Moscow University Vestnik Moskovskogo
Physics Bulletin Universiteta. Fizike

Vol. 58, No. 8, pp. 5862, 2008 UDC 539.172.3

ATOMIC AND NUCLEAR PHYSICS
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BY PIECEWISE FITTING
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A new fitting-based iteration method to solve ill-posed problems has been pro-
posed. The suggested method of piecewise fitting was approved in restoring
the photonuclear process cross sections when studying bremsstrahlung v-beams
under limited experimental statistics.

INTRODUCTION

A high intensity of bremsstrahlung y-beams makes it possible to obtain experimental data with good
statistics. However, the data securing is complicated by the bremsstrahlung spectrum shape. In the exper-
iments on bremsstrahlung y-beams, the so-called photonuclear yield curve y(E;), i = 1,...,m, rather than
the cross section o(Z) of the reaction under investigation is directly measured. They are interrelated by
the integral equation

E;
W(E:) = ]A(E,-, E)o(E)dE, i=1,...,m, @)
Eo

where A(E;, E) is the function presenting the energy spectrum of bremsstrahlung y-beams [1]; E is the
y-quantum energy; Eo is the energy threshold of the reaction under study. We seek for the cross section in
form of the vector o = (0g1,082,-+ ., UEn)T of dimension n by subdividing the energy interval [Eq, E,;] of
interest into n equal intervals. Then, with regard to noise v, equation (1) goes into the equation

y = Ao +v. (2)

The problem of finding the cross section from equation (2} falls into the category of ill-posed problems
(2, 3]. The goal of the investigations and relevant mathematical modeling is to form a new alternative
method to solve ill-posed problems. The method is based on fitting (a procedure of fitting the sought
parameters at the minimization of a certain functional).

Attempts have hitherto been made at restoring the cross sections by fitting. The authors of [4] describe
the restoring procedure where the cross section was presented by a set of resonances, and the resonance
parameters (position, amplitude, and width) were subjected to fitting. Under the test conditions this method
gave a stable result, but it can hardly be applied to experiments with poor statistics due to the occurrence
of solution ambiguity. The proposed method can provide the result with high resolution with respect to
energy, including the case with poor statistics.
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PIECEWISE FITTING METHOD (PFM)

Let {z1,2,..., 25} be aset of sought parameters and k the number of concurrently fitted parameters.
To obtain one of the feasible solutions of (2), the following procedures are successively carried out: search
for a first approximation (Fig. 1, curve 2) and then stepwise refinement of the solution in a cycle. The first
approximation o is constructed by uniform extension by the operator C to the dimension n > k of the
column vector ‘T?n,xz,.--,rk} = (z1,.. .,z)T found by fitting. Subsequent approximations o; are developed

from the preceding approximations ¢;_; and vectors 021’1)1"21-- found by fitting. The model cross section

oTx}
a'{xl oz} 18 constructed from the approximation o;._3 vector by substituting randomly fitted parameters
for the worl{ing region coordinates. In this case, not all the cross section coordinates in the cycle are fitted
concurrently, but only those belonging to the working region. The name of the method comes from this,
and random sampling of working regions makes it possible to obtain a set of feasible nonidentical solutions,
which serve as a basis for the construction of the mean cross section and the error corridor (Fig. 1, curve 1).

The mode] cross sections U}I““’m,“}, 1 =0,...,p are found by minimizing the functional

F(zy, ..., o) =§:w.~ (%)Z:i{(-@) (ya—yém’d)r, (3)

i=1 =1

where y;, y™°? are the coordinates of the experimental and model vectors, respectively; §; = /4 are the
random errors (noise), ¢ = 1,...,m. To plot the model yield curve ymod — AGU'{'x],h’“_,“}, we use the
operator A in accordance with (2) and the smoothing operator G. As distinct from the functional of the
least-squares method, relation (3) has the weight coeflicients w;, which make the solution much more stable.
The PFM high weight coefficients (estimating the tolerance to neighboring intervals) account for the effect
of the experimental curve points on the solution. This allows one to get as much information as possible
from the experimental results. We write the procedure of finding the parameters {zy,a,...,z} by the
functional (3) minimization as

|Vy = VAGT 4,01,...003 || = miss, (4)

where V is determined by the diagonal matrix Vipxm, Vij = 1/w.-/rf.—, 1 = 7. We formulate the PFM on the
basis of the mathematical model chosen.
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Fig. 1

PFM-processed ®3Cu(vy, n)%2Cu reaction yield for different resolutions: 100 kEV (curve 1)
and 1500 keV—PFM first approximation (curve 2).
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Statement 1. One of the feasible solutions of equation (2) can be presented as oP° = o, where oy,

i=1,...,p, are the intermediate results found by fitting the parameters {z1,2,..., i} in the following
sequence:
— 0 : 3 : 0 — T
1. op = CGO'{EI’“’M,“} is a first approximation, where Oz o2mzn} = (z1,...,zx)* is found under
condition (4), wi =1Vi,i=1,...,m.
99i-1+ G0, oy, ey} ; 1 £-1 €4k .
2. o; = q+i 2::0%k2 . where crixhh,m’“} = (0,‘_1,...,06_1,111,...,ﬂ:k,oi_l,...,af‘_l) , 18

found under condition (4); £ is a randomn number, ¢ € N, a € R,

E+k ) n )
wi = {9, i<aof; Laf<i<all+k); = ZAijU’/ Z Aijo? 1, 1> a( +k}}-
i=¢ j

J=€+k

3. The number of p iterations made is determined by the behavior of the total functional (Fig. 2).
The criterion of the iteration process cessation, F — const, is formulated in [2].
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Fig. 2

Functional (3) values at fitting in the iteration cycle.

[}

Statement 2. The averaged PFM solution can be presented as = 3 af"s/l, where o7, i =1,...,1,
i=1

1
is a set of feasible solutions of equation (2) found by Statement 1. The error vector §; = \/ T (aP —7)° / L.
i=1
Statement 3. The averaged PFM solution can alternatively be presented as a superposition of
resonances,
. )
7(E) = Z

HE(E-P) ()

T Y S
where & = ¥ Of/l, F =Y E /l, M=% P{/l, z is the number of resonances; j is the resonance

i=1 i=1 i=1
number; ¢ is the trial number. The parameters O}, B!, Y (s = 1,...,l; = 1,...,z) are determined by
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Fig. 3

PFM-processed %3Cu(y, n)%2Cu reaction yield (solid line). The result is presented as a
superposition of resonances (curves with marks) according to Statement 3.
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Fig. 4

232Th(y, f) photonuclear reaction yield processed by different methods: PFM with 100 keV
resolution (curve 1), conventional method (curve 2). Specially decreasing the PFM result
resolution, we get curve § coinciding in the error limit with that obtained by conventional
restoration.
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minimization of the functionals
1 5l Pl i oPo _ gmeod 2
o S [
Fg‘(O"?E{!P{v-.-,ei,E",rf): (.'_.F__) ,
i=1 ¢

where o7 are feasible solutions of equation (2) found by Statement 1;

oroi(p) =3 oL(r)

=i (- ) (1)

The errors §07, §EV, 6TV at § = 1,..., 2 are specified by the dispersion formula.

The above statements are supported by the facts established in the numerical experiment: the behavior
of total functional (3) in the iteration cycle points to the method convergence (see Fig. 2}; the optimal values
of the key PFM parameters are found (further used in physical applications): k & 50, n = 4k, ¢ = 4, p ~ 102,
[ > 20. Testing the method on model cross sections have demonstrated that the model curve fits in the
error corridor obtained.

Upon passing the tests, the PFM was applied to restore the experimental data, the stability of the
result and its universality have therewith been demonstrated. In the paper, the results of restoration of
cross sections of photonuclear reactions 3Cu(y, n)%?Cu (see Figs. 1 and 3) and ?*?Th(y, f) (Fig. 4) based on
the yield curves available have been presented [6]. The obtained solutions are in statistical correspondence
with the resulfs of restoration by the reduction method [6] which supports our method efficiency. The fitting
procedure was performed using MINUIT software [5].

The authors are grateful to V.V. Varlamov for fruitful discussions of the results.
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