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A new fitting-based iteration method to solve ill-posed problems has been pro-
posed. The suggested method of piecewise fitting was approved in restoring 
the photonuclear process cross sections when studying bremsstrahlung 7-beams 
under limited experimental statistics. 

INTRODUCTION 

A high intensity of bremsstrahlung 7-beams makes it possible to obtain experimental data with good 
statistics. However, the data securing is complicated by the bremsstrahlung spectrum shape. In the exper-
iments on bremsstrahlung 7-beams, the so-called photonuclear yield curve y(E{), i = 1 , . . . , m, rather than 
the cross section cr(E) of the reaction under investigation is directly measured. They are interrelated by 
the integral equation 

EI 

y{Ei) = J A{Ei,E)a(E)dE, » = l , . . . ,m , (1) 
E 0 

where A(Ei, E) is the function presenting the energy spectrum of bremsstrahlung 7-beams [1]; E is the 
7-quantum energy; EQ is the energy threshold of the reaction under study. We seek for the cross section in 
form of the vector cr = (<tbi, cte2i • • • > <TEn)T of dimension n by subdividing the energy interval [i?o, Em] of 
interest into n equal intervals. Then, with regard to noise v, equation (1) goes into the equation 

y = A<r + v. (2) 

The problem of finding the cross section from equation (2) falls into the category of ill-posed problems 
[2, 3]. The goal of the investigations and relevant mathematical modeling is to form a new alternative 
method to solve ill-posed problems. The method is based on fitting (a procedure of fitting the sought 
parameters at the minimization of a certain functional). 

Attempts have hitherto been made at restoring the cross sections by fitting. The authors of [4] describe 
the restoring procedure where the cross section was presented by a set of resonances, and the resonance 
parameters (position, amplitude, and width) were subjected to fitting. Under the test conditions this method 
gave a stable result, but it can hardly be applied to experiments with poor statistics due to the occurrence 
of solution ambiguity. The proposed method can provide the res\ilt with high resolution with respect to 
energy, including the case with poor statistics. 
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PIECEWISE FITTING METHOD (PFM) 

Let {xi , X2,. . . , ®fc} be a set of sought parameters and к the number of concurrently fitted parameters. 
To obtain one of the feasible solutions of (2), the following procedures are successively carried out: search 
for a first approximation (Fig. 1, curve 2) and then stepwise refinement of the solution in a cycle. The first 
approximation cr0 is constructed by uniform extension by the operator С to the dimension n > fe of the 
column vector cr°Xi X2 Xky = (®i , . . . , x; :)T found by fitting. Subsequent approximations «т,- are developed 
from the preceding approximations <r,_i and vectors &\Х1)Х2^„>Хку found by fitting. The model cross section 
cri i is constructed from the approximation cr,_i vector by substituting randomly fitted parameters 1 >Fi ЧСС K_J 

for the working region coordinates. In this case, not all the cross section coordinates in the cycle are fitted 
concurrently, but only those belonging to the working region. The name of the method comes from this, 
and random sampling of working regions makes it possible to obtain a set of feasible nonidentical solutions, 
which serve as a basis for the construction of the mean cross section and the error corridor (Fig. 1, curve 1). 
The model cross sections <т\ „. „. , , i = 0 , . . . , p are found by minimizing the functional 

. . . , * ) = s > = £ [ ( f 1 ) ( » - rf-) (3) 

where yi, y™od are the coordinates of the experimental and model vectors, respectively; Si = у/yi are the 
random errors (noise), i = l , . . . , m . To plot the model yield curve yf10*1 = we use the 
operator A in accordance with (2) and the smoothing operator G. As distinct from the functional of the 
least-squares method, relation (3) has the weight coefficients Wi, which make the solution much more stable. 
The PFM high weight coefficients (estimating the tolerance to neighboring intervals) account for the effect 
of the experimental curve points on the solution. This allows one to get as much information as possible 
from the experimental results. We write the procedure of finding the parameters {a?i, . . . , by the 
functional (3) minimization as 

|| V y - V A G < r { x i , x ^ X k } f E = min, (4) 

where V is determined by the diagonal matrix Vm X m , Vij = y/wlf Si, i = j. We formulate the PFM on the 
basis of the mathematical model chosen. 

cr. mb 
100 г 

Ey, MeV 

Fig. 1 
PFM-processed 63Cu(7, n)62Cu reaction yield for different resolutions: 100 kEV (curve 1) 
and 1500 keV—PFM first approximation (curve 2). 
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Statement 1. One of the feasible solutions of equation (2) can be presented as crpos = ap , where <x,, 
i = 1 , . . . ,p, are the intermediate results found by fitting the parameters {xi , x2,..., in the following 
sequence: 

1. (To = CGa9 „ „ i is a first approximation, where cr9 „ „ г = (хл,..., xk)T is found under 1*15*2 vj^fc/ Iя' 1 J* 2 J...J&k / v ' 
condition (4), гог- = 1 Vi, г = 1 , . . . , га. 

2 tr- - q,7i-1+G<T{*i-*2 where - / V n*'1 x, r, rrf+fc rr" ^ is 
found under condition (4); £ is a random number, q E N, a £ R, 

Wi = jo, г < 1, c£<i< atf + к)- ~ ( J ^ V / ^ }, » > a(£ + *)}• 
I \j=( ' j=t+k J J 

3. The number of p iterations made is determined by the behavior of the total functional (Fig. 2). 
The criterion of the iteration process cessation, F —> const, is formulated in [2]. 
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Fig. 2 

Functional (3) values at fitting in the iteration cycle. 

_ / / 
Statement 2. The averaged PFM solution can be presented as cr = £ er?os /1, where <r?os, г = 1 

i = l ' 

is a set of feasible solutions of equation (2) found by Statement 1. The error vector Si = (°"fOS J ^ 

Statement 3. The averaged PFM solution can alternatively be presented as a superposition of 
resonances, 

©J (f)2 
cr{E) = £ _ Л J _ . 2 , 

j=1 (e - E3^j + (r') 

where W = £ Qi/l, Ё1 = £ Ц I, V = £ Г> Д г is the number of resonances; j is the resonance 
»'=i ' i=i ' i=i ' 

number; i is the trial number. The parameters Qj, Ej, Г̂  (г = 1 , . . . , / ; j = 1 , . . . , г ) are determined by 
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<T, mb 

Ey, MeV 

Fig. 3 

PFM-processed 63Cu(7, n)62Cu reaction yield (solid line). The result is presented as a 
superposition of resonances (curves with marks) according to Statement 3. 

Er, MeV 

Fig. 4 
232Th(7, / ) photonuclear reaction yield processed by different methods: PFM with 100 keV 
resolution (curve 1), conventional method (curve 2). Specially decreasing the PFM result 
resolution, we get curve 3 coinciding in the error limit with that obtained by conventional 
restoration. 
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minimization of the functionals 
n / pos _ mod \ 

Ft (el Eh Tl г?) = £ 

where cr?os are feasible solutions of equation (2) found by Statement 1; 

(ri)2 
„ m o d <7i w = E 

l=l(E-E>) +(r?)' 

The errors SQJ, SE^, ST^ at j = 1,..., z are specified by the dispersion formula. 
The above statements are supported by the facts established in the numerical experiment: the behavior 

of total functional (3) in the iteration cycle points to the method convergence (see Fig. 2); the optimal values 
of the key PFM parameters are found (further used in physical applications): к = 50, n = 4k, g = 4, p ~ 102, 
I > 20. Testing the method on model cross sections have demonstrated that the model curve fits in the 
error corridor obtained. 

Upon passing the tests, the PFM was applied to restore the experimental data, the stability of the 
result and its universality have therewith been demonstrated. In the paper, the results of restoration of 
cross sections of photonuclear reactions 63Cu(7, n)62Cu (see Figs. 1 and 3) and 232Th(7, / ) (Fig. 4) based on 
the yield curves available have been presented [6]. The obtained solutions are in statistical correspondence 
with the results of restoration by the reduction method [6] which supports our method efficiency. The fitting 
procedure was performed using MINUIT software [5]. 

The authors are grateful to V.V. Varlamov for fruitful discussions of the results. 
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