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This paper continues a series of articles devoted to numerical simulation of
specific gravity measurements in motion. Mathematical formulas have been
derived for simulating models of random processes including the displacement,
rate of displacement and acceleration of a support caused by the ship rolling
and pitching motion.

Rolling and pitching motion of a ship, when a gravity force is to be measured, is a randem process.
The properties of a random process determine the choice of an algorithm for processing the observation
data. For instance, whether or not the process is stationary, defines whether or not the method of low-pass
filtering developed by theoreticians (Wiener filter or Kalman algorithm) is applicable. If a random process
is stationary, an optimum real-time algorithm can be constructed [1]. A minimum standard error in specific
gravity filtering is taken as the optimality criterion. However, if a time lag is taken into account, the
accuracy becomes much higher [2]. Random processes treatment is known to be associated either with
filtering, prediction or with smoothing. The problem of measuring any group of harmonics regardless of
time stands somewhat apart from the above. It is exactly this problem that specialists come up against
when measuring gravity on a moving support. The situation is also complicated by the fact that a support
executes not only a translatory but also a rotary motion. Besides, disturbing accelerations even if they do
not hold very low frequencies (0.05 s™! or under), arise due to nonlinearity of measuring devices. These
disturbing accelerations cannot be filtered out without distorting a useful signal—gravity variation. This
is why it is necessary to simulate such accelerations so that they can be eliminated from the gravimeter
output signal.

Simulation of disturbing accelerations is required, in the first place, for constructing algorithms of
gravity filtering in the presence of inertial noise brought about by the acceleration vertical component that
exceeds variation of the useful signal by tens of thousands times. The basic function of the low-pass filtering
algorithm is to filter out harmonics, whose frequency exceeds some value wq called a “cutoff frequency”, but
with all lower-frequency harmonics passing through the low-pass filter without distortion. Strictly speaking,
such algorithms do not exist. Besides, information should be processed within a finite time interval, which
poses additional problems. Therefore, a problem on finding a trade-off solution stems that would make
it possible to perform filtering with admissible errors both in the range of inertial noise and in “useful
signal” frequencies. Such algorithms are referred to as optimal. Fully optimal filtering algorithms cannot be
implemented practically, because to construct them a knowledge both of a useful signal to be filtered and
of the inertial noise is required. To minimize the filtering error by a numerical experiment, an algorithm for
transforming a random sequence into a process with preset spectral characteristics should be synthesized.
In modern usage such algorithms are called shaping filters.

A random process to be modeled should have the following obvious properties.

1. It must be stationary, at least in a broad sense. This can evidently be argued against. Indeed,
weather on the sea is variable. Calm sea becomes stormy within a few hours. The time needed to process
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the observed data is several minutes. If the resolution of the marine gravimetry method is 200 m, then a
ship moving at a speed of 10 knots will cover this distance within 40 s. Can the rolling/pitching of the ship
within this time be considered a stationary random process? The answer is evidently yes.

2. In the next 40 s the state of the sea and the complexity of the signal being measured may slightly
change. Do the parameters of the filtering algorithm need correction to make the algorithm optimal? Yes,
if this affects the accuracy significantly. But if the accuracy does not improve much after the parameters
correction, one may continue to use a filter close to the optimal one and leave the algorithm parameters
unchanged. It is obvious that no theoretically-derived recommendations should be made: practice is of
crucial importance.

3. The basic characteristics of stationary processes are spectral density and a correlation function. The
spectral density of a random process at the shaping filter output written in the form of linear differential
equations with constant coefficients is the ratio of two power polynomials in argument w?. This is an even
function. The autocorrelation function is also an even function of the argument equal to a time shift 7.

4. A specific role in filtering and smoothing problemns is played by differentiability of random processes.
Let 2(t) be a random process and let its spectral density be Sz(w). The integral of this function in infinite
limits has a finite value equal to the variance of the random process. If the process is differentiable, then
the integral of the function w?S,(w) must also exist. To simulate acceleration, the initial random process
must be twice differentiable. Let us assign the following form for the spectral density of a vertical support

displacement
My {w?)
Sx(w) - N[(wz) i (l)

Then the variance of random process acceleration will be

[eo}
w* My, (w?)

Ni(@?) (2)

Oz2 =
-0
This integral converges if 2k +4 < 21 — 2, i.e., when [ > k + 3. Hence it follow that in the case when the
numerator of formula (1) is a constant, ! must be equal to 3. Consequently, to simulate a random process
with a finite acceleration variance, a shaping filter must be at least of order three.
We shall try to find a mathematical model of a shaping filter in the form of a linear differential equation
with constant coeflicients. Let 2(¢) be a support displacement coordinate, and ¢(%), an excitation function.
As a shaping filter, we take the third-order equation

T +(20 +)E + (207 + a® + )¢ + y(a® + )z = v(a® + F)q(t), (3)
which has three simple roots of the characteristic equation
A==, A=-a+if, Az=-a-—-if

We believe that in the general case when an equation may even be of a higher order, it is more
convenient to use the vector-and-matrix form of representation of the shaping filter solution.

Assume as the state vector x = (21, z3,...,%,), where z = %1, £1 = 23, T2 = #3, ..., £a—1 = Zn. The
differential equation, which relates the last component of the state vector to the other components, will be

En = gnq(t) = (91 + Gn-122 + gn-223 + ... + g120). (4)
Now we write a set of differential equations in matrix form
x = Gx + Fyq(t), (5)
where
0 0 0 0
0 0 1 0 0
G= 0 0 0 1 , F=
—89n —Ggn-1 —Gn-2 —Gn-3 ... —G1 gn
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We now construct the solution to this equation. As is known from the theory of differential equations,

it is of the form ,

x(t) = B to)x(t0) + [ B(t,Fu() ot ()
to
where ®(4,%o) is the fundamental matrix as V.P. Sigorsky calls it [3]. In our case, it is determined as follows
®(t,t0) = HA()A " (2o)H ™}, (7)
where
1 1 1
A1 Az An
H=| A2 X A2 (8)
/\rla—l /\121--1 /\:—1
is the so-called modal matrix, and
exp At 0 0 e 0
0 exp Azt 0 e 0
Alr) = 0 0 exp Azt ... 0 (9)
0 0 0 exp Ant

is a diagonal matrix.
We shall limit ourselves to a third-order system, for which

g1=2a+7v, gz=a’+2ay+6% g3=(c®+p5%). (10)

Omitting the calculations, we write the main result

2(t) z(to) t 0
@) | = ®(t—to) | 3(to) +'y(a2+ﬁ2)/(§(t——£) 0| q(e) de. (11)
#(0) #(to) i 1

To perform computer simulation of perturbing accelerations, an excitation function ¢(t) must be as-
signed. It is convenient to take it in the form of a “white noise”. However, a sequence of independent
random numbers can only be used on a computer. The function g(¢) is given at discrete time instants
t = t;. Here, different variants are possible. Consider two of these variants:

(1) within each interval (g, ¢x+1), this function remains constant and varies only in a jump-like manner
at time instants ;. In what follows, this function is referred to as a step function;

(2) the function ¢(%) is a sequence of pulses

q(t) = q(k)(f(t —tk), k=0,1,2,....

This function is called a comb function, because pulses at the time axis form a kind of a comb.

Nevertheless, it is still vague whether or not we have selected the parameters of the model correctly,
and, first of all, the dominant frequency and variance of acceleration or support displacement. We arrive at
an answer to this question if for the quantities «, 83,~, and o, we assign the values reflecting the reality. The
parameters «, 3,7 and ¢ are involved in the autocorrelation function of the process being modeled, which
one can obtain in practice and, hence, determine these parameters.

The best way to check the correctness of parameter selection is to compare the autocorrelation functions
of the process we have modeled with the actual process.
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Since as a shaping filter we take a dynamic system that has a linear differential equation of third
order with constant coefficients (Eq. (3)), and the spectral density of the process is a fractional-rational

expression, then
K(7) = Cyexp(—|7]) + exp(—a|7])[Czsin 8| + C5 cos Br], (12)

where the constants Ci, C2, and C3 must be selected so that the process is twice differentiable, and its
variance is equal to the preset value o2. This is the variance of support displacement, which generates
disturbing acceleration. The parameters a and <y determine the degree of irregularity (randomness} of a
ship rolling/pitching, and 8 is the dominant frequency.

The spectral density of the process specified by autocorrelation function (12) is

Cry Ca(a® + B2 — w?) + Cra(a® + B2 + w?)

w? 47 (@2 ~ (a2 + B%))" + 4a?w? (13

S(w) :%

The denominator in the second term of formula (13) is minimum when w = §. This means that at
a frequency w close to the value of 3, spectral density will be maximum and this evidences that £ is the
dominant frequency of the random process.

For the differentiability condition to be satisfied, the coefficient of the fourth power of the argument w
in the numerator of formula (13) reduced to a common denominator must be zero. In the same way we
arrive at the conclusion that to have a twice differentiable process, the coefficient of w? must be zero. So,
we get the following set of equations for determining Cy, Cs, and Cj3

1 0 1 C]_ U‘2
2y(a?-8%) B(®+82—%) alc®+82+¥%) | |C2| =] 0 |- (14)
Y - o Cs 0
The solution to this set is
2 2,02 2 2 2 o’ 2 o?
C1=2af(c"+8 )35 Co=ay(38° +9" — )-D_’ Cs =py(#* ++4° — 3a° D

where D = B{2a(a? + %) + y(B8% +7* — 3a?)].
Thus, the autocorrelation function of a twice differentiable third-order stationary Markovian process
is rather complicated

ooy

K =
(r) 2a(a? + B%) + v(B% + % — 3a?)
(=77} 4o
exp(—|r sin 8| cos B3|
{2007+ ) 2D s cxpieafr) [ (397 47 - ) TN 4 4742 - gy =2 B0I] .
and the spectral density corresponding to this process is written as
2 2 2 _ 2 _ . 2\2
Sw) =2 (@® + %) (® - B —+7) (16)

™ (@2 )+ 2(a? — P + (a7 + 7))
where

20y0?
2a(a® + B%) +v(F* + % - 3a?)’

In order to model random vertical or horizontal vibrations of a support in small-tonnage ships in the
shelf zone of the Caspian and Black seas, we first assumed the following parameters for these processes:
a=02s"1,8=2s"1 y=1571 and o = 20 cm. The root-mean-square acceleration generated by this
displacement is about 65 gal. These parameters can easily be corrected if the dynamic characteristics of
the ship or the weather change. Both “roll/pitch” models yielded virtually identical results with the above
parameters. Figure 1 is an example of a moving support displacement caused by such “rolling/pitching”.

Q=
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Correlation functions of support displacement data: (1) computed by formula (15);
(2) a continuous step disturbing function; (§) a continuous comb disturbing function.

Figure 2 represents a respective array of support accelerations. The autocorrelation functions of “ship
rolling/pitching” for both models and the autocorrelation function calculated by formula (15) are shown in
Fig. 3. The similarity of these functions can be considered quite acceptable.

Thus, we managed to find algorithms for developing models of random processes, which involve the
displacement, the rate of displacement, and the acceleration of a support generated by the roll and pitch of
a ship. It is specified a priori that random processes are Markovian processes up to the third order included.
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