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Abstract—Color-magnetic thermal monopoles in SU(2) lattice gluodynamics with improved Simanzik
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elsewhere.
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INTRODUCTION

In recent works on the collision of heavy ions it has
been found that quark—gluon matter is a medium with
strong interaction [1]. In [2, 3], it was proposed that
the unusual properties of quark—gluon matter, includ-
ing a very low ratio of the viscosity to the entropy den-
sity, can be explained via the consideration of color-
magnetic monopoles. The first works on investigating
the role of these degrees of freedom in a quark—gluon
medium using lattice methods were described in [5—
11].

In our earlier work [12], we investigated the univer-
sality of the properties of thermal monopoles, i.e.,
their independence of the selection of a lattice action.
Studies of Abelian color-magnetic currents at the zero
temperature have shown that the density of the infra-
red component of the magnetic current for various lat-
tice actions changes by ~30% [13]. This means that
ultraviolet fluctuations make a contribution to the
infrared density and should be suppressed. The partial
suppression of these fluctuations was achieved by
using an improved action. In [12], we used an
improved Simanzik lattice action and compared our
results for the density and the other characteristics
with the results that were obtained using the Wilson
action [7—9, 11]. It was found that for thermal mono-
poles universality was satisfied if short-range (ultravi-
olet) dipoles were not considered.

In this work, we continue to study the properties of
thermal monopoles with an improved lattice action in
the SU(2) gauge theory with specific attention to
changes in the properties of thermal monopoles in the
vicinity of the confinement—deconfinement phase
transition. Quantitatively exact determination of

parameters, such as the density of monopoles and the
magnetic coupling constant, is necessary, in particular,
to verify the hypothesis that magnetic monopoles
weakly interact (compared to electrically charged
fluctuations) just above the phase transition, but
strongly interact at high temperatures [2]. To eliminate
the systematic effects caused by Gribov copies, in this
work, we used the same procedure for gauge fixing as
was applied in [10—12].

1. MODELING DETAILS

The lattice action we used is written as follows:
§ = BimprSpl_ Biipzrzsrta (1)
20uy

where B, = 4/¢% is the inverse coupling constant, u,
is the parameter of the additional term, and S, and §,,
are the plaquette and rectangular 1 x 2 loop summands
in the action, respectively:

Sy = 3T = Uy ty = 45 (TH(U). ()

The calculations were carried out using an asymmetric

lattice with the volume V' = L, x Lf and the periodic
boundary conditions, where L, = 6 and L, = 48 are the
numbers of sites in the time and spatial directions,
respectively. The temperature was assigned using the
following relationship:

1

T=—, 3
i (3)
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Table 1. Values of B, the parameter u, and the tempera-
ture, as well as the number of configurations that were used.
T, is the temperature at the phase transition point

Bimp Uy T/ Tc Nmeas
3.480 0.91681 1.50 200
3.400 0.91402 1.31 372
3.340 0.91176 1.20 260
3.313 0.91056 1.13 228
3.300 0.91015 1.10 203
3.285 0.90954 1.07 306
3.265 0.90867 1.03 416
3.230 0.90714 0.97 238
3.215 0.90646 0.94 300
3.200 0.90578 0.91 201
3.100 0.90069 0.76 100

where a is the lattice spacing. To determine the value
of u,, we used the results of [13] either directly or by
performing an interpolation to the required value.

The maximum Abelian gauge was fixed by finding
the maximum of the gauge functional [14, 15]

Fle) = 33T oslilo) @)
X,

with respect to the gauge transformations of the lattice
gauge field U, ,
s
U, - Ug;,p = ngx,p.gx+p.' (5)

X, 1

To determine the monopole currents, after the
gauge has been fixed, the Abelian projection was
implemented; as a result, the Abelian phase 0,(x) was
extracted from the non-Abelian variable U, , and the
Abelian plaquette 60,,,(x) was then constructed using
the following formula:

0,,=0,(n)+0,(n+R)—0,(n+")
n n u (6)

-0,(n) = éuv+2nmw,

where 0., € (—n, nt] is the compactified component of
the Abelian plaquette phase. Finally, the Abelian
monopole currents were determined using the follow-
ing construction [16]:

. 1 -
/]J.(x) = ﬂgpvaﬁaveaﬁ(x)' (7)

The monopole currents were determined on links
{x, u}* of the dual lattice and take on integer values
Jux) = 0, £1, +2. Since the law of conservation

0,Ju(x) = 0 is obeyed, the monopole currents form

closed loops, which make up clusters. A part of the
clusters (at the zero temperature, all clusters) are
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closed within volume; however, some clusters are
closed through the boundary of the lattice in the time
direction. The degree of winding N,,, of such a cluster
is determined by the following relationship:

Nwr = % Z j4(X). (8)

t
Jy(x)ecluster

These clusters were first studied in [4, 17].

To capture the maximum Abelian gauge, the stim-
ulated annealing algorithm was used, which turned out
to be very efficient for this gauge [18]. In order to
reduce the effect of Gribov copies even more, ten Gri-
bov copies were constructed for each configuration of
the lattice gauge field; each time we started from the
procedure of the fixing of a gauge from a randomly
chosen gauge copy of the initial Monte-Carlo config-
uration.

Table 1 presents the information on the ensemble
of gauge fields and the parameters used in this work.

2. CONDENSATION OF MONOPOLES

In this section, we consider thermal monopoles
with various values of the number of windings N,,. In
[9], it was proposed to use these trajectories to assess
the Bose condensation of thermal monopoles when
the temperature is decreased to a critical value. The
central idea of this approach can be formulated as fol-
lows.

In the path integral, which describes the system of
N identical particles, the trajectory of each particle
should be closed in the time direction owing to the
periodic boundary conditions, but up to the permuta-
tion of NV particles. This means that an ensemble of N
identical particles is not necessarily made up of N sin-
gle closed trajectories; it may consist of M < N trajec-
tories provided that some of these trajectories are
closed through the time direction more than once.
Thus, for an arbitrary configuration that describes N
identical particles with M < N trajectories, the follow-
ing relationship is obeyed:

k k

max max

ZNkk = N, ZNk =M, )
k

k=1 =1
where N, is the number of trajectories with k£ windings.

This property of an ensemble of identical particles
can be used to assess quantum statistical effects. If a
system is close to the Boltzmann approximation, the
contributions of trajectories with more than one wind-
ing are suppressed. On the other hand, the appearance
of trajectories with a progressively increasing number
of windings is indicative of more-pronounced quan-
tum effects, which should be the case at temperatures
close to the temperature of Bose condensation.
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Fig. 1. The temperature dependences of the total density of
the monopoles p/ Tﬁ (triangles) and the density of clusters

with a single winding, p;/ Tg (circles).

A description of these properties of the ensemble of
identical particles on the lattice is as follows.

The density of the thermal monopoles is deter-
mined by the following expression:

CY VD

clusters

33
Lia

It is known that for the ideal Bose gas [9, 20], the
density of trajectories with number of windings k£ can
be written as follows:

e_ﬁk
Pr = W, (11)

where (I = —p/T; p is the chemical potential and A is
the de Broglie thermal wavelength. The temperature of
condensation is determined by the equality of the
chemical potential to zero.

When analyzing the monopole density p, in the
vicinity of 7, it was found that its values for k = 1, 2
sharply rose at the transition from the confinement
phase (T < T,) to the deconfinement phase (7> 7).
This behavior can be seen in Figs. 1 and 2. This phe-
nomenon was discovered for the first time. Thus, the
densities p; and p,, as well as the total density p, which
is also shown in Fig. 1, are the indicators of the con-
finement—deconfinement transition.

Figure 2 also shows the density p;, which exhibits a
substantially less pronounced increase. It can be
assumed that with increasing k the discovered effect
rapidly becomes weaker.
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Fig. 2. The temperature dependences of the densities of

the monopoles p,/ Tﬁ (circles) and p3/ Ti (circles).

To take the interaction between the monopoles into
account, the authors of [9] proposed to modify
Eq. (11) to the following equation

pi _ Ae™
YA o

with the free parameter o.. The condensation of the
monopoles occurs when the effective chemical poten-
tial becomes zero.

(12)

We approximated the obtained data for S—é by

Eq. (12) in the range of temperatures close to 7. Four
values of the parameter o were assigned. Figure 3
shows the dependence of p,/T° on k together with the

pk/T_3
C v T=0.94T,
R {5 T=1.037,
10 E o1 T=1.07T7,
C WA T=1.107,
r o T= 1137,
1073
10_45
107
10—6 1

2 3 4 5 6 k

Fig. 3. The dependences of the density of the monopoles

7% 73 on the number of windings of the monopole trajec-
tory, k. The lines show the approximations for oo = 2.5.

No. 4 2014



290

BORNYAKOV, KONONENKO

Table 2. Values of the parameters of the effective chemical potential fl. that were obtained for four values of the parameter
o by approximating the dependence p;/T 3 by Eq. (12) with the corresponding Xz/ndf

a=0 oa=2 a=2.5 a=3
T
i x>/ Ny i * gy i x>/ Mgy i A Ny

0917, 0.55(6) 0.93 0.09(3) 0.44 ~0.02(3) 0.42 —0.14(3) 0.44
0.94T, 0.34(3) 2.03 0.05(2) 1.07 ~0.02(2) 1.30 ~0.08(2) 1.71
0.97T, 0.43(5) 2.49 0.09(2) 0.96 0.01(2) 0.94 0.56(4) 1.09
1.037, 1.04(9) 2.88 0.53(6) 1.31 0.41(5) 1.01 0.29(4) 0.77
1.077, 1.79(7) 1.42 1.04(4) 0.55 0.86(4) 0.45 1.03(8) 0.44
1,107, 2.2(1) 2.27 1.4(1) 1.84 1.2(1) 0.45 1.28(2) 1.61
1137, 2.42(7) 0.40 1.65(3) 1.33 1.47(1) 1.73 1.94 2.04
1.207, 3.15 2.34 2.14

approximations for the case o = 2.5. The results of the
approximations for all values of a are presented in
Table 2. For the statistics we dealt with, the parameter
a could be considered as a free parameter only when
approximating the data in the confinement phase; if it
was assumed that p = 0, the parameter o took on the
values of 2.1-2.5.

Figure 4 shows the temperature dependence of the
chemical potential at oo = 2.5. It can be seen that with
adecrease in the temperature from 1.27,to 1.037, the
chemical potential diminishes and reaches a value of
~0.4, which qualitatively agrees with the theoretical
predictions for a Bose condensation. At temperatures
below T, the values of the chemical potential agree
with the zero value within the statistical error, as
expected. The chemical potential in the confinement
phase was calculated for the first time.

—u(1)/T
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Fig. 4. The temperature dependence of the cluster chemi-
cal potential, —p/T.
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3. CLUSTER PERCOLATION

In this section, a cluster percolation transition is
considered. As mentioned in section 1, the monopole
currents make up clusters. The pattern of the distribu-
tion of the clusters over the volume of the lattice
depends on the temperature. It was first shown in [4]
that in the confinement phase there was always a large
(percolating) cluster, which included a substantial
fraction of the monopole currents. At temperatures
above the temperature of the transition to the decon-
finement phase that cluster vanished.

In this work, we carried out the same calculations
as those performed in [4], but with a much higher
accuracy, i.e., with much lower statistical (our statis-
tics were substantially more extensive than those in
[4]) and systematic errors (the volume of the lattice
was increased, the lattice spacing was reduced, the
gauge fixing was improved, and an improved action
was used). The aim was to confirm the conclusion
drawn in [4] that the percolation transition of the
monopole currents coincides with the confinement—
deconfinement phase transition using a much higher
accuracy of numerical calculations.

There are various definitions of a percolating clus-
ter [19]. In this work, a cluster was deemed to be per-
colating if it embraced the entire volume of the lattice
but could contain voids. The appearance of a percolat-
ing cluster in percolation theory is a phase transition
that is characterized by the critical temperature 7.

Using lattice methods, the temperature at which
the percolation transition occurs can be determined by
calculating two quantities that characterize the distri-
bution of clusters over the volume of the lattice, i.e.,
the cluster susceptibility ¥, and the cluster magnetiza-
tion P, (these quantities are named by analogy with
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Fig. 5. The temperature dependence of the cluster suscep-
tibility, .-

spin systems [20]). The cluster susceptibility is deter-
mined using the following relationship:

N

max

> (@(N)N’) = Nowy

N=4

Xet = : (13)

Ntot
where N, is the total number of sites in all clusters for
the given configuration, N,,,, is the number of sites in
the largest cluster, and g(/V) is the weight of the cluster
with size N. Summation is carried out over the clusters
of all sizes from the smallest (N = 4) to the largest
(Niax)- It can be seen from Eq. (13) that y, is the aver-
age size of a cluster, except for the largest one. The
value of y,; was first calculated on small lattices in [4].
Figure 5 shows the temperature dependence of y,,. It
can be seen that at 7= 1.5T, the lattice is filled with
clusters with an average size of 17 sites per cluster. With
a decrease in temperature to 7, the average cluster
size rapidly increases and reaches a value of 112 sites
per cluster at 1.037,. At the percolation transition
point, . has the maximum value, which tends to
infinity in the infinite volume limit. At temperatures
below T,, the average size of a nonpercolating cluster
sharply drops and, on reaching a temperature of
0.76T., it again becomes equal to ~16 sites per cluster.

The cluster magnetization is determined using the
following relationship:
N,

_ max
Pcl - s

(14)
N tot

where N, and N, have the same meanings as in
expression (13). The dependence of P, on T is shown
in Fig. 6. It can be seen that at temperatures that
slightly exceed T, the largest cluster contains less than
10% of all sites of the configuration. On transition
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Fig. 6. The temperature dependence of the cluster magne-
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through T,, P, rapidly increases with decreasing tem-
perature and reaches a value of more than 55% at T'=
0.76T,. Thus, the behavior of P, is typical of the order
parameter.

The data in Figs. 5 and 6 confirm the well-known
fact that the percolation transition of the monopole
clusters coincides with the phase transition. Since our
calculations are carried out on large lattices and for a
fairly small lattice spacing (in the vicinity of the phase
transition, the lattice size is ~5. 2 fm and the lattice
spacingis a = 0.11 fm), these results show that the con-
clusion of the coincidence of these transitions remains
valid in the infinite volume limit and in the infinite
cutoff limit (at the zero lattice spacing).

We note that no calculations were carried out at
T = T,to avoid finite-volume effects and the effects of
correlation between our lattice configurations, which
were more pronounced at the transition point. When
calculating . and P, at temperatures close to 7, the
following effects of the lattice finite size were observed.
At T< T,, in addition to the largest cluster, whose size
substantially exceeded the sizes of the other clusters,
one or two clusters, whose sizes were ~1/3—1/5 of the
size of the percolating cluster, were observed in each
configuration. In these cases, a specific feature of
these clusters (including the largest one) was that they
had a nonzero winding along the spatial direction and
were the boundary of one and the same surface made
up of Dirac plaquettes, i.e., plaquettes with nonzero
values of m,,,. These clusters were considered as frag-
ments of the percolating cluster and their sites were
included in the number of sites that belonged to the
percolating cluster. Such finite-volume effects were
discovered earlier at 7= 0 [13].

These results show that a sharp rise in the density of
the thermal monopoles at 7' = T, results from the
decomposition of the percolating cluster. The interest-
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ing issue of the relationship between the phenomenon
of the Bose condensation of thermal monopoles and
the phenomenon of the percolation of magnetic cur-
rents requires additional study.

CONCLUSIONS

The properties of thermal color-magnetic mono-
poles and the percolation transition of color-magnetic
currents were studied using an improved lattice action
(1) and an adequate procedure of gauge fixing. The
results confirm the fact that thermal magnetic mono-
poles are infrared fluctuations rather than artefacts of
gauge fixing. The following results were obtained for
the first time: (1) the density of the thermal monopoles
rapidly increases with increasing temperature near 7;
therefore, it can serve as an indicator of the confine-
ment—deconfinement transition; this sharp rise in the
density results from an increase in the density of the
thermal monopoles with £ = 1; (2) the chemical
potential for the thermal monopoles in the confine-
ment phase is equal to zero, as expected; and (3) our
data (see Figs. 5 and 6) show that the percolation tran-
sition of the monopole clusters coincides with the
phase transition to the deconfinement phase in the
infinite volume limit and in the infinite cutoff limit (at
zero lattice spacing). Currently, we are performing
investigations of SU(3) gluodynamics and quantum
chromodynamics.
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