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1. INTRODUCTION

We will solve the problem of phase transitions when
spin fluctuations and electron–phonon interaction
exchange enhancement occur, reasoning from the
fundamental principles for the construction of the
fluctuation theory of phase transitions in complex
magnetic systems [1–4]. In order to do this, we need
to introduce an effective fluctuation Hamiltonian near
the border of the phase transition to the superconduct�
ing (or antiferromagnetic) state.

An effective Hamiltonian of the system near the
phase transition border with the superconducting state
is required to account for not only longwave thermo�
dynamic fluctuations of superconducting and mag�
netic order parameters, but also for shortwave (fast)
spin fluctuations, which have resonance interactions
with phonons. In the simplest case where there is one
spin component and, correspondingly, one longitudi�
nal spin mode, which linearly interacts with phonons,
such an effective Hamiltonian can be written in the
following form:

(1)

Hs ph su+ +
eff ε ||kĉk
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In expression (1) τ =  – 1 is the distance to the

phase�transition point from below. The value of T in
expression (1) is determined subject to the fact that we
have already performed integration with respect to the

fields associated with quasi�spin (  and ), phonon

(  and ), and quasi�phonon (  and ) oper�
ators from expression (1) [5]. In this case the fields δΩ
and δAν correspond to the longwave fluctuations of the
amplitude for slow (quasi�equilibrium) spin�density
waves, which determine the value of the spin�phonon

bond .

Since amplitude fluctuations increase for slow
spin�density waves as the phase�transition point is
approached, the paramagnetic susceptibility χ =
1/J0s  is also certain to rise. On the other hand, in
the vicinity of the phase�transition point the coherent
wave length and, correspondingly, the exchange corre�

lation length  =  (ν ≅ 1/2) grow as well;
therefore, the effective parameter of the spin�phonon

bond  must remain invariant in the vicinity of the
phase�transition point and its change can only be due
to amplitude variations (fluctuations) for slow (quasi�
equilibrium) spin�density waves.

Therefore, in order to obtain a final expression for
the effective Hamiltonian in the vicinity of the point of
the phase transition we must expand the value Tc into
a series with respect to squared variations of the spin�
phonon bond parameter ( )2, which would actually
be an expansion with respect to the squared variation
in the amplitude of the quasi–equilibrium spin�den�
sity wave (δΩ)2. In view of the fact that the amplifica�
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tion factor Ky for the parameter of electron–phonon

interaction depends on the value of ln(1 + ) we can
write the expansion for the critical temperature in the
following form:

where  is the equilibrium value of the spin�phonon
bond parameter [6]. Because we consider the case of
the single�spin mode, this corresponds to the antifer�

romagnetic case with  � 1, i.e., with a nearly dou�

bly degenerate spectrum of spin waves. It is interesting
to note that below the phase�transition point the lon�
gitudinal spin�mode spectrum has the form ωk =

. Above the phase�transition point, in

the paramagnetic phase, the sign of τ in this expression
is reversed.

Similarly, above the phase�transition point a
change of sign in the expression for Tc is also required,
since all real values of magnetic and superconducting
order parameters are zero in the paramagnetic phase
and the spin�phonon bond parameter must decrease
as the temperature rises, i.e., with distance from the
phase�transition point. In view of these considerations
we can rewrite the expression for the effective Hamil�
tonian of the system in the neighborhood of the phase�
transition point to the superconducting state in the
following form:

(2)

where Γ2 = 4Q( ); Γδ = ; Γδ2 = ,

Q( ) = .

To proceed to the question of the character of phase
transitions in the system described by the effective
Hamiltonian (2), we need to employ the renormaliza�
tion group method. Using the renormalization group
method and ε�expansion, we can write general equa�
tions for the appropriate amplitudes and temperatures
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of the effective Hamiltonian (2) in the case τ0  0,
i.e., when both fields fluctuate strongly. Then the
renormalization group (RG) equations have the form

Upon the introduction of new variables yδ = ,

yδ2 = , μδ = , z = –lnΓ2, and u = lnτ2 the equa�

tions can be rearranged as follows:

(3)

Here n2 and nδ are the dimensionalities of fluctuating
fields. Next, in order to answer the question of the
character of phase transitions in the system under con�
sideration, we need to study the stability of Eqs. (3),
i.e., we must determine their stationary points and
study the stability of the behavior of phase trajectories
near the stationary points. From this standpoint it is
most convenient to study the system of equations in
amplitudes yδ and y2δ, since it incorporates very com�
prehensive information on the nature of phase transi�
tions in the system. Stationary amplitude equations
have the form

The form of the stationary points of these equa�
tions, as well as their number and peculiarities, depend
on the dimensionalities of fluctuating fields δΩ and Δ,
n2 and nδ. The dimensionality of the fluctuating field Δ
that corresponds to the superconducting order param�
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eter can assume a value of one (if we account only for
fluctuations of amplitude for the superconducting
order parameter) or two (if we account for fluctuations
of both amplitude and phase). The dimensionality n2
of a fluctuating field can also assume values of one or
two, since in the general case the quasi–equilibrium
spin�density wave has two components. With n2 = nδ =
1 the equations under consideration have four station�
ary points: (0, 0), (1, 0), (1, 1), and (1, 3).

Point (1, 1) is a stable stationary point, whereas
other stationary points are unstable. If we now take the
phase fluctuations of the superconducting order
parameter into account, i.e., set nδ = 2, while n2 is uni�
tary as before, then the number of stationary points is
reduced to three: (0, 0), (1, 1), and (11/9, 5/3). The
point (1, 1) remains a stable stationary point, whereas
the other stationary points are again unstable.

Next, we turn to the case that is of most physical
interest, with n2 = nδ = 2. In this case the three station�
ary points are the same, as in the case of n2 = nδ = 1:
(0, 0), (1, 0), and (1, 1). Point (1, 1) is doubly degen�
erate and therefore weakly stable. Furthermore, the
system has other two points in addition to those three,

((1/9)(1 ± 4i ), (1/3)(5 ± 2i )).

Both of these points are associated with a spiral
point solution. Thus, highly advanced fluctuations of
superconducting and antiferromagnetic order param�
eters caused by the exchange enhancement of the elec�
tron–phonon interaction can result in the occurrence
of the oscillation mode for the order parameter in the
phase transition to the ordered state for certain initial
amplitude and temperature values. Both spiral points
are unstable; therefore, the phase trajectories of the
system will approach the neighborhood of weakly sta�
ble stationary point (1, 1) with positive real parts of
amplitudes yδ and y2δ.

Thus it is evident that in all instances considered
above the system retains one stable stationary point
(although in the last�mentioned case it is weakly sta�
ble). This implies that in this system the possibility of
a second�order phase transition to the phase of simul�
taneous superconductivity and antiferromagnetic
ordering remains, which, in the case under discussion,
consists of slowly fluctuating (quasi�equilibrium)
spin�density waves.

As regards the possibility for a first�order phase
transition that is close to second�order, such a possi�
bility exists but requires, among other things, that the

condition τ0 �  be fulfilled for the initial temper�

atures in antiferromagnetic and superconducting sub�
systems.

In such a situation the system of equations becomes
considerably simpler:
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These equations are easily integrated and their
solutions have the form
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2
,=
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It might be appropriate to point out that a phase
transition to the phase of a simultaneous supercon�
ducting state and magnetic ordering can occur when
the effective temperature of the magnetic subsystem
tends to zero. This is possible only if the parameter

τ2 =  grows more slowly than τ2 as tem�

perature decreases. Otherwise, the superconducting
phase alone persists in the system down to a tempera�
ture of zero.
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