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Abstract—The statistical problem of the synthesis of a digital processing algorithm for the output signal of
the Snail resonant gravitational antenna by analog prototype is considered. The discretization step in the
ADC—DAC system is selected on the basis of the Kotelnikov theorem (a sampling theorem) for quasi-har-

monic signals.
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INTRODUCTION

The Snail gravitational antenna belongs to the class
of solid-state uncooled resonant gravitational anten-
nas of the GEOGRAV type [3] with a geophysical level
of sensitivity. The undoubted advantage of such sys-
tems is their high reliability, which makes it possible to
use them in the quasi-continuous monitoring mode.
In particular, antennas of this class were in operating
condition during the SN1987A supernova flare [3, 4].
Currently, it is planned to resume operation of the
Snail gravitational antenna at the Baksan Neutrino
Observatory of the Russian Academy of Sciences.

The coherent continuous—discrete processing of
data from the Snail gravitational antenna was carried
out by a Gaussian (optimal for Gaussian noise) con-
tinuous-analog circuit

x(t) — OF — QED — E(¢), €))
where x(7) is a narrow-band process at the output of
the linear tract, OF is a filter that is optimal in its signal
to noise ratio, and E(¢) is a random process at the out-
put of the quadratic envelope detector (QED). The
structure of the OF in scheme (1) is determined by the
expression

OF WF — a(f) — Aa() =a() —a(t— 1), (2)

where a(?) = [a,(f) a,(1)]” is a vector random process at
the output of a Wiener filter (WF) with two quadrature
channels and 7 is the duration of the signal at the
input. In the synthesis of the analog part of the
scheme, the WF in equation (2), a two-channel syn-
chronous detector is used in practice. The vector sig-
nal processing a(?) is carried out in discrete time.
Upon resumption of the operation of the Snail
gravitational antenna it is supposed that discrete pro-
cessing of the output signal x(f) by analog prototype
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will be performed [5]. In the present paper, the fea-
tures of the synthesis of a digital WF with two quadra-
ture channels are discussed. The formation of the
quadrature components a,(f) and a,(¢) is carried out
directly in the process of digitization. An electronic
key is used as the frequency converter, which is part of
the ADC. The discretization step is determined in
accordance with the Kotel’nikov theorem (a sampling
theorem) for narrowband signals [6].

1. THE STRUCTURE OF THE OPTIMUM
RECEIVER IN CONTINUOUS TIME

The transfer function K(w) of the OF in (1) during
information processing in continuous time is defined
[5] as

Si(o) :

K(w) CN(co) exp{—jwt,}, (3)
where Sy(w) < s(7), s(?) is the form of a quasi-deter-
mined signal, N(w) is the spectral density of the addi-
tive noise n(f) at the output of the linear path, C is a
scale factor, and 7, is any (in the off-line mode) time
delay. The additive noise n(7) can be regarded as a mix-
ture of

n(r) = n,(1) +n,(1)
narrowband mechanical (thermal) #,,(f) and broad-
band electric n,(f) Gaussian noises. With this approach,
we have
N(w) = N,(0) + N(0), 4)

where N, (®) and N,(®) are the spectral densities of
random processes #,,(f) and n,(f), respectively.

Given (4), the expression (3) can be represented in
an equivalent form

k(o) = K,(0)K,(jo),
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where
N, (o N, (o
K, (o) = Sol®) o Nul©) )
N(w)  N,(o)+N, (o)
is the transfer function of the Wiener filter (WF) and
SH(® ,
Ku(w) = CRHEexp (o)

is the transfer function of the OF when n(r) = n,,(?),
ie., N (o) — 0.

Let o, be the resonance frequency of the linear
path of the gravitational antenna. Then, using the
complex recording form of quasi-harmonic signals
[5], we have

x(1) = Re[x(r)exp {jo,t}],

¥(1) = Re[y(t)exp {jo,t}],
where y(7) is a random process at the output of the WF
with the transfer function (5) and x(f) and y(¢) are

complex envelopes.
From (5) and (6), we find

P(1) ~Y(0) = K,(0,+0)X(0), |of <o,

(6)

where X (o) is the spectrum of the complex envelope
x (9 and X (w) ~— X (¥).
In the Langevin description, the cause of the corre-

lated mechanical noises #,,(f) is the Nyquist fluctua-
tion force f,,(¢) with the correlation function

SO (1)) = NS(1-1)

where (-) is the symbolic notation of the statistical
averaging operator, Ny= 4kzTmy, Kzis the Boltzmann
constant, 7'is the temperature of the thermostat, m is
the equivalent weight, y is the decrement, and y < ®,.
In this problem statement, given that the transfer
function of the linear path is defined by the expression
1

G(o) = ——— :
m(w,— o + 2ywy)
we have
2
- o, |z N
V(o) :[ 2 1X(0), o= —L—© )
0 +o 4N, (0y)m o,

2. DIGITAL PROCESSING OF DATA

Upon further analysis, we assume that the spec-
trum of the narrowband random process x(7) at the
output of the linear path is concentrated (at ® > 0) in
a narrow band (®,, ®,), ®, = (®; + ®,)/2. In this situ-
ation, we have

;Y((D) =0 at o ¢ (-Aw/2,Aw/2),

Ao = (0,-0)),

)

and consequently,

x(1) = Rez (1), z,(t) = x(t)exp{joyt}
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is the narrowband random analytical signal [6].

In the synthesis of a digital detector by the analog
prototype, the low-frequency random process is pro-
cessed [7]

x,(1) = Rez(1), z(1) = x(t)exp {j®1},
where ® is the intermediate frequency and ® < ®,.
The information about the fine structure of the com-
plex envelope x () during the transition @y — @ is
fully maintained if the complex process z,(f) may be

regarded as an analytical function. For this purpose, it
is necessary and sufficient that

2(t) — Z(0) = X(B+o) = 0 at ©<0.
Thus, using (8), we find ® > Aw/2, and conse-
quently;,
xs(t) - /Ys(('o) #0 at o - (_(Dm, 0‘)m),

©)

0, = 0+Awn/2.

In accordance with the Kotelnikov theorem (a
sampling theorem) [6], the random low-frequency
process x,(f), whose spectrum is concentrated in the
band (—w,,, ®,,), can be written as the series

xs(t) = z xs,k(pk(t)a (pk(t) = SinCO)m(t—kAt), (10)

k = -0
where x; , = x(kAr), At < /o, is the discretization
step. Using the known relationship [6]

(1) ~— D (o)
= Ar exp{—JjkoAt}, -Ao/2<o<Awn/2,
0, o >Aw/2,

from (10) we find the spectrum of the low-frequency
signal x(?)

xs(t) 4_>[Ys((“0) = z xs,kq)k(("))ﬂ |O\)| S('Om

k=-o
Thus, considering the analytical properties (see
above) of the random process z,(f), we have

2X(®),

0, 0<0,

>0,

Z(0) = X(o-8) = {

where Z(®) <— z,(?).
Consequently, when processing the information in
discrete time, the spectrum of the complex envelope

x (f) can be written as
X(0) = 2X,(6 + )
” (11)
k =—0
From (7) and (11) we find that the spectrum of the

complex envelope y () of the narrow-band random
process y(f) at the output of the WF is
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2

%(co) =2 i xs,k( Oc

2
k= —oo o +0

J‘Pk(&) + ),

lo| < Aw/2.
The inverse Fourier transform allows us to find the
complex envelope y (7) explicitly
Aw/2
y(t) = 2%5 I Y(w)exp{jot}do.
—Aw/2
Thus, assuming that Aw/2 = ®,, we obtain

(1) = Atw, Z X, Xp {—k®DAL} exp {—o |t — kA1l }.
k=-0
In practice, the down conversion ®w, — ® is car-
ried out directly in the process of data sampling.
Indeed, the random process x,(7) at the ADC output
with the sampling step Af can be written as [6]
xp(0) = x(On() = Y x8(t- kA1),
k=-»

where

n) = Z 8(t—kAt)
k =—o0
is the clock function and x;, = x(kAf). Taking (see
above) the fact that z(¥) = z,(H)exp{j(w, — ® )#} into
account, we have
x, = x(kAt) = Rez, (kAY)
= Rez(kAt)exp {j(®w,— ®,)kAt}.

Thus, assuming that (o, — ® )Af = 2nM, where
M > 1isaninteger, we find: Rez(kAf) = Rez,(kAr) and,
consequently;,

xkExs,ka k e (_009 OO)

CONCLUSIONS

1. The components of the vector random process
a(?) in the processing of information according to the
ADC—-DF-DAC scheme, where DF is a digital
Wiener filter, are determined by the expression

a,(f) = Rey(t) o Z X €Xp {—0, |t — kAl } cosk®AL,
k =—
a,(1) = Imy(f) < Z xexp {—o. |t — kAt } sink® At,

k = -0
X, = x(kAf) are samples of the narrow-band random
process x(f). The discretization step Af < n/w,,, where
®,, is the highest (maximum) frequency (9) in the
spectrum of the low-frequency random process x,(7).
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2. The electronic key in the ADC is the digital
equivalent of the reference signal generator and multi-
plier, which are included in the synchronous detector
in the case of the continuous-analog processing of
information. Indeed, expanding the clock function
1(?) (see above) in a Fourier series we have:

n) = AIZ €,cosnm,t,
m=0
where €, =1, €,, = 2 when m # 0, and o, = 2n/At is
the sampling frequency.

The resonant frequency w, of the linear path of the
Snail gravitational antenna in the synthesis of a digital
receiver by an analog prototype can be viewed as a
noninformative parameter.

3. The low-pass RC filter at the output of the syn-
chronous detector can be regarded as a physically
implementable WF in the statistical filtering problem
of exponentially correlated quadrature components
n, ,(#) of mechanical noises

n, (1) = n,(t)cosmyt — n,(r)sinmy?

against the background of broadband electrical noise
n, (1) (with RCo, = 1). In the case of discrete informa-
tion processing in the off-line mode, a physically
unimplementable WF with the transfer function (5) is
included in the digital receiver. The application of a
physically unimplementable WF provides additional
frequency compression (smoothing) of the noise,
which reduces the emission frequency of the random
process at the output of the QED.

4. Given (7), we find the spectral density of the
additive noise in the resonance region

o, J
N, = N 1 - s
o(®) (0)0+0))oc( +0)2+y2 (12)

|(D| < (’003
Equation (12) can be used to estimate the band-

width o, of the WF during precise (]AVO (®) = Ny(w))
measurement of the spectral density of the random
process n(f).
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