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RADIOPHYSICS

TWO-DIMENSIONAL PLASMA AND SPACE-CHARGE
SHEATH EQUATION FOR THE GAS DISCHARGE POSITIVE
COLUMN
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A plasma and space-charge sheath equation that extends the Langmuir—-Tonks
equation to a two-dimensionally nonuniform plasma has been obtained. This
equation can serve as a basis for calculating the spatial characteristics of the
plasma of a gas-discharge positive column of arbitrarily shaped boundary under
conditions of free flight of ions. The results obtained are of interest in mod-
eling the processes occurring in ion sources and low-pressure plasma chemical
reactors.

The positive column of a gas discharge in conditions of free flight of ions was first analyzed by Langmuir
and Tonks in 1929 ([1]; see also review [2]). The plasma and space-charge sheath equation obtained by them
allows one to calculate the spatial distributions of the electrostatic potential and density of charged particles,
as well as the lifetime of the latter, provided that the plasma is unidimensonally nonuniform. At the same
time, working chambers of plasma reactors or ion sources are usually of cylindrical (or more complex) shape,
the chamber radius and height being approximately equal, so that the plasma unidimensional nonuniformity
condition is not satisfied.

In this work, we will obtain a most simple plasma and space-charge sheath equation describing a two-
dimensionally nonuniform plasma column in conditions of free flight of ions. Since we do not consider
the mechanisms of energy transfer to electrons, the results obtained can be applied to both direct-current
discharges and low-pressure high-frequency and microwave discharges.

1. ORIGINAL ASSUMPTIONS AND THE GENERAL FORM OF THE PLASMA
AND SPACE-CHARGE SHEATH EQUATION

We consider the positive column of a gas discharge in a spatial region limited by the surface Q. The
original assumptions of the positive column model are the same as those for the unidimensional model.

1. The positive column consists of neutral particles, electrons, and ions of one and the same species.

2. The energy distribution of the electrons corresponds to a Maxwell distribution with a temperature T,
independent of the coordinates. The electrons are in equilibrium with the electrostatic field.

3. The ionization mechanism is direct ionization of the neutral particles by electron impact from their
ground state. The recombination mechanism is surface recombination on the wall located on the specified
surface Q. By virtue of assumption 2, the ionization frequency denoted as v; is coordinate-independent.

4. The ions originate with a zero energy and reach the walls in free flight.
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5. We also assume that a point exists where the electrostatic potential is at its maximum and that
the potential distribution along the path of each individual ion is monotonic. The fulfillment of the latter
condition should be verified upon completion of the solution.

Following Langmuir and Tonks, we will proceed from the Poisson equation

Ap = —4me(n — ne). (1)

Here and elsewhere ¢ is the ambipolar potential; n, and n are the densities of the electrons and ions,
respectively; and e >0 is the elementary electric charge. Since the electrons are in equilibrium with the
electric field, it follows that

ne = ng exp(ep/kTe), (2)

where ng is the electron density in the center of the positive column and k is the Boltzmann constant.

To close the system of equations (1)—-(2), it is necessary to compute the ion density at the point .
To solve this problem, we will proceed from the balance relations similar to those used in [1-3] when
solving unidimensional problems. Let rg(¢) be the coordinates of the point of origin of an ion that at
the instant ¢ after origination finds itself at the observation point 79*. The set of all the points rg(t) is
a parametrically specified curve. In a symmetrical coordinate system, the curve rg(t) starts at the origin
of coordinates (where the potential is at its maximum, ¢ = co) and terminates at the observation point
(t = 0). The trajectory 1(t,¢;) of the ion born at the point rg(t) at the instant ¢, =t passes through
the point ro. Thus, the curve rg(t) and the trajectory of the ion have two common points (Fig. 1). We
introduce in the neighborhood of the curves rg(t) and 1(¢,¢;) the coordinate system (u,v,w) with the base
vectors (ey,e,,e,)! such that the conditions (7e,) # 0 and (ne,) # 0 are satisfied, where T = drg/dt,
n = 01/0t; are the tangent vectors to the curves rg(t) and 1(¢,¢;). In that case, the coordinate u can be
used to parametrically specify both of the curves, which we will designate as rg(u) and 1(ug,u)*.

Aw,

Fig. 1

Mutual arrangement of the ion trajectories [ and the set of the points of origin of the
trajectories rg hitting the observation point rg.

* Hereinafter all the quantities relating to the point of origin of the ion will be marked by the subscript S,
whereas those relating to the observation point, by the subscript 0.

t If the coordinate system is specified by the function r(u,v,w), then e, = dr/du, e, = 9r/dv, e,, =
Or/dw.

t Specifically, either of the variables ¢t and ¢; can be used as the coordinate wu.
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Fig. 2

Mutual arrangement of adjacent ion trajectories: (a) plane geometry, (b) cylindrical geom-
etry, and (c) arbitrary geometry.

We consider a flux of ions born in the neighborhood (Aug, Avg, Awg) of the point rs(u) and flowing
through the neighborhood (Awvg, Awg)* of the observation point in unit time. The number of ions in the
flux AN = An(V(us,us)[ew X eyo])AvoAwy, where An is the density of these ions in the neighborhood
of the observation point. Alternatively, AN = v;n.(ug)(eus[evs X ews])AusAvsAwg. Equating both of
the expressions for AN, we obtain

ne(us)vi(eus[evs X ews])AusAvsAwg
(V(us,us)[ewn X eyo])AvgAwg

An(us) =

Letting Aug, Avg, and Awg tend to zero, considering the functional relationship between (Awvg, Awyg)
and (Avg, Awg), and integrating with respect to dugs, we get

n(ug) = /d”s ne(us)vi(euslevs x ews)) (3(v0,w0) )-1 . =

(V(’us, UQ)[euo X e.,o]) 6(115, ws)

rs

The velocity V(ug,uo) at the observation point ug of an ion born at the point ug, the functional relation-
ship (8(vo,wo)/8(vs,ws)) of the coordinates, and the integration curve rg(ug) should be found from the
equations of motion of the ions in the field of the potential . Substituting expressions (2) and (3) into
Poisson equation (10) and omitting the subscript 0 of the quantities relating to the observation point, we
obtain the following multidimensional plasma and space-charge sheath equation:

Ap = 4mnge (exp (ecp(r)) —y /dus (eus[evs X ews]) <B(vo,w0) ) o exp (ego(rs)>)'
kTe < (V(’uS,’U,o)[euo X ev()]) a(vs,ws) kTe
rs
* wug, vo + Avg, and wo + Awyg are the coordinates of a point in the neighborhood of the observation

point ug, through which there passes the trajectory of the ions born at the point (us,vs + Avg, ws + Aws),
i.e., they are the functions of (ug, Avg, Awg).
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On introducing the dimensionless potential 7 = ep/kT. and designations rp. = kT./4me’*ng, Vs =
VkTe/M, where M is the mass of the ions, the sought-for equation will be simplified:

-1
3, An = exp(n(r)) — v / dug o cus[Cus X Cus]) (6(”"’“’")) exp(n(us)). (4)

(V(’U,S, uO)[euO X evO]) a('Us, ws)

The result obtained by Langmuir and Tonks can easily be derived from equation (4) upon allowing for the
functional relationship Ay = (z/zs)*Ays and the straightness of the lines rg(t) and 1(¢,¢;) and introducing
a rectangular coordinate system in their neighborhood (Fig. 2a,b). Here p = 0 for plane geometry, u =1
for cylindrical geometry, and p = 2 for spherical geometry. It follows from equation (4) that

L
- __4 [zs_ dus
rhetin = exp(n() ~ - [ 22— exp(r(us)) ©)

0

As distinct from the unidimensional problem, where the resultant equation is mathematically exact
(within the framework of assumptions (1)-(5) made), when writing down the two-dimensional equation, one
has to use, at a certain stage, the perturbation theory. In essence, it is necessary to indicate the explicit
form of the curve rg(u) and ion trajectories. The position of a point on a trajectory will be a functional
of the potential, i.e., it will depend on all the derivatives of the potential in the neighborhood of the
curve. When constructing an approximate solution in the simplest model, we will take account of the lower
derivatives, using as a small parameter the ratio between length of the trajectory and its radius of curvature.
The direction of motion of the ion depends on the ratio E,/E,. Curvature arises when this ratio starts
depending on the coordinate. We note that curvature as such affects only the shape of the ion trajectory. The
ionization balance, hence the potential distribution along the trajectory depends on the rate of divergence
of the adjacent trajectories, governed by the spatial potential distribution. Thus, the small parameter will

1
be the quantity pu = (L% In %) , where L is the length of the trajectory. The very expression for the

small parameter bears witness to the complex form of even the lowest-order approximations. Since different
versions of the perturbation theory construction are possible, different forms of the plasma and space-charge
sheath equation can exist.

The boundary conditions on the surface @ for equation (5) may be formulated as follows*. For the
positive column restricted by a dielectric, the boundary condition has the meaning of the local equality of
the electron and ion currents [1-4] at each point g of the boundary surface. To calculate the electron current
to the wall, we can use the equation of the standard probe current theory [8] (A is a constant of the order
of unity that depends, for example, on the form of the electron energy distribution function and m is the
electron mass)

6(a) = { Al(euafevs % eualy/ 22 exp(oe)

- /(eus[evs x eys]) exp(n(us)) (M) =4 dus} W (6)

d(vs, ws)

r=
rs q

In the case of conductive boundary, the equality condition for the electron and ion currents should be
imposed on the surface as a whole,

fe@a=o. ()
Q

And finally in the case of quasineutral approximation (rp. < L), neglecting the processes occurring in the
space-charge sheath when 7p. = 0 is put in expression (7), the boundary condition has the meaning of
violation of the mutually unambiguous coordinate transformation relation [5]

a(x7 y1 Z) — 0

3m v,w) ®)

* The points belonging to the boundary surface will be denoted by the subscript g.
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2. APPROXIMATE VERSION OF THE PLASMA AND SPACE-CHARGE
SHEATH EQUATION

In this section, we will obtain one of the simplest versions of the plasma and space-charge sheath equa-
tion, restricting our consideration to the two-dimensional problem. We simplify equation (4) by introducing
a cylindrical coordinate system (Fig. 2c). Here u is a coordinate parametrically specified on the curve rg(u);
70, B9 are the coordinates of the observation point; rg(u,rg,60), 0s(u,r0,00) are the coordinates of a point
on the curve rg(u), at which an ion is born; V'(u,ro, 6p) is the velocity that the ion born at this point has
when it reaches the observation point; and @y is the angle determining the ion velocity direction. When
calculating the trajectory of the ion, we will also use a rectangular system of coordinates zy, whose z-axis
is directed along the radius (see Fig. 2c).

In the simple model described below, the motion of the ion along the z-axis will be so described as if
there is no motion along the y-axis. What is more, we will restrict ourselves to a first-order approximation of
the perturbation theory. In that case, n(rs,fs) = n(rs, ) — gggAy-{—. .., where (—Ay) is the y-coordinate
of the point (rg,fs) in the zy coordinate system (see Fig. 1),

0
ne(rs,0s) = ne(rs, 6o) (1 - ;S—%Ay +.. ) :

V,- S V(u, UQ) cos(0v(u0, To, 90) - 00) = Vs \/2(7](’!‘5, 00) — 7)(7’0, 00))

(9)

To calculate Ay, we use the Newton equation for ions. Assuming

i on 9%n 8n
"2 2

where all the derivatives are calculated on the ray @ = 6y = const and are functions of r and 6y, we obtain

v /r dr’ on

it o - LoV
s \/2(77(7’5, 00) e 77(7”': 00)) ay

To r

. dr’ dr" an
y(rs,0s,7) = /ydt’—ys =/ / il
, 2y/n(rs,00) — n(r',6o) J Vn(rs,80) —n(r",6o) Oy

r

t

. an

y(rs,0s,7) = —Vg/dt'a—y =
y (11)

Comparing the trajectories of the ions born at two adjacent points 6y and 6y + A8 (see Fig. 2¢), we get

’
T0 L
2

dr’ dr” 0
Ay(rs,Ho,r) = LAyO +/ 4 / . —qu(TSaoo,T")- (12)
To b n(rl100)
TS

2\/77(7'.5, bo) \/17(7-5, 6o) — n(r"", 6o) oy?

g

Relation (12) is an integral equation in Ay. In the limit as Ay — 0, equation (12) yields the following
equation for the rate of divergence of the ion trajectories:

To

dy(‘l's, 00’ 7') = L + / dr’ ] dr" ?ﬁz dy("'& 00) ’I"”)
dyo To 2\/77(7‘5, 00) —~F TI(”", 00) \/77("'3» 00) o5 T](’I‘”, 00) ay2 dyo b
rs

(13)

r

The first term here takes account of the rotation of the coordinate system due to the variation of the
angle 6. Considering the relationship between the coordinates z, y and r, # and solving equation (13) by
the perturbation theory method, we get

To

o dr’ / dr” wly
dyo To 21/n(rs,00) — n(r',60) J /n(rs,00) — n(r",60) 7"1006* )
rs

rs
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The above relation, when used in conjunction with formula (9), enables one to calculate the density of ions
at the observation point, (3)

To

/en(rsyeo)r_s drs
ro \/n(rs,60) — n(ro,60)

n=

Vi
V2Vs J

X

1+]) dr’ /r dr” ( an On N %n )
2y/1(rs,00) —n(r',00) J \/n(rs,00) —n(r",60) \rs00 706 ~ rs57"962) |’
TS )

and the plasma and space-charge sheath equation has the form (we have omitted the subscript 0 for the
observation point)

. T dr
(W2 Ap =1 Y / n(rs.0)=n(r6) TS S
elnllrbebn =1 Tz | © r s, 0) — 1, 0)
0
) . (14)
y 1+/ dr’ / dr” (67) on + 9%n )
2y/n(rs,0) —n(r',0) J Vn(rs,8) —n(r",8) \rsdl r"00 ~ rsr"06?

rs

If the azimuthal derivatives are equal to zero, equation (14) implies the result obtained by Langmuir
and Tonks, (5) [1]. The additional terms in (14) describe the azimuthal equalization of the potential and
the growth of the density of ions as a result of their azimuthal drift (the ions come from a region of
higher electron density). Both of these effects prove to be of nonlocal character, for they depend on the
properties of the potential at all the points visited by the ion. The ionization frequency is the eigenvalue
of equation (14). In those trajectories where the distance R(6) to the boundary is minimal, the azimuthal
field reduces the divergence of the trajectories, whereas near the maximum of R(6y), it, on the contrary,
increases the trajectory divergence, owing to which the particle balance condition is satisfied in each of the
trajectories at one and the same ionization frequency. The methods of solving equations similar to equation
(14) will be considered in the subsequent works.

CONCLUSIONS

In this work, we have derived an integro-differential equation describing the potential distribution in
a two-dimensionally nonuniform plasma, similar to the plasma and space-charge sheath equation obtained
by Langmuir and Tonks for the cylindrical positive column of a gas discharge. As distinct from the unidi-
mensional problem, the equation obtained by us proves to be approximate, the small parameter used is the
ratio between the characteristic size of the plasma column and the radius of curvature of the ion trajectory.
The results presented in the paper are of interest for the analysis of the processes occurring in low-pressure
plasma chemical reactors.
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