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А new justification of the theory of perturbations for the waveguide embedded 
trapped modes is proposed. 

We consider the spectral proЫem 

{ Ли+ Лqи = О, х Е Х, 
и= о, х Е ах, 

with the condition 

llиll 2 =jи2 dт=1 . 
х 

(1) 

Here Х is а cylinder of constant section S, i. е., а "waveguide", and q is а real piecewise continuous function 
with compact support supp(q - 1) that characterizes the waveguide filling. From the physical viewpoint, 
these eigenfunctions are standing waves with frequency Д and with no energy transport. А major part of 
their energy is concentrated in а finite region, i. е., in а "trap" formed Ьу inhomogeneity of the filling. This 
is why they are called trapped modes [1]. 

Let the Ox-axis Ье directed along the waveguide, and variaЬles that vary in the section S Ье denoted 
as у. Then, let the eigenfunctions and eigenvalues of the Dirichlet proЫem in the section S Ье denoted as 
'Фn and an, respectively, i. е., 

дф + а2 1/; = О, о 1 
1/1 Е W 2 (S). 

The continuous spectrum of proЬlem (1) starts with ai. With the help of the Rayleigh principle, it was 
demonstrated that proЫem (1), with q ;:::: 1, should necessarily have at least one eigenvalue smaller than 
ai, i. е., not embedded into the continuous spectrum. In order to investigate the existence of embedded 
trapped modes, i. е., eigenvalues ).. > ai, we should raise the lower boundary of the continuous spectrum, 
so that we could apply the Rayleigh principle and the regular perturbation theory of Rellich-Kato. 

Let и Ье an eigenfunction of proЫem (1), corresponding to the eigenvalue Л Е (а~, а~н), then at 
n = 1, ... , r, functions 

have а compact support, and for n > r, 

Un(x) := J u(x,y)'Фn(y)dy 
s 

Un(x) := и(х, y)1/Jn(Y) dy Е W 2(1R ). ! о 1 1 

s 
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Hence, и is an eigenfunction of the proЫem 

!
ди+Лqи =О, 
и=О, 

Unlx=±~ =О 
Un Е W~(JR1 ) 

хЕХ, 

хЕдХ, 

(п = 1". "r), 

(п = r + 1, . .. ) . 

The continuous spectrum of this proЫem considered in the Hilbert space jj of all functions of the form 

v = v1(x)1/J1(Y) + ... + Vr(x)'l/Jr(Y) + W, 

о о 

where Vn Е wH[-a, а]), w Е W~(X) and 

J w'l/Jn dy = О ( п = 1, . . . , r), 
s 

(2) 

starts with а;+ 1 , i. е. и is the eigenfunction of proЫem (2), corresponding to an isolated eigenvalue. This 
enaЫes us to give а consideraЬly simpler proof of our theorem on unstaЫe embedded trapped modes with 
small perturbations of the waveguide filling [2]. 

As is known, proЫem (1) with q = qo(x);::: 1 has а trapped mode of the form ио(х, у)= ио(х)'Фr+1(У) 
that corresponds to the eigenvalue Л = е0 > а;. Let us demonstrate that, not for every perturbed filling 

q = Qo(x) + eq1 (х, у), 

there is an eigenvalue Л = е(е) tending to ео as е--+ О . 
We assume the opposite. Then е(е), и(х, у; е) are isolated eigenvalue and eigenfunction of proЫem (2) , 

and hence, in virtue of the fact that the proЫem is self-conjugate, they can Ье expanded in series in 
powers of е, 

е(е) = ео + eie + ... , и= ио(х)'Фrн (у)+ еи1 (х , у)+ . . . . 

Multiplying (1) Ьу 'lf;1 (у) and integrating it over the whole section S yields 

d~2 j dyu(x,y)1/J1(y) +е j dyq(x,y)u(x,y)1/J1(Y) =а~ j dyu(x,y)'lf;1(y). 
s s s 

Upon substituting series for е(е) and u(e) in the above equation and denoting 

j dyu(x,y)1/J1(Y) = v(x), 

s 
we obtain in the first order of perturbation theory 

~:~ + [eoqo(x) - ai]v = еоио(х) J dyq1(x, у)'Ф1(У)'Ф2(у). 
s 

In order that и(х,у;е) belong to L2 , it is necessary that v(x) belong to L2 (JR1 ) as well. Since the support 
of the perturbed filling q(x, у) - 1 is limited, this equation has а solution that belongs to space L2 , only 
under rather special conditions put on q1 (х, у). This proves the following 

Theorem. There exist piece-wise real perturbations q1(x,y) of the initial filling qo(x), such that in 
the vicinity of the unperturbed eigenvalue there are по perturbed eigenvalues. 
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