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THEORETICAL AND MATHEMATICAL PHYSICS

HELMHOLTZ DIFFERENTIAL EQUATION
WITH AN OBLIQUE DERIVATIVE AND DIRICHLET
CONDITION SPECIFIED ON OPPOSITE SIDES OF CUTS
IN A PLANE
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Existence and uniqueness theorems for the solution of a boundary-value problem
for a nonwave Helmholtz differential equation, where the Dirichlet condition and
condition with an oblique derivative are specified on the opposite sides of cuts
in a plane, are proved. An integral representation for the solution is obtained.

Let us consider on the plane x = (z1,22) € R? a set of simple open curves I'y,...,I'y of class C>?,
A € (0,1], having no common points, the ends included. We will refer to this set as the contour I'. Let the
contour I' be parametrized, the parametrization parameter being the arc abscissa (length of arc) s: Ty, = {z:
z = z(s) = (21(8),22(8)), s € [an,bn]}, n =1,..., N. We select parametrization such that for different n the
line segments [a,, b,] on the axis 0s have no common points, including the ends. The vector of the tangent
line to I at the point z(s) that indicates the direction of increase of the parameter s will be designated as
7z = {cosa(s), sina(s)}, and the vector of the normal that coincides with the vector of the tangent line
upon rotation through an angle of 7/2 counterclockwise, as n;, = {sina(s), — cosa(s)}. With the above
parametrization, z(s) = cosa(s), z4(s) = sina(s). The set of the segments of the axis 0s that correspond
to the contour I, will also be designated as I'. We will say that the function F(s) defined on I" belongs to the
Banach space CZ(T'), r € (0,1], » € [0, 1), provided that Fo(s) = F(s) I—[iv:l [[(s = an)(s — bn)]*| € COT(L).
The norm in the space C(T") is defined by the formula ||-7'-(3)||c;(r) = ||Fo(s)llco.r(ry - We assume that the
plane R? is cut along the contour I'. We denote by I't that side of the contour I', which remains on the left
as the parameter s grows and by I'” the opposite side. We use the symbol X to designate the set of the
points of the plane that consists of the ends of the contour I': X = (J,,_, (z(an) Uz(by)).

We will say that the function u(z) = wu(zi,z2) belongs to the smoothness class G if (1) u(z) €
C°(R2\T), i.e., u(z) is continuous outside of the cuts of I, is continuously extendable to the cuts of I from
the left and right at all points, and also continuously extendable to the ends of the cuts of T'; (2) uz,,us, €
C°(R2\T \ X), where X is the set of the ends of the contour I'; and (3) at the ends of the cuts of I" the
functions uz,,u;, can have integrable singularities, i.e., as * — z(d) € X, the following inequality holds
true for certain constants § > —1, A > 0:

|u1'j (‘T)l < Al:l! - x(d)|67 Jj=12, (1)

whered=a,ord=b,,n=1,...,N.
Let us formulate a mixed problem for a Helmholtz differential equation outside of a system of cuts
in a plane.
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Problem Y. To find: The real function u(z) from the class G that satisfies in R? \ T in the classical
sense the Helmholtz equation

Au—-k*u=0, k=Rek>0, ()
the boundary conditions
u(@)|p+ = f7(s), 3)
ou du o
(K +ﬂ3_‘rx-) o f=(s), (4)
and the conditions at infinity
@ =o(lel™2), Vul=o(lal™?), ol = (e} +)"* = co. 5)

We assume that f*(s), f~(s) are specified real functions and that 3 is a specified real constant.

An analog of Problem U for the Laplace differential equation was studied in [1]. Then, by [.....ds we
will mean Z:’:l f:: ...ds. Using the method of energetic identities, we can prove the following theorem.

Theorem 1. IfT € C?*, A€ (0,1], then Problem U has no more than one solution.

We will construct the solution of Problem U/ assuming that f+(s) € CYA(T), f~(s) € CO}T). We
note that the Hoelder coefficient A is taken to be the same in defining the smoothness of both the contour I'
and the functions f*(s), f~(s). If the value of this coefficient differs between these two cases, the least one
should be used. Instead of boundary condition (3) we write the equivalent condition

2l =t st =L e cor, ©)

or; r+

u(z(an)) = f*(as), n=1,...,N. (7)

We denote by Ko(z) the zero-order Macdonald function [2] that is a singular solution of equation (2).
We will construct the solution of Problem &/ by means of the potential’s theory for equation (2). We
seek the solution of Problem i in the form

ulp, v|(z) = Vul(z) + Tv)(z), ©)

where V[u](z) = 5= [ p(0)Ko(k|z—y(o)|) do is the potential of a simple layer for equation (2) and T'[v](z) =
5= Jpv(0)U(z,0)do is the angular potential for equation (2). The angular potential for the Helmholtz
equation was studied in [3]. The densities u(s), v(s) will be sought for in the Banach space CL(T'), r € (0, 1],
» € [0,1). The angular potential’s kernel U(z, o) is defined on each arc 'y, (n =1,...,N) by the formula

U@0)= | : %Ko(klw Ot 2 &b,

where y = y(§) = (¥1(£),32(8)), |z—y(€)| = V(z1 — 11(€))? + (z2 — y2(£))?. In what follows, we will assume
that the angular potential density satisfies the additional conditions (3, 4]

by
/V(a)da=0, foae BN )

an

Integrating T'[v](z) by parts and using (9), we express the angular potential in terms of the double-layer
potential

T(E) = ~55 [ Plo) g Kolblz — u(o)) do,
¥/

where p(0) = f”" v(€)dE, o € [an,bn], n =1,...,N. Obviously the potentials T'[v](z) and V[u|(z) satisfy

a.

both equation (2) outside of I and the conditions at infinity (5).

2



Moscow University
Physics Bulletin Vol. 60, No.5

Analogs of the potentials T[v](z) and V[u](z) that contained in their kernels the zero-order Hankel
function of first kind, H((,l) (), in place of the Macdonald function were studied in [3]. Inasmuch as H{"(z) =
—2K(—iz), the theory of the potentials T'[v](z) and V[u](z) is in essence contained in [3], and so we will
make use of the results of that work. It has been demonstrated in (3] that if u(s),v(s) € CL(T), r € (0,1],
» € [0,1) and conditions (9) are satisfied, function (8) belongs to the class G and meets all the conditions
of Problem U, except for boundary conditions (3), (4). Specifically, inequality (1) is satisfied at § = —s¢ if
» € (0,1).

To meet the boundary conditions, we substitute function (8) into expressions (4), (6), using the limiting
formulas for the angular potential from [3], and obtain the following integral equations for the densities
wu(s), v(s) on I':

- / 2 (u(o) Kolkla(s) — y(0)) + (o) (a(s), o) do + 22 = 74 (o),
_L*'zﬂ”if_ - / 5 (1@ Ko(klz(s) = y(@)]) + (o) (a(s), 0)) dor (10)

+ ﬂ / s (o) Ko(k|z(s) — y(0)]) + v(o)U(z(s),0)) do=f(s).

Substituting function (8) into conditions (7), we obtain additional equations for v(s), u(s),
V[p](a:(a,,))+T[u](:c(an)) =f+(a7l)) n= 1,"~1N' (11)

The following theorem issues from the above reasoning.

Theorem 2. Let T € C?*, ft(s) € CYNT), f~(s) € CONT), A € (0,1]. If the system of equations
(9)-(11) has a solution v(s), u(s) such that v(s),u(s) € CL(T), r € (0,1], » € [0,1), the solution of
Problem U then exists and is given by formula (8).

Equations (10) can be written in the form (s € I')

v+ 3 [ o)+ [vopm(s,o) o+ [ uoynts,o)do =21 (o),

r 01 r o r (12)
—ls) = 0u(s) = - [0 = Buo)) = + [ uloYvals ) do - / W(o)un(s, 0) do =21 (s),

r r r

where vl(s o) = 1 2U(x(s),0), va(s,0) = L2 Ko(k|z(s) — y(o)|) — o v3(s o) = (%Kg(klm(s) -

™ Os 7 O0s

1 52 Ko(klz(s) — y(o)]), va(s,0) = —L52-U(a(s),0) — 75—y — 82U(x(s),0). Since
I'e C?,it then follows from [3, Lemmas 2, 3] and [4, Lemmas 1, 3] that v;(s,0) € COP°(I'xT), j =1,...,4,
where

ol {1\— €0 ;f)roa:y/\ez ole (0,1] if A=1. (13)

We put ¢ = /B2 + 1, ¢+ = ¢+ f = \/B? + 1 £ . Substituting the unknown functions by the formulas
p1(s) = c_v(s) — u(s) € CL(T), pa(s) = c—p(s) + v(s) € CL(T), (14)
v(s) = (p1(s) + c4+p2(s))/(2¢),  u(s) = (p2(s) — c4+p1(s))/(2¢), (15)

we get equations (12) in the new variables (s € I)

pi(s) - = Pl(U)i'F p1(0)11(s,0)do + [ pa(0)Yi2(s,0)do
ey —

=2(cf"*(s) + £ (5)) = fuls) € COND),
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i do
p2(3) + = [ pa(0)—— + [ p1(0)Yar(s,0)do + [ pa(0)Yaa(s,0) do
2 71_F/ 2 o I‘/1 ! (16)

=2c_(cf"*(s) = £7(5)) = fa(s) € CON(D).

Here Yi:1(s,0) = {cvi(s,0) — c4(cva(s,0) + v3(s,0)) — va(s,0)}/(2¢), Yr2(s,0) = {cyevi(s,0) +
cva(s,0) + v3(s,0) — c4va(s,0)}/(2¢), Yai(s,0) = {c_cvi(s,0) — cva(s,0) + v3(s,0) + c_v4(s,0)}/(2¢c),
Yao(s,0) = {cvi(s,0) + c—(cva(s,0) — v3(s,0)) + v4(s,0)}/(2¢). It follows from the smoothness of the
functions v; (s, o), ..., v4(s, o) that Yji(s,0) € CO¥P(I'xT), j,1 = 1,2; po is borrowed from (13).

In terms of p;(s), p2(s), conditions (9), (11) will assume the form

V [p2(s) = c4+p1(5)] (z(an)) + T [p1(5) + c4p2(s)] (z(an)) = 2¢f* (an),

7 (17)
/(pl(s) +cyp2(s)) do=0, n=1,...,N.

System (16), (17) is a particular case of the systems studied in [5]. By Theorem 1 from [5],
all the solutions p;(s), p2(s) of system (16), (17) that belong to CL(I'), r € (0,1}, » € [0,1),
are representable in the form pj(s) = px(s)/Qj(s), 7 = 1,2, where p1.(s),p2.(s) € CO""(F),
w = min{A7,3 -7} Qi(s) = [Incils — anl'/?~7|s — b|"/2+7 sign(s — a,) € CO1/2- 7(1“) 2(s) =
Hn 1|8 = an|*7|s — b,|Y sign(s — an) ECO"'(I‘) the number  is defined by the equality 7 = 5~ arctan 3 €
(0, 3) - Hence it follows that p;(s), p2(s) € CF(T'), where

i 13
q=ma"{l+%1—7}’ A Ui (18)
2 w if y=1.

Let us prove that homogeneous system (16), (17) has only a trivial solution among the functions
p1(s), p2(s) € CZ(T). Let p(s), p3(s) be the solution of homogeneous system (16), (17) in the space
“’(I‘) where @ and q are borrowed from (18). In that case, the functions v°(s) = (p9(s) + c4+03(s))/(2¢),
(s) = (p9(s) — c+p(s))/(2¢c) constructed by formulas (15) give the solution of homogeneous system
( )-(11). Obviously, homogeneous Problem U (with f*(s) = f~(s) = 0) is associated with homogeneous
system (9)—(11). According to Theorem 2, the function u°(z) = V[u®](z) + T[+°](z) is the solution of ho-
mogeneous Problem U. Using Theorem 1, we have u°(z) = 0. From the limiting formulas for the tangential
and normal derivatives of potentials [3] we obtain
ou® 0

ong,

oul

z(s)ert aTT

oul

= = Oa 0(3)
z(s)er+ ong

z(s)er— 6T$

po(s) =

0,

z(s)er—

hence pd(s) = p3(s) = 0. Homogeneous system (16), (17) thereby has only a trivial solution among the
functions p{(s), p3(s) € CZ(T'), where @ and g are borrowed from (18). The following theorem issues from
Theorem 1 (item 1) and Theorem 2 from [5].

Theorem 3. LetT € C**, f*(s) € C**T), f~(s) € COMNT), A € (0,1]. In that case, inhomogeneous
system (16), (17) has the only solution among the functions pi(s), p2(s) € CL(T) (r € (0,1], » € [0,1)).
This solution is representable as p;(s) = pj.(s)/Q;(8), 7 = 1,2, where p1.(s), pa«(s) € C*¥(T), w =
min {},v, 3 — 7}; consequently, pi(s), p2(s) € CZ(T) (@ and q are borrowed from (18)).

The solution x(s), v(s) € CZ(T) of system (9)-(11) is defined by formulas (15) where p1(s), p2(s) is the
solution of system (16), (17), guaranteed by Theorem 3. One more theorem follows from Theorems 1 and 2.

Theorem 4. LetT' € C**, f*(s) € CYA(T), f~(s) € CO*T), A € (0,1]. In that case, the solution
of Problem U ezists, is unique, and is given by formula (8) where the densities u(s), v(s) are taken from
(15), where the functions pi(s), p2(s) € C3(T) (@ and q are specified by expressions (18)) are the solution
of system (16), (17), guaranteed by Theorem 3.

Theorem 4 establishes the existence and uniqueness of the classical solution of Problem U. As follows
from the definition of the class G, the gradient of the solution of Problem &/ can have singularities at the
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ends of the contour I'. According to Theorem 5 (item 3) from [3], inequality (1) holds true with § = —q.
We write the explicit asymptotic formulas describing the singularities Vu at the ends of the contour I'. Let
z(d) be one of the ends of the contour I', d = a, or d = b,, n = 1,..., N, i.e., z(d) € X. We introduce in
the neighborhood of z(d) the polar coordinate system z; = |z — z(d)|cosp, z2 = |z — z(d)|sinp. Recall
that a(s) is the angle between the direction of the axis Oz; and the vector of the tangent line 7, at the
point z(s) € I'. Considering that ¢ € (a(d),a(d) + 27) if d = a, and ¢ € (a(d) — m,a(d) + «) if d = b,
n =1,...,N, we assume from continuity that a(a,) = a(a, + 0), a(b,) = a(b, — 0) and introduce the
functions pi(an,s) = p1(8)|s — an|?77, p2(an,8) = p2(s)|s — a,|'~7 that are Hoelder functions on I in
the neighborhood of a,, and the functions pi (bn,s) = p1(s)|s — bn|/?+7, pa(bn,s) = pa(s)|s — bu|” that are
Hoelder functions on T in the neighborhood of b,. Repeating the reasoning from [6], we get the following
theorem.

Theorem 5. Let z — z(d) € X, whered =a, ord="b,, n=1,...,N. In that case, in the neighbor-
hood of the point z(d) the following formulas hold true for the derivatives of the solution of Problem U:

(1) at d = an,

ou B p2(an,an) K p1(an,an) XS 1
523 e oy = So—s(a)i C4 COS [35 0(an,1 ’Y)] So—z(an)|/7— cos |j5 = 0| an, 377 +0(1),
(2) at d = by,
ou _ ﬁz(bn,bn) LT f)](bn,bn) . LT 1
By~ BamaG 17 ~ 00|+ i i 13 =0 (B g )| + 00

where j = 1,2; 0(an,n) = n¢ + (1 = n)a(an); 0(bn,n) = np + (1 — n)a(bn) — 7y; the symbol O(1) denotes
functions continuous in the neighborhood of the point x(d) that is cut along the contour I'. Moreover, the
functions designated as O(1) are continuous at the very point z(d).
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