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INTRODUCTION

When measuring the specific gravitational force in
motion using the static method, the sensitive element
of a gravimeter, which is a test body held in the frame
of an instrument by the elastic forces, makes progres�
sive and rotational motions with an instrument; these
motions are caused by the oscillations of the carrier
object (a ship, submarine, airplane, balloon, etc.) [1].
Elastic forces caused by the deformation of the elastic
connections, impart the same acceleration to the test
body as the frame of the instrument (gravimeter) expe�
riences. Only in this case such a test body can be con�
sidered to be approximately immovable relative to the
frame of the instrument and the technique for the
measurement of the specific gravity can be considered
to be static.

Measurement of the gravity field intensity is in fact
measurement of value proportional to the gravity
(weight) of a test body, and this force is substantially
distorted by the elastic forces of connections between
a test body and movable support. Due to the fact that
forces are vector values, they are determined by the
chosen coordinate systems. Further, in order to solve
the problems stated in this paper, we assume that our
coordinate system is ideal: its vertical axis is oriented
strictly along a plumb line, while the directions of the
horizontal axes can be conditional. Also, we assume
that this coordinate system is centered at the center of
mass of a gravimeter’s sensitive element (test body)
and that the sensing element of the gravimeter is neg�
ligibly small, thus, the rotational velocities and accel�
erations of the support can be ignored.

THE CHARACTERISTICS OF THE ELASTIC 
SYSTEM OF A GRAVIMETER

Due to the fact that the vertical acceleration com�
ponent wz and vector of gravity g coincide with each

other in direction in the assumed coordinate system,
both these forces act jointly (additively) on the sensi�
tive element.

Let us write a simplified linearized differential
equation for the elastic system of a gravimeter. It has
the form of an equation for oscillations of gravimeter’s
horizontal beam (pendulum) under the action of grav�
ity and vertical accelerations:

(1)

where s is the elastic system’s lever position, which
determines the counting of the gravimeter; g0 is the
value of the specific gravity at which the equilibrium
position of the gravimeter’s lever is horizontal; n is the
eigenfrequency of elastic oscillations of the lever; and
ε is the attenuation coefficient, which depends on a
moment of elastic friction forces. The solution of this
equation is known. The stationary solution of the
equation of the following form

is a convolution of the h(t) and y(t) functions:

(2)

Here, h(τ) is a weight function or the impulse response
of the dynamical system [2, 3].

In order to derive the frequency responses of an
elastic system that obey the equation (1), one can take a
unit harmonic y(t) = exp(iωt) as an input test function.
Then, the complex function x(t) = W(iω)exp(iωt) will be
an output function (a stable solution of the equation),
where W(iω) is a transfer function or the complex fre�
quency response of system. The transfer function, as
well as h(t), contains complete information about the
properties of the given linear dynamical system.
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Frequency responses, naturally, influence the mea�
surement results. The errors caused by this are called
dynamical.

In order that an elastic system that obeys equation (1)
act as a gravimeter, there is a requirement that the sys�
tem should respond to negligibly small variations of
the input signal (an additive mixture of the gravity
increment and vertical acceleration). Due to the fact
that the amplitude of heaving acceleration often
reaches 1 m/s2, and the measured increment of gravity
that occurs at the sensor should be 1 μm/s2 (the sig�
nal/noise ratio is only 10–6), such an instrument
should have a dynamical range of at least 106, which is
hardly achievable technically.

In addition, a substantial problem that arises dur�
ing the measurements is that the linear oscillation sys�
tem ceases to be linear. Large systematic errors appear;
these are caused by the nonlinearity of the system and
cannot be studied experimentally with sufficient pre�
cision. The only solution is to significantly decrease
the elastic system oscillations related to the vessel
motion.

In practice this effect is achieved via selection of
the coefficient ε, which is responsible for the presence
of viscous friction in the system, at a value high enough
such that in a three�term equation the first summand
can be truncated. Frequency responses change as well,
but in a range that significantly exceeds the working
frequencies of both signal and vessel motion. Truncat�
ing the first term in equation (1), for an increment of
gravity Δg = g – g0, we obtain

(3)

If we divide both parts of the equation by n2, then
equation (3) for the elastic system of the gravimeter is
transformed to

(4)

where T = . This value, having the dimension of

time, is called the time constant.

THE TRANSFER FUNCTION 
OF A GRAVIMETER

There are many filtering algorithms that can be
implemented easily at the modern stage of computer
technology that do not introduce dynamical errors.
Kalman algorithms, which are widely used in inertial
navigation, are an example of such algorithms [4]. We
know several works dealing with inertial gravimetry
where Kalman filtering was applied as well. In the
present work, we propose another algorithm, which is,
in our opinion, simpler and easier to implement using
a personal computer in the realtime mode.

If a differential equation of an elastic system with
quite sufficient precision can be written as a first�order
linear equation (4), then the stationary solution will be
written as

2εs· t( ) n2s t( )+ n2 Δg t( ) wz t( )+( ).=

Ts· t( ) s t( )+ Δg t( ) wz t( ),+=

2ε

n2
����

(5)

and the transfer function can be represented by the
complex function

Therefore, the amplitude�frequency characteristic
(AFC) and phase�frequency characteristic (PFC)

will be written as A(ω) = 1/  and Φ(ω) =

– , respectively.
Modern gravimeters have a more complicated

dynamical system. The differential equation given
above reflects the only one component of a gravimeter,
namely, its elastic system. The display of a gravimeter (its
output signal) is formed in a quite complicated manner,
sometimes in a closed structural scheme (Fig. 1).

According to this structural scheme, the transfer
function of a gravimeter will be written as

(6)

where q is the coefficient of harmonic (or stochastic)
linearization.

The structure scheme of a gravimeter can contain
substantially nonlinear elements as well, which limits
the signal; for instance, this was done in the GMN
marine gravimeter (manufactured in the All�Russian
Research Institute of Exploration Geophysics, or
VNIIGeofizika). But even in this case, the differential
equation of a gravimeter in a working mode can be
considered to be approximately linear, or, more pre�
cisely, linearized. Methods for technical linearization
are well�known and are described in the literature in
detail [5].

DECONVOLUTION AND FILTERING
OF A USEFUL SIGNAL

Let us write the differential equation of a gravime�
ter (linear approximation) in their general form:

N(D){s(t)} = M(D){Δg(t) + wz(t)}, where

s t( ) 1
T
��� e
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−
S(t)

S(t) = Γ(D){Δg(t) + wz(t)}

Δg(t) + wz(t)
∫

Fig. 1. Structural scheme of the gravimeter. Wesg(D) is the
transfer function of the elastic system of the gravimeter,
Wlpf(D) is the transfer function of the additional low�pass
filter, and Wcorr(D) is the transfer function of the correct�
ing section.
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N(D) = a0Dn + a1Dn – 1 + … + an,

M(D) = b0D
m + b1D

m – 1 + … + bm.

Here D is differentiation operator and Dm = .

The transfer function of our imaginary gravimeter
can be written as follows

(7)

A solution is stable if m < n, and unstable if m > n.
The stationary solution can be represented in the form
of a Duhamel integral (2). With the help of convolu�
tion one can determine the signal of a dynamical sys�
tem, if the input signal is known. The inverse task,
called deconvolution (determination of the input sig�
nal from a known output), is an ill�posed, because dif�
ferentiation of functions obtained empirically (i.e.,
containing errors) inevitably leads to a significant
increase of noise. However, we do not need to restore
the input signal in the entire range of frequencies. Our
goal is that the measured value of the gravity should
have no dynamical errors and that the inertial noise is
eliminated. Thus, we need to solve the deconvolution
problem in a certain limited range of frequencies. If
Γ(D) is the transfer function of the gravimeter, then
the readout of the gravimeter can be represented as
follows

(8)

If we solve the derived equation relative to Δg, we
obtain

Δg(t) = Γ–1(D){s(t)} – wz(t).
Thus, when restoring the input signal, we restore

the perturbation acceleration as well.
Next, let us act on the restored signal by the opera�

tor of a low�frequency filter Φ0 with a real frequency
response:

The amplitude�frequency characteristic of this fil�
ter is close to unit in the frequency range of the mea�
sured signal, while it is close to zero in the frequency
range of the noise. Of course, such an ideal low�pass
filter (LPF) does not exist. The measured increment of
the gravity will always differ from the true one. Thus,
we obtain an estimate of Δ  rather than the increment
Δg, but we can select a filter, which does not allow
noise related to vessel motion to pass, i.e., we can
assume that Φ0{ } ≈ 0. In general case, the vertical
component of perturbation acceleration wz(t) is not
necessarily related to vertical motion. It can be caused,
for example, by Coriolis acceleration during the vessel
motion or by the altitude variation during the airplane
flight, etc. i.e., such perturbation accelerations wz,
which may be within the frequency range of the useful

dm

dtm
������

Γ D( ) M D( )
N D( )
�����������.=

s t( ) Γ D( ) Δg t( ) wz t( )+{ }.=

Δg t( ) Φ0 Γ 1– s t( ){ } wz t( )–{ }=

=  Φ0Γ
1– s t( ){ } Φ0 wz t( ){ }.–

ĝ

z··

(measured) signal. They should be taken into account
not by the filtering methods.

Thus,

(9)

The only issue left is to choose the transfer function
Φ0 of the low�pass filter.

We made numerical estimates of the filtering errors
for various types of filters, including non�causal ones
[5]. It is shown that when the frequency ranges of the
measured signal and perturbation acceleration do not
coincide, the filtering precision depends, first of all, on
the selection of the bandpass, in particular, of the cut�
off frequency of the low�pass filter. The only require�
ment is that the AFC slope in the neighborhood of the
cutoff frequency be quite large. The inverse cutoff fre�
quency is often called filter’s time constant.

A requirement for a low�pass filter is that the fre�
quency response of the filtering algorithm should be
real function of frequency, i.e., it should not contain
an imaginary part. This condition contradicts the cau�
sality of the filter. Theoretically, such a filter can be
made if we pass a signal through the filter in realtime
mode and then in inverse time, which is only possible
in a computer simulation. Mathematicaly, this is the
consequent connection of two transfer functions,
where the first contains the differentiation operator D
as an argument, and the second contains –D:

(10)

The output signal of this system is also determined
by the Duhamel integral, i.e., by the convolution of
two functions, one of which is an input signal while the
other is an even weight function; integration is then
performed from –∞ to +∞.

Such an integration can be performed only in the�
ory, in practice it has to be integrated into finite limits,
which determine the importance of the quality of the
filter—its speed. The limits of integration are easy to
set up by simulation of situation, which we will have to
face in practice. Leaving this question aside, we use
only the infinite limits.

Let us give several characteristics of a fourth�order
LPF that is applicable in the inertial gravimetry:

(1) Φ0(ω) = ,

h0(t) = [exp(–ω0 )(αcosβω0t) + βsinβω0 ] +

[exp(–ω0β )(αsinαω0  + βcosαω0 t)]

α = sin , β = cos .

(2) Φ0(ω) = ,

Δĝ t( ) Φ0Γ
1– s t( ){ }.=

Φ0 D( ) W D( )W D–( ).=

ω0
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h0(t) = exp(–ω0 )  ×

.

(3) Φ0(ω) = ,

h0(t) = exp(–ω0 )  +

exp sin ω0 .

(4) Φ0(ω) = ,

h0(t) = exp(–ω0 )(15 + 15ω0  + 6 t2 +

).

In the given formulas, ω0 is the cutoff frequency of
the LPF, i.e., such a filter cuts off all frequencies with
a value greater than ω0.

Let us use the second version of the LPF frequency
response in details. When the square of the differenti�
ation operator with an inverse sign is substituted for
the value ω2, we obtain

(11)

The relationship between the input signal y(t) and
the output signal x(t) would be determined by convo�
lution of input signal with weight function h0(t):

x(t) = Φ0(D){y(t)} = h0(t) ∗ y(t).

In this case

(12)

The graphs of this weight function for various val�
ues of the cutoff frequency (1/10, 1/30, 1/50) are
shown on Fig. 2.

It is clearly seen that as the time constant decreases
(i.e., the cutoff frequency increases), the weight func�
tion becomes more similar to the Dirac delta function,
which is the weight function of an inertialess system.
The time of signal processing decreases, but the
smoothing properties decrease as well. As the time
constant improve the smoothing properties certainly
increase as well, but the time of signal processing also
increases. The selection of the time constant can be
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made only with the use of experimental data of infor�
mation processing.

In general case, the measured value Δ (t) for a
gravimeter with a linear system can be estimated as 

In order to achieve well�posedness of the opera�
tion, the degree of the numerator in the last expression
should be less than the degree of the denominator.

In the particular case when Γ–1(D) = 1 + TD,

Φ0(D)Γ–1(D) = .

Thus, exclusion of the dynamical errors of the
gravimeter can be achieved, first, by determination of
the input signal aggravated by the inertial noise, and,
second, by the use of filtering algorithms with an even
impulse response. These two operations are joined in
one impulse response that is neither symmetric, nor
causal (physicaly realizable). Due to the fact that these
operations takes a certain time, the result of gravity
measurement can be obtained only with a delay.

A weight function (impulse response) that corrects
the dynamical errors of a gravimeter with a first�order
transfer function would have the following form: h(t) =

T (t) + h0(t), while in case of the use of LPF with
h0(t) determined by the formula (12), the weight func�
tion would be as follows

g)

Δĝ Φ0 D( )N D( )
M D( )
����������� s t( ){ }.=
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D4 ω0
4+( )[ ]

2
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Fig. 2. Weight functions of the low�pass filter.
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Figure 3 demonstrates weight function that cor�
rects dynamical errors and does not allow to pass iner�
tial noise. It is seen that it has no symmetry. In the repre�
sented case, the effective time constant of the gravimeter
is 30, 40, 50, and 100 s. The cutoff frequency is 1/30 s–1.

In order to illustrate the efficiency and precision of
the proposed algorithms on real data, we used gravi�
metric profiles that were obtained during the marine
expeditions by the researchers from the Department of
Geophysics of the Faculty of Geology of the Moscow
State University (supervisor A.A. Bulychyov) as the
model. The useful signal was produced via processing
of a large array of Δg values (800000 samples with 0.1 s
step), which was derived from a continuous profile of
the gravimeter record. Then this signal was aggravated
by vertical noise acceleration of about 0.67 m/s2. In
accordance with formula (9), we estimated Δ . The
precision of the useful signal’s restoration was 1.2–
1.6 μm/s–2. When the step of the information readout
was increased to 1 second, the error of the signal
reconstruction grew up to 4 μm/s–2.

Figure 4 illustrates the result of the restoration
(only a small portion of the array, 80000 values, is rep�
resented).

h t( )
ω0

8 2
��������

ω0 t

2
���������–⎝ ⎠

⎛ ⎞exp=

× 3 Ttω0
2+( )

ω0t

2
������cos

+ T 2t+( )ω0
ω0t

2
������ 3 Ttω0

2–( )
ω0 t

2
��������� .sin+sin

g)

After passing the measured signal through the
model gravimeter, a phase shift is clearly seen, but it
disappears after restoration.

CONCLUSIONS

A technique was verified via numerical simulation
for various models of gravity variation. It was shown
that the proposed method of processing is a promising
one: it almost excludes the dynamical errors of the
gravimeter, and, in addition, it eliminates perturbation
accelerations that exceed the useful signal manifold.
However, in order to implement this method, one
should know the experimental frequency responses of
the gravimeter, at least in the frequency range of the
measured gravity variations.
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