 7t/2, and T: 5 x 10-• s 
inequality (8) holds for w;;. io-3 . In the one-mode generation regime the leveling of the intensities of coun­
terrunning waves requires that the nonlinear losses be w : 10-2 [4]. 

Thus, in the AML regime the leveling of the intensities of counterrunning waves requires much lower 
nonlinear losses than in the free running mode. This is due to the following two factors. First, in the free 
running mode, owing to the interference of the counterrunning waves in the active medium, their amplification 
coefficients turn out to be unequal, which results in an increase in nonlinear losses necessary for leveling the 
intensities. The other factor causing the increase of w is that the coupling in the free running mode is 
stronger than in the AML regime (the overlap of USP's at the clarified modulator end faces is small). 
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It should be noted that in the absence of nonlinear losses the width of the mode-coupling region can 
be infinite [3, 7]; in this case an increase in fl results in suppression of one of the USP's. In the presence of 
nonlinear losses w ; 10-3 the USP intensities level off and the width of the mode-coupling region decreases 
without any noticeable broadening of USP's. 

Now we briefly discuss the main results of the analysis of the amplitude-frequency characteristic of the 
laser in question in the mode-coupling regime when the modulation frequency departs from its optimal value. 

The detuning of the modulation frequency from its optimal value A results in a displacement of the 
center of the mode-coupling region (along the fl axis) and in a change of the mode-coupling region width. 
The behavior of the USP intensities within the limits of the mode-coupling region is nearly the same as in 
the case of zero detuning, and all the above conclusions remain valid in this case if the detuning is small 
(A< 1) and one can use the first approximation with respect to detuning (this is quite correct because in 
solid-state lasers the AML is observed for A= ('-'m - '-'mo)f'-'m .;; 10-6 ). 

The dependence of the mode-coupling region width on A has the form 

,., ( ') 1 ({ . . .-TA~ '( o . f3 o . f3 J} 2 
~'O .u. = -

2 
m1 s1na1 - m2sma2 + 

8 
.u. m1 sm 1 - m2 s1n 2 

gthWlm 

A2 2)1/2 'trT .U.w 0 0 
+ {m1 cos0<1 - m2 cos 0<2 + 

8 
A(m1 cos/31 - m2 cos/32l} 

9th Wm 
(9) 

It is evident from (9) that, depending on the relationship between the phases ( a 1,2, /Ji,2) of the coupling 
coefficients, the quantity flo can both increase and decrease as A increases. Therefore, an experimental 
analysis of the function flo( A) can be very useful for obtaining information about the phases of the coupling 
coefficients of counterrunning waves. 

THE BEATING OPERATION REGIME 

One of the most important problems in the theory of ring lasers is the investigation and optimization 
of their frequency characteristics (by the frequency characteristic of a ring· laser is meant the dependence 
of the average (over the period) beat frequency { <P) of counterrunning waves on fl). In the free running 
mode there can arise anomalies in the ring laser frequency characteristic, which lead to a reduction of its 
sensitivity ( d{<P) /dO). The appearance of anomalies is due to the reftection of the counterrunning waves 
from the moving inverse population gratings (8]. As was already mentioned, in the mode-coupling regime it 
is possible to produce a space-time decoupling of counterrunning waves. In this case the burning-out of the 
inverse population in the active medium is spatially homogeneous, no gratings appear, and, consequently, 
there must be no anomalies in the frequency characteristic. 

We will consider the beating operation regime away from the mode-coupling region at A = 0. Then, 
in the first approximation with respect to the coupling, the modulation of the sum "' = 2(lt - I2)/(I,11) 
and the difference 11 = 2(!1 + ! 2 )/(I,11) of the intensities at the beat frequency (tP} =fl is described by the 
expressions 

where 

"'= X,T{m1 sin(a1 - flt)+ m2sin(o2 - flt)}+ X0 T{m1 cos(a1 - flt)+ m2 cos(0<2 - flt)}, 
11 = Y,T{m1 sin(0<1 - flt) - m2 sin(o2 - flt)}+ YcT{m1 cos(0<1 - flt) - m2 cos(0<2 - flt)}, 

w 
X, = (OT)2 + w2' 

y _ QOT- P(l + 11)T/T1. 
,- P•+Q2 , 

P = -(OT)2 + (1+11)wI.. + 11.!.. ln .!.; 
T1 T1 R 

OT 
Xe = - (OT)2 + w2 ; 

Y, _ POT+Q(l+11)T/T1. 
c- p2+Q2 ' 

Q=-nT(w+(1+11l~)· 

( 

T~e intensity m)o~~lation depth depends on n nonmonotonically, that is, in the vicinity of fl = fl, = 
11ln-+ w(I + 11) 

R TT, there occurs a resonant step-up of the intensity modulation amplitude at the re-

laxation frequency n,. 
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The average value (over the beat period) ("} = 2(11 - 12)/(l,q) of the dtiference in the intensities of 
the counterrunning USP's is given by the expression 

(10) 

For simplicity, we assume here that m1 = m2 = m. 
It is seen from (10) that with increasing fl the average intensities of the counterrunning USP's level off 

(provided the condition (8) holds). 
The behavior of the frequency characteristic of the laser under investigation away from the mode-

coupling region is described by the formula 

( ") "',... _ m
2 . 2 (Q1 - Q') _ ! 'TX '(Q1 - Q2) (m

0)2 .2 
'P - " 20 sm 2 2m .cos 2 + 20 r')'o 

mm
0 

. (lh + .82 - Qt - "'') + 2Arronr sm 2 cos{<>1 - 02) cos(.81 - .82). (11) 

Here 'Yo:!! w,...A.,(o/8g,h) 112. Formula (11) is written for the case when m1,2 = m, m~.2 = m0 , and 
OT> 16Uth')'o(A.)2. As a rule, the last condition is not fulfilled in the beating regime. 

Formula ( 11) implies that in the AML regime there are no anomalies typical of the laser frequency 
characteristic in the free running mode (38]: in the absence of coupling (m1 = m2 = 0) the frequency 
characteristic is ideal ((,,0) =fl), whereas in the free running mode the dependence of (<P) on fl is defined 
by a cubic equation. Owing to the absence of anomalies in the AML regime, the dependence of (\ii) on 
the pumping excess over the threshold 1/ is reduced, which substantially weakens the requirements for the 
pumping power stability. The frequency characteristic of solid-state ring lasers in the AMC regime is similar 
to that of gas ring lasers: \ii = 0 in the mode-coupling region; as fl grows further, the difference ( <P) - fl 
tends to zero and at large values of fl can exceed fl, whereas in gas ring lasers (\ii) is always less than fl. 
The computer siI1D1lation of the complete system {l}-(6) has also shown that in the region of fl:!! fl, there 
can be slight distortions of the frequency characteristic. 

For lasers operating in the AML regime of great importance is the question of the effect produced on the 
frequency characteristic by the detuning of the modulation frequency from its optimal value. In particular, 
this is important when considering the effect of lluctuations of the modulation frequency" on the stability 
of the beat frequency. The last term in formula ( 11) shows that this effect weakens with increasing USP 
duration rp ('Yo= (21n2/rp)112), with decreasing modulator length I (r = l/c), and also when a frequency 
bias is used in the solid-state ring laser (i.e., when operating in the region of large fl). 

The calculation by formula ( 11) shows that if the oscillator controlling the mode locking makes it 
possible to obtain A with an accuracy of the order of io-•, then with standard ring laser parameters in the 
AML regime (3, 7] and with fl:!! m the instability of the beat frequency is of the order of 10-1 Hz. 

CONCLUSIONS 

The results of this inve5tigation suggest the conclusion that the introduction of nonlinear losses w :!! 
0.1% by means of intracavity generation of the second harmonic does not result in a substantial broadening 
of ultrashort pulses and makes it possible to notably improve the amplitude and frequency characteristics 
of a solid-state ring laser operating in the active mode-locking regime: ( i) to eliminate the competitive 
suppression of counterrunning waves, (ii) to extend the region of existence of the beating regime, and (iii) 
to remove anomalies in the frequency characteristic, which are typical of the free running mode. 

The efficiency of the method of intraca.vity generation of the second harmonic on changing from the 
free running mode to the mode-locking regime increases substantially. 

Analysis of the beat frequency as a. function of the loss modulation frequency has shown that a. relative 
instability of modulation frequency of the order of io-• leads to a. beat frequency instability of the order of 
io-• Hz. 

The results of this study a.re in good agreement with the experimental data. from (9]. 
The conclusions drawn in the present pa.per a.re based on a. thorough theoretical analysis of the 

amplitude-frequency characteristics, which is in complete agreement with the data. on computer simulation 
of the complete system (1)-(6). 

The author expresses his gratitude to E. G. Lariontsev for valuable advice and attention. 
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